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Preface
The principal goal of the physics of the fundamental interactions is to provide a consistent description
of the nature of the subnuclear forces, which manifest in our universe, together with the gravitational force,
in a unified framework. This attempt, which is far from being complete, is characterized by two milestones,
which we identify with the Standard Model of the elementary particles and with Einstein’s theory of
General Relativity. The Standard Model is formulated as a renormalizable Yang-Mills (quantum) gauge
theory which embodies the mechanism of mass generation via a scalar sector, the so called ”Higgs sector”.
It has even raised to the laymans’ attention thanks to the recent observation of a Standard Model Higgs-
like resonance at the Large Hadron Collider at CERN. Einstein’s theory, on the other hand, describes
the large scale structures of the universe, and is a geometrical theory which is not consistent at quantum
level, preventing us to achieve a simple unification with the Standard Model using the basic principles of
quantum field theory.
Quantum field theory is extremely effective in the description of the phenomenology of the Standard
Model, but much less reliable if applied to the gravitational interactions. Nevertheless, the coupling of
an ordinary field theory to a weak gravitational background provides significant information concerning
the coupling of matter to gravity and, as we are going to discuss in the various chapters of this work,
allows to study in a systematic way the origin of the conformal anomaly. For this reason, the analyses
presented here are of double significance since they characterize the interactions which are part of the
effective action describing gravity and matter at leading order in the gravitational coupling, while, at the
same time, provide the basis for a discussion of the mechanism of generation of the conformal anomaly
in quantum field theory.
For instance, in a classical conformal invariant theory, such as massless Quantum Electrodynamics
(QED), the dilatation is a tree-level symmetry of the Lagrangian, broken by the renormalization proce-
dure. After quantization, the symmetric and conserved energy momentum tensor (EMT) of the theory,
which appears in the definition of the Noether’s current of scale transformations, acquires a non-vanishing
trace characterizing the effective action with an anomalous contribution, the scale (or trace) anomaly.
To appreciate how the source of this anomaly can be studied with the help of the background gravity,
it is sufficient to observe that a symmetric and conserved energy momentum tensor of a given theory can
be computed by coupling the corresponding Lagrangian to a curved background. This procedure can be
seen both as a formal trick, since the EMT obtained by this prescription is automatically equivalent to
that provided by the Belinfante’s technique of symmetrization of its canonical form, but also as a way
to study the coupling of gravity to the theory for its own sake. We recall, in fact, that in the weak field
limit, gravity couples to matter via the EMT.
Therefore, the breaking of the conformal symmetry can indeed be viewed both as a phenomenon
which is justified per se with no relation to gravity, being the EMT related to the dilatation current,
but also in a gravitational context as a consequence of an anomaly generated by Green’s functions with
one or more gravitons on the external lines. For this reason, the computation of correlation functions of
a theory such as the Standard Model in a weak gravitational background is of remarkable interest and,
as we are going to see, the consequences of this analysis are also of phenomenological relevance. For
instance, they concern the effective interaction of the dilatation currents of the Standard Model. These
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are affected by the appearance in the spectrum of the theory of a composite state, the dilaton, which is
identified, in perturbation theory, by an infrared coupled anomaly pole.
Our analysis will then cover the perturbative description of anomalous correlators involving EMT
insertions in several cases, as QED, QCD, and the electroweak theory. In the final chapter of the first
part of this thesis we will discuss the implications related to the appearance of a dilaton state in a scale
invariant extension of the Standard Model. In this case, we propose that the Standard Model Higgs
may be accompanied by an extra composite scalar singlet, the effective dilaton, which can be extensively
studied at the LHC.
The study of some applications of the methods discussed so far, which are in the second part of this
thesis, can be read quite independently from the other chapters and deserves a special comment.
The analysis of correlation functions of EMT’s in odd dimensions, which are not affected by the conformal
anomaly, is relevant also in different contexts. For instance, it has been shown that the theory of the
classical metric perturbations in gravity can be related to some specific field theories via a holographic
mapping. This requires the computation of correlation functions of EMT’s in D = 3 spacetime dimen-
sions. In this scenario, the (scalar and tensor) gravitational perturbations can be expressed in terms of
these three dimensional correlators and play a role in the study of the non-gaussianities of the cosmic
background radiation in the early universe.
Finally, we mention an application in momentum space of the constraints derived from the conformal
Ward identities in the computation of some correlation functions. This relies on the solution of a system of
second order partial differential equations which introduces a certain class of generalized hypergeometric
functions of two variables. This method is employed in the calculation of some nontrivial Feynman
(master) integrals appearing in perturbation theory at higher orders and allows to bypass the use of
Mellin-Barnes transforms. At the same time, it is shown that some recursion relations which are typical
of such integrals correspond, in the conformal language, to the requirement of scale invariance.
These two applications exploit all the methodologies developed in the first chapters of this manuscript
and, as such, are part of this thesis work.
xi
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General Introduction
Understanding the interaction of gravity with the particle content of the Standard Model is one of the
most challenging topics in quantum field theory, both from the theoretical and the phenomenological
side. At classical level the theory of gravitation is well established and explained in the framework of
general relativity through a geometrical formulation. The Einstein’s field equations, which represent the
core of the classical theory of gravity, relate geometrical quantities, built from the curved metric, to a
rank-two tensor, the energy momentum tensor of the matter fields. A complete quantum field theory
version of gravity, instead, is still lacking of a consistent description, and one must resort to string theory
in order to reconcile general relativity with quantum physics. Without having to rely on the formalism
of string theory, we can anyway incorporate the leading quantum effects of the gravity-matter system by
promoting the classical energy momentum tensor to an operator, and retaining the gravitational field at
the classical level. In this way we can construct an effective field theory where the quantum fluctuations
of the matter sector are coupled to a classical curved gravitational background.
One of most important features of an effective field theory is that of incorporating the decoupling of
the microscopic degrees of freedom from the macroscopic ones. Accordingly, the effective theory becomes
quite insensitive to the underlying short distance physics, whose effects are only parametrized by the
coefficients of the local operators which are generated in the effective action.
Violation of the decoupling mechanism occurs when the quantum corrections break a classical symmetry,
giving rise to an anomaly. Such contributions, being not suppressed by any mass scale, survive in
the decoupling limit, leaving their imprints at all scales and, sometimes, even dominating on the large
distance physics. These effects are not captured by the usual local effective field theory and must be
explicitly introduced into the effective action in the form of nonlocal terms. Their coefficients are entirely
determined by the microscopic degrees of freedom and by their quantum numbers. The contributions from
the anomaly can then be identified by a detailed analysis of the quantum corrections of the corresponding
anomalous correlators, and appear in the form of effective massless degrees of freedom. We will extensively
elaborate on this point in the following chapters, bringing perturbative evidence of the appearance of
massless poles in the structure of the effective Lagrangian of the Standard Model, due to the emergence of
an anomalous symmetry. Understanding the significance of these degrees of freedom and their connection
with a possible scale invariant extension of the Standard Model is an important component of our analysis
that will be developed in this work. We recall, in fact, that the Standard Model is not scale invariant, due
to the mass term of the Higgs field, but would be such if an extra field, the dilaton, is suitably introduced
in the scalar potential. Therefore, the appearance of an effective scalar degree of freedom, related to the
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anomalous breaking of the conformal symmetry, lead us to a plausible interpretation of this perturbative
result as a hint of the existence of a conformal phase of the Standard Model, where the dilaton plays the
role of a composite Nambu-Goldstone mode. We will analyze the implications of this hypothesis in the
last chapter of the first part of this work, before our conclusions.
• The energy momentum tensor and the conformal anomaly
In a scale invariant theory, when the energy momentum tensor is promoted to an operator it becomes
impossible to maintain at the quantum level both the invariance under general coordinate transformations
and the conformal symmetry. Because the conservation of the energy momentum tensor is an essential
requirement in order to satisfy the equivalence principle, we are forced to give up on conformal invariance.
This implies that the energy momentum tensor acquires a non-vanishing anomalous trace which depends
on the number of degrees of freedom and describes the quantum breaking of the dilatation symmetry. It
is worth to note that, except for some rare cases, the invariance under Poincare´ and scale transformations
automatically implies the invariance under the full conformal group, including the special conformal
transformations. Therefore, for our purpose, the trace anomaly is equivalent to a conformal anomaly and
vice versa.
The interplay between two symmetries and the impossibility to maintain both of them at quantum
level is also a characteristic of another manifestation of the anomaly in quantum field theory, the chiral
anomaly. In this case one chooses to preserve the conservation of the vector current, associated with the
gauge invariance, sacrificing the axial-vector one. The latter is the Noether’s current of a global symmetry
and therefore its conservation can be violated without affecting the consistency of the theory. Moreover,
as shown by a direct perturbative analysis, the chiral anomaly contribution is defined in terms of the
microscopic degrees of freedom, represented by the quark fields, but its effects extend to low energy as
well. The non-decoupling property of the anomaly, for instance, manifests as an infrared effect, enhancing
the decay rate of the pion into two photons, as observed experimentally.
The conformal anomalous effective action is a significant feature of the quantum gravitational theories.
Its expression was obtained by Riegert for the first time [1] as a variational solution of the trace anomaly
equation, generalizing previous results in two-dimensional gravity and string theory. Riegert’s action
only accounts for the anomaly contributions and misses completely all the non-anomalous terms. To
account for all such contributions, one may turn to a perturbative approach, as we will do in this thesis
work, performing an analysis of the quantum gravitational effective action at one-loop order. In fact,
the leading quantum corrections, which describe both anomalous and non-anomalous effects, can be
extracted by one-loop perturbative computations of a given set of correlation functions. As we have
mentioned above, they are characterized by the insertion of the energy momentum tensor operator and
define the interaction of gravity with matter at leading order in the gravitational coupling.
• Connection with conformal field theories
The analysis of the correlation functions with insertions of the energy momentum tensor has found
widespread interest over the years [2] also in d dimensional quantum field theory possessing conformal
invariance. Given the infinite dimensional character of the conformal algebra in d = 2 dimensions,
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conformal field theories (CFT’s) in d = 2 have received the most attention. Indeed one can show that, in
d = 2, the n-point correlation functions can be computed exactly relying only on symmetry arguments.
Nevertheless, higher dimensional CFT’s have also been studied, motivated by renormalization group
analyses [3, 4, 5, 6]. In fact, a quantum field theory is expected to become conformally invariant (at
the quantum level) at the renormalization group fixed points where the beta functions vanish. Unlike
the d = 2 case, in CFT’s with d > 2 dimensions the structure of generic conformal correlators is not
entirely fixed by conformal symmetry, but for 2- and 3-point functions built out of conserved currents the
situation is rather special and these can be significantly constrained, up to a small number of constants.
In [7, 8], exploiting the constraints of the conformal group, a general procedure for constructing con-
formally invariant 2- and 3-point functions in position space and for arbitrary dimensions was presented.
In particular, the authors considered correlation functions with a scalar operator O, a conserved vector
current Jµ and a symmetric, conserved and traceless energy momentum tensor Tµν . In this approach
the anomaly is introduced through a regularization procedure of the singular behaviour of the same cor-
relators in the limit of coincidence points. In a recent paper [9], we have re-investigated this procedure
in momentum space. The work has not been included in this thesis but we will refer the reader to the
original literature for further details. The use of the conformal Ward identities directly in momentum
space remains quite challenging because they amount to partial differential equations, rather than to the
algebraic constraints of the position space, and, as such, are far more difficult to solve. For this reason,
the literature on conformal symmetry in momentum space has received a minor attention compared to
the position space approach.
It should be stressed, moreover, that dynamical information on the emergence of effective degrees of
freedom related to the conformal anomaly are not extracted from position space, but require a parallel
analysis in momentum space. For this reason a systematic analysis of a certain class of anomalous
correlators in momentum space is in order.
We remark that, in general, a CFT does not always possess a Lagrangian description. In fact, the use
of symmetry principles in order to infer the general solution of conformal Ward identities, for some specific
correlation functions, allows to gather information about a conformal theory even when a Lagrangian
formulation is not readily found or may not exist at all. However, when the conformal symmetry is only
approximate, such as that of the Standard Model, due to the breaking of the electroweak symmetry,
a formal approach, based on characterization of the correlators through the solution of the conformal
constraints, would not be helpful, except in the very high energy limit, when all the mass-dependent
terms can be dropped. Among all the possible vertex functions that can be studied in a CFT, a particular
role is taken by those involving the energy momentum tensor, as for example the TT , TJJ and TTT ,
being the insertion of a T operator responsible of the appearance of the conformal anomaly. These will
play a key role in our analysis.
• The anomaly supermultiplet
In our work all of our analysis deals with non-supersymmetric theories, but it is important to point
out that some of our results could be generalized to the supersymmetric case. In fact, it is worth to
recall that in a supersymmetric Yang-Mills theory (take for instance SU(N) with N = 1 supersymmetric
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charges) the trace of the energy momentum tensor, the gamma-trace of the supersymmetric current and
the divergence of the chiral U(1)R current lie in the same anomalous supermultiplet (T
µ
µ, γ · s, ∂ · J5)
[10] which describes the radiative breaking of the superconformal symmetry. In this context, chiral and
conformal anomalies, that we have separately investigated in our works, are entangled and are likely to
play a unified role. In particular, the appearance of an anomaly pole in the chiral U(1)R current [11]
suggests that a similar structure should manifest also in the correlation functions of either the energy
momentum tensor or of the supersymmetric current. This result is necessary for a consistent formulation
of the anomalous effective action in superspace. This is indeed the case, as we are going to show in
the following, at least for the correlators (TJJ) with an energy momentum tensor insertion on the JJ
2-point function of vector currents J . The emergence of a massless pole in the TJJ vertex, identified in
the spectral density of the same correlator by a dispersive approach, is far from being obvious, since its
identification requires a rather involved computation, not carried out until recently [12, 13, 14, 15]. It is
then interesting to observe that the lifting to superspace of the chiral anomaly pole of the U(1)R current
induces a similar pole in the correlator responsible for the trace anomaly. In this respect it would be
relevant to confirm the appearance of these structures also in the supersymmetric current.
Although the presence of anomalies in the conservation of global symmetries does not rise to any prob-
lem (it can even be predictive), it is instead harmful for the consistency of the theory when the same
symmetries are promoted to the local level. Indeed, when the supersymmetric multiplet is embedded in
a supergravity context, the anomalous currents of the anomaly multiplet are gauged. The energy mo-
mentum tensor couples to the graviton (gµν), the supersymmetric current couples to the gravitino (ψµ),
and the U(1)R current couples to the axial-vector gauge boson Bµ. The invariance under general coor-
dinate and supersymmetric transformations gives the standard conservation conditions for Tµν and for
the spinor current sµ, but the super-Weyl and U(1)R symmetries are radiatively broken (see [16, 17, 18]
for related studies). Therefore, a mechanism of anomaly cancellation must be introduced to restore the
predictability of the theory. For this purpose Ovrut and Cardoso [19, 20] developed a procedure which is
a realization of the Green-Schwarz mechanism of anomaly cancellation of string theory [21] in a super-
gravity context. It amounts to the subtraction, in the superspace formalism, of the anomaly poles from
the quantum effective action. This nonlocal subtraction implicitly assumes that poles should be present
in the other components of the anomaly supermultiplet, when the corresponding currents are inserted in
appropriate correlation functions. It is then clear that also in the context of supergravity theories, an
in-depth comprehension of the structure and of the features of both the chiral and conformal anomaly
actions is required.
• Conformal anomalies and the physics beyond the Standard Model
Conformal anomalies play a role also in several unification contexts, which are of direct phenomenolog-
ical relevance at the electroweak scale, currently under exploration at the LHC. Historically, the interest
of the high energy physics community has promoted the study of different extensions of the Standard
Model, which is not a complete theory, in several new directions. Among these, some of the most popular
have been supersymmetry, technicolor, theories with extra dimensions and scale invariant extensions.
One of the main motivations for the introduction of supersymmetry in gauge theories is the solution
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of the hierarchy problem in the Standard Model (SM). Indeed, the electroweak scale is not stable under
radiative corrections because the mass-squared m2H of the Higgs field gets quadratic contributions from
its self-interactions (∼ λH) and from its coupling with the massive fermions (∼ λF ) as
m2H(phys) ≃ m2H(tree) + c(λH − λ2F )Λ2 . (1)
In the previous equation mH(phys) is the physical Higgs mass (∼ 102 GeV), mH(tree) the tree level mass
and Λ is the ultraviolet cut-off. Therefore, regarding the Standard Model as a low-energy effective theory
of a larger, fundamental theory, Λ represents the scale at which the unknown physics should appear. If we
assume that the SM is not affected by any new physics effect until quantum gravity contributions become
important, the natural scale to cut-off the quadratic corrections to the Higgs mass is the Planck scale
(Λ ∼ MP ∼ 1019 GeV). Now, given that the one-loop corrections are much larger then the electroweak
scale, an extraordinary and unpleasant fine-tuning is necessary in order to get down to 102 GeV.
A simple way to overcome this problem, as mentioned above, is to assume the existence of a boson-
fermion (super)symmetry which relates the scalar and the fermion couplings (λH = λ
2
F ) in order to
cancel the quadratic sensitivity to Λ in the structure of the radiative corrections, and reduce it to a
harmless logarithmic dependence.
Another interesting possibility to overcome the same hierarchy problem, is to assume that the Planck
scale might not be fundamental, and that the scale of quantum gravity could indeed be much lower
[22, 23, 24, 25] than 1019 GeV. This mechanism is realized by the introduction of n compactified extra
dimensions in which gravity can propagate while the Standard Model fields remain localized on a four-
dimensional brane. In this scenario the true fundamental scale M∗ would be related to the Planck scale
through the equation M2P = M
2+n
∗ Vn, and, therefore, it could be lowered to the TeV scale, solving the
electroweak hierarchy problem, by a suitable choice of the compactification radius and of the number of
extra dimensions.
In this kind of scenarios, the four dimensional effective theory is characterized by the appearance of an
infinite tower of spin-2 and spin-0 Kaluza-Klein states, namely the graviton and the graviscalar (also
called the dilaton or the radion in the literature) excitations [26, 27]. They couple to the Standard Model
fields through the energy momentum tensor and its trace respectively, the latter being anomalous due to
the quantum breaking of the conformal symmetry. Therefore, a more satisfactory understanding of these
interactions requires the analysis, at least at one-loop level, of the insertions of the energy momentum
tensor on the correlation functions of the Standard Model fields. In this respect, the conformal anomaly
contribution could play a central role in the characterization of the graviscalar interactions since it
determines a strong enhancement of its decay and production channels with two photons and two gluons
respectively [28, 29, 30, 31, 32].
Moreover, perturbative studies of the conformal anomalies show that the Standard Model effective
action is characterized by the appearance of an effective degree of freedom, the effective dilaton, which
describes the anomalous breaking of the conformal symmetry. We discuss the dynamics of this state
interpreted as the Nambu-Goldstone mode of such a breaking. In support of this interpretation we
follow, as close as possible, the analogy with the physics of the strong interactions where the chiral
anomaly pole of the AV V diagram finds its natural identification as the pion field, the Goldstone boson
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of the spontaneous breaking of the chiral symmetry. This interpretation is in line with the recently
proposed scenarios of scale invariant extension of the Standard Model [33, 34] in which a light scalar field
can appear in combination of the Higgs sector.
• Cosmological applications: the analysis of CMB non-gaussianities
Besides these intriguing gravitational effects in high-energy particle physics, the theory of gravity certainly
plays a paramount role in the cosmological context. Among all the interesting subjects in the standard and
particle cosmology, the analysis of the primordial gravitational fluctuations provides clues on the physics of
the early universe, leaving an imprint on the cosmic microwave background (CMB) and on the formation
and evolution of large scale structures [35, 36]. Their origin is well understood as a quantum effect in
the context of cosmological inflation, which is considered the leading theory for explaining the flatness of
the universe and the seeds of the density fluctuations which gave rise, in the full nonlinear regime, to the
complex structures that we observe nowadays at large scales. This picture has been recently confirmed by
the cosmological data extracted from the analysis of the CMB temperature anisotropies provided by the
Wilkinson Microwave Anisotropy Probe (WMAP) experiment [37]. Moreover, the Planck experiment [38]
may be also sensitive to non-linear effects in the cosmological perturbations which manifest themselves
through a non-gaussian behaviour in the CMB [39]. The gaussian character of these fluctuations is
parameterized by the 2-point correlation function of the gravitational perturbations, also called the
”power spectrum”, whose measurements alone are, unfortunately, not able to describe completely the
physics of the inflationary epoch. Higher-point correlation functions on the celestial sphere, as the
bispectrum or the trispectrum, are required to discriminate among various cosmological models, because
different realizations of the inflationary mechanism predict different amounts of non-gaussianities (NG).
For instance, in the single field inflationary scenario, it was proved [40] that the non-gaussian fluctuations
are vey tiny and then a possible experimental detection of a certain amount of NG would allow to rule
out this particular model.
Another interesting proposal relies on the idea that a quantum gravitational system in n dimensions
is described by a dual quantum field theory (QFT) without gravity in n − 1 dimensions [41, 42]. This
holographic principle emerged in the past to explain why the entropy of a black hole scales like the area of
its horizon and not like its volume, as we would naively expect. Concrete realizations of this new paradigm
have been found in string theory [43] through strong-weak coupling duality, and then applied, as we have
mentioned, also to describe the early cosmological evolution of our universe [44]. In this framework, the
inflationary epoch has a holographic description in terms of the dynamics of a three dimensional dual
QFT. Indeed the cosmological observables, like the power spectrum, the bispectrum and the trispectrum,
are related to correlation functions of two, three and four energy momentum tensor operators, which
can be computed on the dual field theory side using ordinary perturbation theory [44, 45, 46, 47, 48].
Interestingly, the analysis of the power spectrum is found to be compatible [49] with the current data
from WMAP.
Part one
Conformal anomalies in the Standard Model
and the effective dilaton
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Chapter 1
Polology and the example of the
chiral anomaly
1.1 Introduction
This chapter is a basic introduction to polology, showing as a typical application the case of the anomaly
pole present in the AV V diagram which is responsible for the chiral anomaly. The first section of this
chapter consists of a brief review of the quantum field theory connection between the analytical structure
of the poles in a given correlation function G, defined by a set of operators Oi, and the implications that
such a structure has for the physical spectrum of the theory. We follow the line of reasoning addressed
in [50], where it is shown that a pole, in the kinematical invariants of G, appears only when a given
one-particle state interpolates with Oi and the vacuum. This singularity, which can be either massive or
massless, may be an elementary particle associated to a field operator appearing in the Lagrangian or
even a composite one. For instance, the old-known massless pole of the chiral anomalous AV V diagram
[11, 51, 52] surely belongs to the latter case, being interpreted as the pion state interpolating between
the axial current (A) and two on-shell photons (described by the action of the vector currents (V ) on the
vacuum).
Moreover we review some of the characteristics of the chiral anomaly, summarizing part of the work
presented in [53] which has not been included in this dissertation. There we have shown that the chiral
anomaly pole can be identified in three possible ways: by a direct perturbative computation, by a solution
of the anomalous Ward identity satisfied by the AV V diagram, or, finally, by a solution of a variational
equation satisfied by the anomalous effective action. As we have mentioned, one feature of the chiral
anomaly, analyzed in a perturbative framework, is the appearance of massless poles which account for
it. They can be extracted by a spectral analysis and are usually interpreted as being of an infrared
origin. Nevertheless their presence is not just confined in the infrared, but they appear in the effective
action under the most general kinematical condition [53]. They are also responsible for the non-unitary
behaviour of these theories in the ultraviolet (UV) region [53]. This analysis can be extended to the case
of the gravitational conformal anomaly, showing that the effective action describing the interaction of
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gauge fields with gravity is characterized by anomaly poles that give the entire anomaly and that are
decoupled in the infrared (IR) in the presence of fermion mass corrections, in complete analogy with the
chiral case. In a related analysis on the trace anomaly in gravity [12], confined in the IR, an anomaly pole
has been identified in the corresponding correlator using dispersion theory. Our extension to the most
general kinematical configuration is based on an exact computation of the off-shell correlation function,
responsible for the appearance of the anomaly, involving an energy-momentum tensor and two vector
currents (the gauge-gauge-graviton vertex). The analysis of the conformal anomaly will be presented in
the next chapters while here we will focus on the chiral case.
1.2 Polology
The only way a physical amplitude can develop a pole in one of the momenta of the external lines, or in
a combination of them, is through the coupling of a particle in the physical spectrum of the theory to
the operators taken into account. Therefore, poles do not appear in correlation functions for no reason.
Usually these singularities match the elementary particles which correspond to the fields appearing in the
Lagrangian, however this is not the only possibility. A pole term can emerge also when the exchanged
particle in the correlation function is a bound state of the elementary fields that do appear in the defining
theory. This situation is most frequently encountered in theories with a confining phase of which QCD is
an enlightening example. For instance, the axial anomalous AV V amplitude, where A and V are the axial
and vector currents respectively, exhibits a pole term which completely saturates the anomaly coefficient.
This structure clearly describes the pseudoscalar pion π which interpolates between the axial and the two
vector currents and it is essential to correctly reproduce the decay rate of π → γγ. We remark that it
was exactly the understanding of this process that led to the discovery of the anomaly in the theory of
the strong interactions.
It is then clear that the analysis of the kinematical singularities of a certain class of correlators is
of a paramount importance in order to improve our knowledge on the physical spectrum of a theory, in
particular on the composite particles, to better understand their interactions and, in principle, even to
predict the existence of new states. In this chapter we briefly illustrate how and under which circumstances
a pole structure can emerge from a correlation function.
For this purpose, let’s review the proof given in [50], which is not restricted to perturbation theory,
but relies on non-perturbative methods. Such a proof relies only on symmetry arguments and on the
existence of a completeness relation.
We consider a generic correlator G as a function of the momenta of the external lines. In coordinate
space it is given by
G(x1, . . . , xn) = 〈0|T {A1(x1) . . . An(xn)} |0〉 (1.1)
where |0〉 is the vacuum, the symbol T denotes the time order product and An are arbitrary operators.
They may be the fields appearing in the Lagrangian or even composite local operators. Although the
analysis can be developed in full generality with an arbitrary number of operator insertions, we specialize
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to a simpler case with just three operators, sayO(z), A1(x1) and A2(x2). This is the situation encountered
in our studies on chiral and conformal anomalies. The general proof can be found in [50] and follows the
same steps presented here.
Then we move to momentum space and consider the correlator
G(k, p1, p2) =
∫
d4zd4x1d
4x2 e
−ikz−ip1x1−ip2x2〈0|T {O(z)A1(x1)A2(x2)} |0〉 (1.2)
as a function of the virtuality of O, namely k2 = (−p1− p2)2. Notice that the virtualities of the external
momenta p21 and p
2
2 are not fixed by any on-shellness condition and can be arbitrary.
In order to proceed with the analysis we isolate the operator O from the T product and retain only the
term in which O appears to the far left
G(k, p1, p2) =
∫
d4zd4x1d
4x2 e
−ikz−ip1x1−ip2x2
×
{
θ(z0 −max{x01, x02}) 〈0|O(z)T {A1(x1)A2(x2)} |0〉+ . . .
}
, (1.3)
where the ellipsis stand for the other time ordering products which we have ignored. They do not
contribute with any pole structure to the correlator.
Now we insert a complete set of intermediate states between the operator O and the other ones, isolating
only single particle states with a specific mass m. We discard the other single particle states with
different masses (they will contribute with poles but at other kinematical positions) and multi particle
states (which appear as branch cuts). We obtain
G(k, p1, p2) =
∑
σ
∫
d4zd4x1d
4x2d
3~p e−ikz−ip1x1−ip2x2
×
{
θ(z0 −max{x01, x02})〈0|O(z)|~p, σ〉〈~p, σ|T {A1(x1)A2(x2)} |0〉+ . . .
}
(1.4)
where |~p, σ〉 is a single particle state with mass m (p2 = m2) and with quantum numbers collectively
identified by σ.
In order to easily perform the integration over the spacetime coordinates, it will be useful to extract the
z and x1 dependences from the matrix elements appearing in the previous equation, and to introduce the
new integration variable y = x1 − x2 in place of x2. Finally we insert the integral representation of the
step function θ(t) given by
θ(t) =
i
2π
∫ +∞
−∞
dω
e−iω t
ω + iǫ
(1.5)
where ǫ is an infinitesimal and positive constant. We have
G(k, p1, p2) =
i
2π
∑
σ
∫
d4z d4x1 d
4y d3~p
dω
ω + iǫ
e−ikz−i(p1+p2)x1−ip2y
× e−iω(z0−x01−max{0,y0})eipz−ipx1〈0|O(0)|~p, σ〉〈~p, σ|T {A1(0)A2(y)} |0〉+ . . . , (1.6)
where the integration over z and x1 is straightforward and gives only delta functions
G(k, p1, p2) =
i
2π
∑
σ
∫
d4y d3~p
dω
ω + iǫ
e−ip2y+iωmax{0,y
0}〈0|O(0)|~p, σ〉〈~p, σ|T {A1(0)A2(y)} |0〉
×(2π)8δ(3)(~k − ~p) δ(k0 −
√
~p2 +m2 + ω)δ(3)(~p1 + ~p2 + ~p) δ(p
0
1 + p
0
2 +
√
~p2 +m2 − ω) + . . . . (1.7)
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The integrations over the momenta ~p and ω are now trivial due to the delta functions and lead to
G(k, p1, p2) = (2π)
4δ(4)(k + p1 + p2)i
(2π)3√
~k2 +m2 − k0 + iǫ
×
∑
σ
∫
d4y e
i
(√
~k2+m2−k0
)
max{0,y0}
e−ip2y〈0|O(0)|~k, σ〉〈~k, σ|T {A1(0)A2(y)} |0〉 . (1.8)
The appearance of the pole in the limit k0 →
√
~k2 +m2 in the correlation function is now explicitly man-
ifest and originates from the massless pole in ω, which comes, in turn, from the integral parameterization
of the step function. In order to make the pole structure more clear we notice that near the pole
1√
~k2 +m2 − k0 + iǫ
∼ 2k
0
k2 −m2 − iǫ (1.9)
while the exponential function under integration goes to unity. This allows us to define the matrix
elements
(2π)4δ(4)(k − p)M0|(k,σ)(k) ≡
∫
d4ze−ipz〈0|O(z)|~k, σ〉 (1.10)
(2π)4δ(4)(k + p1 + p2)M(k,σ)|0(k, p1, p2) ≡
∫
d4x1d
4x2e
−ip1x1−ip2x2〈~k, σ|T {A1(x1)A2(x2)} |0〉 .
(1.11)
With these definitions and simplifications the pole behaviour of the correlator is now explicit and reads
as
G(k, p1, p2)
k2→m2−→ (2π)4δ(4)(k + p1 + p2)
×
∑
σ
√
2(2π)3k0M0|(k,σ)(k) i
k2 −m2 − iǫ
√
2(2π)3k0M(k,σ)|0(k, p1, p2) . (1.12)
Notice that the term
√
2(2π)3k0 is just a kinematical factor which ensures the correct normalization of
the |k, σ〉 state.
As we can see form Eq.(1.12), the correlation function in momentum space exhibits a pole behaviour in
the external kinematical invariant k2 near m2 if the operators under consideration have non-vanishing
transition amplitudes between the vacuum and a single particle state with mass m. In other words, the
matrix elements defined above must be non zero.
We remark again that this state can be created by a field operator that appears in the Lagrangian of the
theory, Fig.1.1, but the most interesting case certainly occurs when the pole is associated with a bound
state, Fig.1.2, namely, a composite particle of the elementary fields defined in the Lagrangian.
One of the goal of the work presented in this thesis is to investigate the existence of massless pole
contributions in correlation functions with a single insertion of the energy momentum tensor and to
understand their connection to the trace anomaly. The correlator responsible for the appearance of this
massless degree of freedom has been analyzed in a generic kinematical configuration and in a reliable
physical theory like the Standard Model. Complete analytic results have been obtained allowing for an
unambiguous identification of these singularities without resorting to dispersion theory.
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Figure 1.1: A correlation function exhibits a pole exchange with momentum k corresponding to an elementary
particle which appears in the Lagrangian.
k
1
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n−1
n
n + 1
n + 2
m−1
m
Figure 1.2: A bound state interpolates between the two subamplitudes in a given correlation function. In this
case the pole corresponds to a composite, a bound state of two elementary particles represented by straight lines,
which interact together by the exchange of other elementary states (curly lines).
1.3 The chiral anomaly poles
In the case of chiral (and anomalous) theories, the corresponding anomalous Ward identities, which are
at the core of the quantum formulation, have a natural and obvious solution, which can be written
down quite straightforwardly, in terms of anomaly poles. This takes place even before that any direct
computation of the anomaly diagram allows to really identify the presence (or eventually the absence)
of such contributions in the explicit expression of an anomalous correlator of the type AV V (A= Axial-
Vector, V=Vector) or AAA.
To state it simply, the pole appears by solving the anomalous Ward identity for the corresponding
AV V amplitude ∆λµν(k1, k2) of a massless theory (we use momenta as in Fig. 1.3 with k = k1 + k2)
kλ∆
λµν (k1, k2) = anǫ
µναβ k1α k2β (1.13)
rather trivially, using the longitudinal tensor structure
∆λµν = an
kλ
k2
ǫµναβ k1α k2β . (1.14)
In the expression above the coefficient an = −i/2π2 denotes the anomaly contribution. The presence
of this tensor structure with a 1/k2 behaviour is the signature of the anomaly. This result holds for an
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Figure 1.3: Triangle diagram and momentum conventions for an AVV correlator.
AV V graph, but can be trivially generalized to more general anomalous correlators, such as the AAA
functions, by adding poles in the invariants of the remaining external lines, i.e. 1/k21 and 1/k
2
2
∆λµνAAA(k, k1, k2) =
1
3
[
an
k2
kλ ǫ[µ, ν, k1, k2] +
an
k21
kµ1 ǫ[λ, ν, k, k2] +
an
k22
kν2 ǫ[λ, µ, k, k1]
]
, (1.15)
and imposing an equal distribution of the anomaly on the three axial-vector legs 1.
The same Ward identity can be formulated also as a variational equation on the quantum effective
action. For this purpose consider the simplest case of a theory describing a single anomalous spin 1, Bµ,
coupled to the axial current, with a Lagrangian defined as
LB = ψ (i ∂/+ eB/γ5)ψ − 1
4
F 2B . (1.16)
The anomalous variation (δBµ = ∂µθB) of Eq. (1.16) implies for the quantum effective action ΓB
δ ΓB =
i e3 an
24
∫
d4x θB(x)FB ∧ FB . (1.17)
This can be reproduced by the nonlocal action
Γpole =
e3
48 π2
〈∂B(x)−1(x− y)FB(y) ∧ FB(y)〉 , (1.18)
which is the coordinate space analogous of Eq. (1.14). Given a solution (1.18) of the variational equation
(1.17), it is mandatory to check whether the 1/ (nonlocal) structure is indeed justified by a perturbative
computation.
The analysis shows that the kinematical configuration responsible for the appearance of the pole can
be depicted as in Fig. 1.4. In this graph, containing the mixing of a spin 1 with a spin 0, the anomalous
current interpolates with the two photons via an intermediate massless state. This can be interpreted
as describing a collinear fermion-antifermion pair (a pseudoscalar composite state) coupled to the two
on-shell photons (see also the discussion in [12]). The anomaly graph is characterized, in this limit, by
a nonzero spectral density proportional to δ(k2) [11]. This kinematical configuration, in which the two
photons are on-shell and the fermions are massless, is entirely described by the anomaly pole, which has
a clear infrared (IR) interpretation [54]. The IR (k2 → 0) coupling of the pole present in the correlator
is, in this case, rather obvious since the limit
lim
k2→0
k2∆λµν = kλ an ǫ
µναβ k1α k2β (1.19)
1The symbol ǫ[µ, ν, k1, k2] is defined as ǫµναβk1αk2 β
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Figure 1.4: The amplitude ∆λµν(k1, k2) shown in a) for the kinematical configuration k21 = k
2
2 = 0 reduces to
the polar form depicted in b) and given by Eq. (1.14).
allows to attribute to this amplitude a non-vanishing residue.
The infrared analysis sketched above is well suited for the identification of anomaly poles which have
a rather clear interpretation in this region, but does not allow to identify other similar pole terms which
might emerge in far more general kinematical configurations (for instance with massive fermions). In [53]
we have shown that only a complete and explicit computation of the anomalous effective action allows
the identification of the extra anomaly poles present in an AV V correlator, that otherwise would escape
detection. For this purpose we will consider also, unless otherwise stated, a fermions mass m. These
have been identified2 using a special representation of the anomaly amplitude developed in [55, 56] (that
we have called the “Longitudinal/Transverse” or L/T parameterization), based on the general solution
of an anomalous Ward identity. This parameterization takes the form
∆λµν(k1, k2) = W
λµν =
1
8 π2
[
WLλµν − WT λµν] (1.20)
where the longitudinal component (WL) has a pole contribution (wL = −4i/s) plus mass corrections (F)
computed in [53]
WLλµν = (wL −F(m, s, s1, s2)) kλε[µ, ν, k1, k2] (1.21)
with
F(m, s, s1, s2) = 8m
2
π2 s
C0(s, s1, s2,m
2) , (1.22)
and where C0 is the standard three-point scalar integral with equal masses, while s = k
2, s1 = k
2
1 , s2 = k
2
2 .
The transverse form factors appearing in WT contribute homogeneously to the anomalous Ward identity.
They have been given in the most general case in [53].
Obviously, some doubts concerning the correctness of this parameterization may easily arise, especially
if one is accustomed to look for anomaly poles using a standard infrared analysis. For this reason and
to dissolve any possible doubt, a direct computation shows that the L/T representation introduced in
[55, 56] is, indeed, completely equivalent to the other existing parameterization in the literature [57], even
though no poles apparently come to the surface when using this alternative description of the anomaly
graph. In [53] one can find an extension of the same parameterization to the massive fermion case.
We conclude this section with some comments about the IR decoupling of the anomaly pole in the
2A single pole term for an AVV and three pole terms for an AAA diagram.
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Figure 1.5: A “two-triangles” anomaly amplitude in the s-channel which is pole-dominated. In this case we have
assumed A to be a non-anomalous boson while B is anomalous.
presence of massive fermions. Indeed it can be seen that, for fixed m2 6= 0, the residue of the AV V
diagram in the limit k2 → 0 is vanishing
lim
k2→0
k2∆λµν = 0 , (1.23)
and therefore the anomalous diagram with mass corrections does not exhibit the pole singularity for
k2 → 0. This behaviour may be understood as a consequence of the decoupling theorem. The limit
k2 → 0 can be equivalently reproduced by k2/m2 → 0 because no other mass scale appears in the
computation (we are considering the on-shell case k21 = k
2
2 = 0), and therefore it is the same as the large
mass limit m2 →∞ with k2 fixed. In this case the loop contribution should vanish since the momentum
k is not large enough to resolve the quantum fluctuations. For more details on this argument we refer to
[12, 53], where the IR pole decoupling has been examined also for off-shell anomalous amplitudes. Finally,
we have shown that the anomaly pole is indeed decoupled in the IR under general kinematic conditions,
unless k21 = k
2
2 = m
2 = 0.
1.4 Pole-dominated amplitudes
A useful device to investigate the meaning of these new anomaly poles is provided by a class of amplitudes
[58] which connect initial and final state via anomalous correlators, one example of them being shown in
Fig. (1.5). These amplitudes are unitarily unbound in the UV [59]. This property can be easily derived
by considering the scattering of external massless spin-1 fields coupled via a longitudinal exchange of an
anomalous boson. The amplitude in the s-channel is shown in Fig. 1.5. In the case of scattering of massless
bosons, the pole of Eq. (1.14) saturates each of the two subamplitudes (i.e. for m = s1 = s2 = 0) and
provides a cross section which grows quadratically with the energy scale. This is an obvious manifestation
of the fact that an anomaly pole has dangerous effects in the UV because of the violation of the Froissart
bound at high energies. This behaviour is retained also under general kinematics, for instance in the
scattering of massive bosons, when each of the two triangle subdiagrams of Fig. (1.5) takes the more
general form given by Eqs. (1.20), (1.21). Interestingly enough, if we subtract the pole component
contained in wL the quadratic growth of the amplitude disappears [53]. Therefore the manifestation of
the anomaly and the breaking of unitarity in the UV is necessarily attributed to the wL component,
even if it is decoupled in the IR. After the subtraction, the Ward identity used in the computation of the
amplitude is not anomalous anymore, even if it could remain broken (due to the massive fermions). The
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apparent breaking of unitarity in the UV is not ameliorated by a more complete analysis of this S-matrix
amplitude involving the Higgs sector, since a massless fermion in each of the two anomaly loops would
not allow the exchange of a Higgs in the s-channel. Explicit computations show that the corresponding
amplitude would still have the same asymptotic behaviour even for a massive fermion.
The only possible conclusion extrapolated from this example is that amplitudes which are dominated
by anomaly poles in the UV region demonstrate the inconsistency of an anomalous theory, as expected
by common lore. We conclude that unitarity provides a hint on the UV significance of the anomaly poles
of the anomaly graphs surfacing in the L/T parameterization, poles which escape detection in the usual
IR analysis. Even if they have been identified in the UV, this does not necessarily exclude a possible
(indirect) role played by these contributions in the IR region.
The formal solution of the Ward identity [55] that takes to the L/T parameterization and to the
isolation of an anomaly pole is indeed in agreement with what found in a direct computation. These
results, as we are going to show, emerge also from the perturbative analysis of the effective action for
the conformal anomaly and are likely to correspond to a generic feature of other manifestations of the
anomalies in quantum field theory.
1.5 The complete anomalous effective action and its expansions
in the chiral case
The point made in [53] is that the anomaly is always completely given by wL, under any kinematical
conditions, while the mass corrections (generated, for instance, by spontaneous symmetry breaking) are
clearly (and separately) identifiable as extra terms which contribute to the broken anomalous Ward
identity satisfied by the correlator. It is important that these two sources of breaking of the gauge
symmetry (anomalous and spontaneous) be thought of as having both an independent status. For this
reason one can provide several organizations of the effective actions of anomalous theories, with similarities
that cover both the case of the chiral anomaly and of the conformal anomaly, as we will discuss next.
The complete effective action, in the chiral case, can be given in several forms. The simplest, valid
for any energy range, is the full one
Γ(3) = Γ
(3)
pole + Γ˜
(3) (1.24)
with the pole part given by (1.18) and the remainder ( Γ˜(3)) given by a complicated nonlocal expression
which contributes homogeneously to the Ward identity of the anomaly graph
Γ˜(3) = − e
3
48π2
∫
d4x d4y d4z ∂ ·B(z)FB(x) ∧ FB(y)
×
∫
d4k1 d
4k2
(2π)8
e−ik1·(x−z)−ik2·(y−z)F(k, k1, k2,m)
− e
3
48π2
∫
d4x d4y d4z Bλ(z)Bµ(x)Bν(y)
×
∫
d4k1 d
4k2
(2π)8
e−ik1·(x−z)−ik2·(y−z)WλµνT (k, k1, k2,m). (1.25)
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The analytic expressions of these form factors can be found in [53]. This (rather formal) expression is an
exact result, but becomes more manageable if expanded in the fermion mass (in 1/m or in m) (see for
example [60, 61]).
For instance, let’s consider the 1/m case. One of the shortcomings of this expansion, because of the
IR decoupling property of anomaly poles in the presence of fermion mass corrections, is that it does not
do full justice of the presence of massless degrees of freedom in the theory (anomaly poles do not appear
explicitly in this expansion) which, as discussed in [12] might instead be of physical significance. We refer
to [53] for the details.
A second expansion of the effective action Eq. (1.25) can be given for a small mass m (in m2/s),
with s = k2. In this formulation the action is organized in the form of a pole contribution plus O(m2/s)
corrections. Although this case it is not suitable to describe the heavy fermion limit, the massless
pseudoscalar degrees of freedom introduced by the anomaly in the effective theory can be clearly identified
from it.
For the longitudinal form factor, this expansion gives (s < 0)
WL = −4i
s
− 4 im
2
s2
log
(
− s
m2
)
+O(m3) (1.26)
which has a smooth massless limit. The expansion of the transverse form factor WT can be found in [53].
This form of the effective action is the most suitable for the study of the UV behaviour of an anomalous
theory, in the search, for instance, of a possible UV completion. Notice that the massless limit of this
action reflects (correctly) the pole-dominance present in the theory in the UV region of s→∞, since the
mass corrections are suppressed by m2/s.
Chapter 2
The TJJ vertex in QED and the
conformal anomaly
2.1 Introduction
Investigations of conformal anomalies in gravity (see [62] for an historical overview and references) [63]
and in gauge theories [64, 65, 66] as well as in string theory, have been of remarkable significance along
the years. In cosmology, for instance, [67] (see also [68] for an overview) the study of the gravitational
trace anomaly has been performed in an attempt to solve the problem of the “graceful exit” (see for
instance [69, 70, 71, 72]). In other analysis it has been pointed out that the conformal anomaly may
prevent the future singularity occurrence in various dark energy models [73, 74].
In the past the analysis of the formal structure of the effective action for gravity in four dimensions,
obtained by integration of the trace anomaly [75, 76], has received a special attention, showing that the
variational solution of the anomaly equation, which is nonlocal, can be made local by the introduction
of extra scalar fields. The gauge contributions to these anomalies are identified at one-loop level from a
set of diagrams - involving fermion loops with two external gauge lines and one graviton line - and are
characterized, as shown recently by Giannotti and Mottola in [12], by the presence of anomaly poles.
Anomaly poles are familiar from the study of the chiral anomaly in gauge theories and describe the
nonlocal structure of the effective action. In the case of global anomalies, as in QCD chiral dynamics,
they signal the presence of a non-perturbative phase of the fundamental theory, with composite degrees
of freedom (pions) which offer an equivalent description of the fundamental Lagrangian, matching the
anomaly, in agreement with ’t Hooft’s principle. Previous studies of the role of the conformal anomaly
in cosmology concerning the production of massless gauge particles and the identification of the anomaly
pole in the infrared are those of Dolgov [77, 11], while a discussion of the same pole from a dispersive
derivation is contained in [78].
In a related work [53] we have shown that anomaly poles are typical of the perturbative description
of the chiral anomaly not just in some special kinematical conditions, for instance in the collinear re-
gion, where the coupling of the anomalous axial current to two (on-shell) vector currents (for the AV V
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diagram) involves a pseudoscalar intermediate state (with a collinear and massless fermion-antifermion
pair), but under any kinematical conditions. They are the most direct - and probably also the most
significant - manifestation of the anomaly in the perturbative diagrammatic expansion of the effective
action. These features have been briefly reviewed in the previous chapter. On a more speculative side,
the interpretation of the pole in terms of composite degrees of freedom could probably have direct phys-
ical implications, including the condensation of the composite fields, very much like Bose Einstein (BE)
condensation of the pion field, under the action of gravity. Interestingly, in a recent paper, Sikivie and
Yang have pointed out that Peccei-Quinn axions (PQ) may form BE condensates [79].
In this chapter, which parallels a previous investigation of the chiral anomaly [53], we study the per-
turbative structure of the off-shell effective action showing the appearance of similar singularities under
general kinematic conditions. Our investigation is a first step towards the computation of the exact
effective action describing the coupling of the Standard Model to gravity via the conformal anomaly, that
we discuss in the following chapters.
In our study we follow closely the work of [12]. There the authors have presented a complete off-shell
classification of the invariant amplitudes of the relevant correlator responsible for the conformal anomaly,
which involves the energy momentum tensor (T) and two vector currents (J), TJJ , and have thoroughly
investigated it in the QED case, drawing on the analogy with the case of the chiral anomaly. The analysis
of [12] is based on the use of dispersion relations, which are sufficient to identify the anomaly poles of
the amplitude from the spectral density of this correlator, but not to characterize completely the off-shell
effective action of the theory and the remaining non-conformal contributions, which will be discussed in
this chapter. The poles that we extract from the complete effective action include both the usual poles
derived from the spectral analysis of the diagrams, which are coupled in the infrared (IR) and other extra
poles which account for the anomaly but are decoupled in the same limit. These extra poles appear under
general kinematic configurations and are typical of the off-shell as well as of the on-shell effective action,
both for massive and massless fermions.
We also show, in agreement with those analysis, that the pole terms which contribute to the conformal
anomaly are indeed only coupled in the on-shell limit of the external gauge lines, and we identify all the
mass corrections to the correlator in the general case. This analysis is obtained by working out all the
relevant kinematical limits of the perturbative corrections. We present the complete anomalous off-shell
effective action describing the interaction of gravity with two photons, written in a form in which we
separate the nonlocal contribution due to the anomaly pole from the rest of the action (those which are
conformally invariant in the massless fermion limit). Away from the conformal limit of the theory we
present a 1/m expansion of the effective action as in the Euler-Heisenberg approach. This expansion,
naturally, does not convey the presence of nonlocalities in the effective action.
The computation of similar diagrams, for the on-shell photon case, appears in older contributions by
Berends and Gastmans [80] using dimensional regularization, in their study of the gravitational scattering
of photons, and by Milton using Schwinger’s methods [81]. The presence of an anomaly pole in the ampli-
tude has not been investigated nor noticed in these previous analysis, since they do not appear explicitly
in their results, nor the 1/m expansion of the three form factors of the on-shell vertex, contained in [80],
allows their identification in the S-matrix elements of the theory. Two related analysis by Drummond
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and Hathrell in their investigation of the gravitational contribution to the self-energy of the photon [82]
and the renormalization of the trace anomaly [83] included the same on-shell vertex. Later, the same
vertex has provided the ground for several elaborations concerning a possible superluminal behaviour of
the photon in the presence of an external gravitational field [84].
2.2 The effective actions for conformal anomalies and their vari-
ational solutions
In this section we briefly review the topic of the variational solutions of anomalous effective actions, and
on the local formulations in terms of auxiliary fields. One well known result of quantum gravity is that
the effective action of the trace anomaly is given by a nonlocal form when expressed in terms of the
spacetime metric gµν . This was obtained [75] from a variational solution of the equation for the trace
anomaly [85]
T µµ = b F + b
′
(
E − 2
3
R
)
+ b′′R+ c FµνFµν , (2.1)
(see also [86, 87] for an analysis of the gravitational sector) which takes in D = 4 spacetime dimensions
the form
Sanom[g,A] =
1
8
∫
d4x
√−g
∫
d4x′
√
−g′
(
E − 2
3
R
)
x
∆−14 (x, x
′)
[
2b F + b′
(
E − 2
3
R
)
+ 2 c FµνF
µν
]
x′
. (2.2)
Here, the parameters b and b′ are the coefficients of the Weyl tensor squared
F = CλµνρC
λµνρ = RλµνρR
λµνρ − 2RµνRµν + R
2
3
(2.3)
and of the Euler density
E =∗Rλµνρ ∗Rλµνρ = RλµνρRλµνρ − 4RµνRµν +R2 (2.4)
respectively, characterizing the trace anomaly in a general curved spacetime background. Notice that
the last term in (2.2) is the contribution generated in the presence of a background gauge field, with
coefficient c. For a Dirac fermion in a classical gravitational (gµν) and abelian (Aα) background, the
values of the coefficients are b = 1/(320 π2), and b′ = −11/(5760 π2), and c = −e2/(24 π2), with e
being the electric charge of the fermion. One crucial feature of this solution is its origin, which is purely
variational. Obtained by Riegert long ago, the action was derived by solving the variational equation
satisfied by the trace of the energy momentum tensor. ∆−14 (x, x
′) denotes the Green’s function of the
conformally covariant differential operator of fourth order, defined by
∆4 ≡ ∇µ
(
∇µ∇ν + 2Rµν − 2
3
Rgµν
)
∇ν = 2 + 2Rµν∇µ∇ν + 1
3
(∇µR)∇µ − 2
3
R . (2.5)
Given a solution of a variational equation, it is mandatory to check whether the solution is indeed justified
by a perturbative computation as we are going to show in the next sections.
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(a) (b)
Figure 2.1: The diagrams describing the anomaly pole in the dispersive approach. Fig. (a) depicts the singularity
of the spectral density ρ(s) as a spacetime process. Fig. (b) describes the anomalous pole part of the interaction.
Notice that an anomaly-induced action does not reproduce the homogeneous contributions to the anoma-
lous trace Ward identity, which require an independent computation in order to be identified. Moreover
such an action does not account for all those terms which are responsible for the explicit breaking of
scale invariance. For example in the case of the Standard Model such terms are obviously present in the
spontaneosly broken phase of the theory and provide important corrections to the anomalous correlators,
as we will illustrate in the next chapters.
2.2.1 The kinematics of an anomaly pole
In our conventions we will denote with p and q the outgoing momenta of the two photons and with k the
incoming momentum of the graviton. The kinematical invariant s ≡ k2 = (p + q)2 denotes the virtual
mass of the external graviton line. A computation of the spectral density ρ(s) of the TJJ amplitude
shows that this takes the form ρ(s) ∼ δ(s) in the case of a massless fermion. The configuration responsible
for the appearance of a pole is illustrated in Fig. 2.1 (a) and it is the analogous of the chiral anomaly
situation discussed in the previous chapter. It describes the decay of a graviton into two on-shell photons.
The decay is mediated by a collinear and on-shell fermion-antifermion pair and can be interpreted as a
spacetime process. The corresponding interaction vertex, described as the exchange of a pole, is instead
shown in Fig. 2.1 (b). The actual process depicted in Fig. 2.1 (a) is obtained at diagrammatic level by
setting on-shell the fermion/antifermion pair attached to the graviton line. This configuration, present
in the spectral density of the diagram only for on-shell photons, generates a pole contribution which can
be shown to be coupled in the infrared. This means that if we compute the residue of the amplitude for
s→ 0 we find that it is non-vanishing. In the general expression of the vertex, a similar configuration is
extracted in the high energy limit, not by a dispersive analysis, but by an explicit (off-shell) computation
of the diagrams. Either for virtual or for real photons, a direct computation of the vertex allows to
extract the pole term, without having to rely on a dispersive analysis. As we have already mentioned,
this point has been illustrated in detail in the computation of the chiral anomaly vertex in [53], while
the analogous analysis of the TJJ vertex for QED will be discussed in this chapter. The identification
of this singularity in the case of QCD and in the electroweak sector of the Standard Model is in perfect
agreement with the previous results.
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2.2.2 The single pole from ∆4 and the local formulation
In the case of the gravitational effective action, the appearance of the inverse of ∆4 operator seems to
be hard to reconcile with the simpler 1/ interaction which is predicted by the perturbative analysis of
the TJJ correlator, which manifests a single anomaly pole. In [12], Giannotti and Mottola show step
by step how a single pole emerges from this quartic operator, by using the auxiliary field formulation
of the same effective action. Clearly, more computations are needed in order to show that the nonlocal
effective action consistently does justice of all the poles (of second order and higher) which should be
present in the perturbative expansion. Obviously, the perturbative computations - being either based
on dispersion theory or on complete evaluations of the vertices, as in our case - become rather hard as
we increase the number of external lines of the corresponding perturbative correlator. For instance, this
check becomes almost impossible for correlators of the form TTT or higher, due to the appearance of a
very large number of tensor structure in the reduction to scalar form of the tensor Feynman integrals. In
the case of TJJ the computation is still manageable, since it does not require Feynman integrals beyond
rank-4.
Another important issue concerns the reformulation of this action in such a way that its interactions
become local. This important point has been analyzed in [88]. The authors introduce two scalar fields ϕ
and ψ which satisfy fourth order differential equations
∆4 ϕ =
1
2
(
E − 2
3
R
)
, (2.6a)
∆4 ψ =
1
2
CλµνρC
λµνρ +
c
2b
FµνF
µν , (2.6b)
which allow to express the nonlocal action in the local form
Sanom = b
′S(E)anom + bS
(F )
anom +
c
2
∫
d4x
√−g FµνFµνϕ , (2.7)
where
S(E)anom ≡
1
2
∫
d4x
√−g
{
− (ϕ)2 + 2
(
Rµν − R
3
gµν
)
(∇µϕ)(∇νϕ) +
(
E − 2
3
R
)
ϕ
}
,
S(F )anom ≡
∫
d4x
√−g
{
− (ϕ) (ψ) + 2
(
Rµν − R
3
gµν
)
(∇µϕ)(∇νψ)
+
1
2
CλµνρC
λµνρϕ+
1
2
(
E − 2
3
R
)
ψ
}
. (2.8)
The equations of motion for ψ and ϕ (2.6a), (2.6b) can be obtained by varying 2.7 with respect to these
fields. Notice that in momentum space, these equations, being quartic, show the presence of a double
pole in the corresponding energy momentum tensor. This can be defined, as usual, by varying 2.7 with
respect to the background metric. The reduction of this double pole to a single pole has been discussed
in [12, 88], using a perturbative formulation of the local action around the flat metric background. In
particular the field ϕ has to be assumed of being of first order in the metric fluctuation hµν .
With this assumption, expanding around flat space, the nonlocal formulation of Riegert’s action, as shown
in [12, 88], can be rewritten in a form which manifests explicitly the appearance of the massless pole
Sanom[g,A]→ − c
6
∫
d4x
√−g
∫
d4x′
√
−g′Rx−1x,x′ [FαβFαβ ]x′ . (2.9)
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This is is valid to first order in the fluctuation of the metric around a flat background, denoted as hµν
gµν = ηµν + κhµν , κ =
√
16πGN (2.10)
with GN being the 4-dimensional Newton’s constant.
Instead, the local formulation in terms of auxiliary fields of this action gives
Sanom[g,A;ϕ, ψ
′] =
∫
d4x
√−g
[
−ψ′ϕ− R
3
ψ′ +
c
2
FαβF
αβϕ
]
, (2.11)
where φ and ψ are the auxiliary scalar fields. They satisfy the equations
ψ′ ≡ bψ , (2.12)
ψ′ =
c
2
FαβF
αβ , (2.13)
ϕ = −R
3
. (2.14)
A perturbative test of the pole structure identified in the anomaly induced action is obtained by a
direct computation of the correlator TJJ , with the insertion of the EMT on the 2-point function (JJ)
at nonzero momentum transfer. The advantage of a complete computation of the correlator, respect to
the variational solution found by inspection, is that it gives the possibility of extracting also the mass
corrections to the pole behaviour.
In order to make contact with the TJJ amplitude, one needs the expression of the energy momentum
extracted from (2.11) to leading order in hµν , or, equivalently, from (2.9), that can be shown to take the
form
T µνanom(z) =
c
3
(gµν− ∂µ∂ν)z
∫
d4x′−1z,x′
[
FαβF
αβ
]
x′
. (2.15)
Notice that T µνanom is the expression of the energy momentum tensor of the theory in the background of
the gravitational and gauge fields. Notice also that Γanom, derived either by functional differentiations of
the generating functional (2.15) given by the Riegert’s action or from the direct perturbative expansion,
should nevertheless coincide in the two cases, for the pole term not to be a spurious artifact of the
variational solution. In particular, as we will illustrate in great detail in this chapter, a computation
performed in QED shows that the pole term extracted from Tanom via functional differentiation
Γµναβanom(p, q) = i
2
∫
d4x
∫
d4y eip·x+iq·y
δ2T µνanom(0)
δAα(x)Aβ(y)
= − e
2
18π2
1
k2
(
gµνk2 − kµkν)uαβ(p, q)
(2.16)
with
uαβ(p, q) ≡ (p · q) gαβ − qα pβ , (2.17)
indeed coincides with the result of the perturbative expansion which we are going to present in the
following section. Thus, the entire contribution to the anomaly is extracted form Tanom as
gµνT
µν
anom = cFαβF
αβ = − e
2
24π2
FαβF
αβ . (2.18)
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As we have already mentioned, the full action (2.2), varied several times with respect to the background
metric gµν and/or the background gauge fields Aα gives those parts of the correlators of higher order,
such as 〈TTT...JJ〉 and 〈TTT...〉, which contribute to the trace anomaly.
We start with an analysis of the correlator following an approach which is close to that of [12]. The
crucial point of the derivation presented in that chapter is the imposition of the Ward identity for the
TJJ correlator which allows to eliminate all the Schwinger (gradients) terms which otherwise plague
any derivation based on the canonical formalism and are generated by the equal-time commutator of the
energy momentum tensor with the vector currents.
2.3 The construction of the TJJ correlator
We consider the standard QED Lagrangian
L = −1
4
FµνF
µν + i ψ¯γµ(∂µ − i e Aµ)ψ −mψ¯ψ, (2.19)
with the energy momentum tensor decomposed into the free fermionic part Tf , the interacting fermion-
photon part Tfp and the photon contribution Tph which are given by
T µνf = −iψ¯γ(µ
↔
∂
ν)ψ + gµν(iψ¯γλ
↔
∂λψ −mψ¯ψ), (2.20)
T µνfp = − eJ (µAν) + egµνJλAλ , (2.21)
and
T µνph = F
µλF νλ −
1
4
gµνFλρFλρ, (2.22)
where the current is defined as
Jµ(x) = ψ¯(x)γµψ(x) . (2.23)
In the coupling to gravity of the total energy momentum tensor
T µν ≡ T µνf + T µνfp + T µνph (2.24)
we keep terms linear in the gravitational field, of the form hµνT
µν, and we have introduced some standard
notation for the symmetrization of the tensor indices and left-right derivatives H(µν) ≡ (Hµν +Hνµ)/2
and
↔
∂ µ ≡ (
→
∂ µ−
←
∂ µ)/2. It is also convenient to introduce a partial energy momentum tensor Tp,
corresponding to the sum of the Dirac and interaction terms
T µνp ≡ T µνf + T µνfp (2.25)
which satisfies the inhomogeneous equation
∂νT
µν
p = −∂νT µνph . (2.26)
Using the equations of motion for the electromagnetic (e.m.) field ∂νF
µν = Jµ, the inhomogeneous
equation becomes
∂νT
µν
p = F
µλJλ. (2.27)
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There are two ways to identify the contributions of T µν and T µνp in the perturbative expansion of the
effective action. In the formalism of the background fields, the TpJJ correlator can be extracted from
the defining functional integral
〈T µνp (z)〉A ≡
∫
DψDψ¯ T µνp (z) e
i
∫
d4xL+∫ J·A(x)d4x = 〈T µνp ei
∫
d4x J·A(x)〉 (2.28)
expanded through second order in the external field A. The relevant terms in this expansion are explicitly
given by
〈T µνp (z)〉A =
1
2!
〈T µνf (z)(J · A)(J · A)〉+ 〈T µνfp (J ·A)〉+ ... , (2.29)
with (J · A) ≡ ∫ d4xJ · A(x). The corresponding diagrams are extracted via two functional derivatives
respect to the background field Aµ and are given by
Γµναβ(z;x, y) ≡ δ
2
〈
T µνp (z)
〉
A
δAα(x)δAβ(y)
∣∣∣∣
A=0
= V µναβ +Wµναβ (2.30)
V µναβ = (i e)2
〈
T µνf (z)J
α(x)Jβ(y)
〉
A=0
(2.31)
Wµναβ =
δ2
〈
T µνfp (z)(J ·A)
〉
δAα(x)δAβ(y)
∣∣∣∣
A=0
= δ4(x− z)gα(µΠν)β(z, y) + δ4(y − z)gβ(µΠν)α(z, x)− gµν [δ4(x− z)− δ4(y − z)]Παβ(x, y).
(2.32)
These two contributions are of O(e2). Alternatively, one can directly compute the matrix element
Mµν = 〈0|T µνp (z)
∫
d4wd4w′J · A(w)J ·A(w′)|γγ〉, (2.33)
which generates the diagrams (b) and (c) shown in Fig.2.2, respectively called the “triangle” and the
“t-p-bubble” (“t-” stays for tensor), together with the two ones obtained for the exchange of p with q
and α with β. The conformal anomaly appears in the perturbative expansion of Tp and involves these
four diagrams.
Instead, the lowest order contribution is obtained, in the background field formalism, from Maxwell’s
e.m. tensor, and is given by
Sµναβ =
δ2
〈
T µνph (z)
〉
δAα(x)δAβ(y)
∣∣∣∣
A=0
. (2.34)
Using (2.34) we easily obtain
Sµναβ(z, x, y) = 2gαβ∂(µδxz∂ν )δyz − 2gβ(µ ∂ν )δxz∂αδyz − 2gα(ν ∂µ)δyz∂βδxz
+gαµgβν∂λδyz∂
λδxz + gανgβµ∂λδyz∂
λδxz + gµν∂βδxz∂αδyz − ∂ρδyz∂ρδxzgαβgµν
(2.35)
where ∂µδxz ≡ ∂/∂xµδ(x− z) and so on. In momentum space this lowest order vertex is given by
Sµναβ =
(
pµqν + pνqµ
)
gαβ + p · q (gανgβµ + gαµgβν)− gµν (p · q gαβ − qαpβ)
− (gβνpµ + gβµpν) qα − (gανqµ + gαµqν) pβ . (2.36)
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=
(a)
k
p
q
(b)
p + l
l − q
l
q
p
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l l − q
 
k p
q
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Figure 2.2: The complete one-loop vertex (a) given by the sum of the 1PI contributions called V µναβ(p, q) (b)
and W µναβ(p, q) (c).
Coming back to the one-loop correlator, the corresponding vertices which appear respectively in the
triangle diagram and on the t-bubble at O(e2) are given by
V ′µν(k1, k2) =
1
4
[γµ(k1 + k2)
ν + γν(k1 + k2)
µ]− 1
2
gµν [γλ(k1 + k2)λ − 2m] , (2.37)
W ′µνα = −1
2
(γµgνα + γνgµα) + gµνγα, (2.38)
where k1(k2) is outcoming (incoming). Using the two vertices V
′µν(k1, k2) and W ′µνα we obtain for the
diagrams (b) and (c) of Fig.2.2
V µναβ(p, q) = −(−ie)2i3
∫
d4l
(2π)4
tr
{
V ′µν(l + p, l− q)(l/ − q/+m)γβ (l/ +m) γα(l/+ p/+m)}
[l2 −m2] [(l − q)2 −m2] [(l + p)2 −m2] ,
(2.39)
and
Wµναβ(p, q) = −(ie2)i2
∫
d4l
(2π)4
tr
{
W ′µνα (l/ +m)γβ(l/− q/ +m)}
[l2 −m2][(l − q)2 −m2] , (2.40)
so that the one-loop amplitude in Fig. 2.2 results
Γµναβ(p, q) = V µναβ(p, q) + V µνβα(q, p) +Wµναβ(p, q) + Wµνβα(q, p). (2.41)
The bare Ward identity which allows to define the divergent amplitudes that contribute to the anomaly
in Γ in terms of the remaining finite ones is obtained by re-expressing the classical equation
∂νT
µν
ph = −FµνJν (2.42)
as an equation of generating functionals in the background electromagnetic field
∂ν〈T µνph 〉A = −Fµν〈Jν〉A, (2.43)
which can be expanded perturbatively as
∂ν〈T µνph 〉A = −Fµν〈Jν
∫
d4w(ie)J ·A(w)〉+ ... . (2.44)
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pµpνpαpβ
qµqνqαqβ
pµpνpαqβ
pµpνqαpβ
pµqνpαpβ
qµpνpαpβ
pµpνqαqβ
pµqνpαqβ
qµpνpαqβ
pµqνqαpβ
qµpνqαpβ
qµqνpαpβ
pµqνqαqβ
qµpνqαqβ
qµqνpαqβ
qµqνqαpβ
gµνgαβ
gαµgβν
gανgβµ
pµpνgαβ
pµqνgαβ
qµpνgαβ
qµqνgαβ
pβpνgαµ
pβqνgαµ
qβpνgαµ
qβqνgαµ
pβpµgαν
pβqµgαν
qβpµgαν
qβqµgαν
pαpνgβµ
pαqνgβµ
qαpνgβµ
qαqνgβµ
pµpαgβν
pµqαgβν
qµpαgβν
qµqαgβν
pαpβgµν
pαqβgµν
qαpβgµν
qαqβgµν
Table 2.1: The 43 tensor monomials built up from the metric tensor and the two independent momenta p and q
into which a general fourth rank tensor can be expanded.
Notice that we have omitted the first term in the Dyson’s series of 〈Jν〉A, shown on the r.h.s of (2.44)
since 〈Jν〉 = 0. The bare Ward identity then takes the form
∂νΓ
µναβ =
δ2
(
Fµλ(z) 〈Jλ(z)〉A
)
δAα(x)δAβ(y)
∣∣∣∣
A=0
(2.45)
which takes contribution only from the first term on the r.h.s of Eq. (2.44). This relation can be written
in momentum space. For this purpose we use the definition of the vacuum polarization
Παβ(x, y) ≡ −ie2〈Jα(x)Jβ(y)〉, (2.46)
or
Παβ(p) = −i2 (−ie)2
∫
d4l
(2π)4
tr
{
γα (l/+m)γβ(l/ + p/+m)
}
[l2 −m2] [(l + p)2 −m2] = (p
2gαβ − pαpβ)Π(p2,m2) (2.47)
with
Π(p2,m2) =
e2
36 π2 p2
[
6A0(m2) + p2 − 6m2 − 3B0(p2,m2)
(
2m2 + p2
)]
, (2.48)
which obviously satisfies the Ward identity pαΠ
αβ(p) = 0. The expressions of the A0 and B0 scalar
integrals are given in Appendix A.3.
Using these definitions, the unrenormalized Ward identity which allows to completely characterize the
form of the correlator in momentum space becomes
kν Γ
µναβ(p, q) =
(
qµpαpβ − qµgαβp2 + gµβqαp2 − gµβpαp · q)Π(p2)
+
(
pµqαqβ − pµgαβq2 + gµαpβq2 − gµαqβp · q)Π(q2) . (2.49)
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2.3.1 Tensor expansion and invariant amplitudes
The full one-loop amplitude Γµναβ(p, q) can be expanded on the basis provided by the 43 monomial
tensors listed in Tab.2.1
Γµναβ(p, q) =
43∑
i=1
Ai(k
2, p2, q2) lµναβi (p, q). (2.50)
Since the amplitude Γµναβ(p, q) has total mass dimension equal to 2 it is obvious that not all the coeffi-
cients Ai are convergent. They can be divided into 3 groups:
a) A1 ≤ Ai ≤ A16 - multiplied by a product of four momenta, they have mass dimension −2 and
therefore are UV finite;
b) A17 ≤ Ai ≤ A19 - these have mass dimension 2 since the four Lorentz indices of the amplitude are
carried by two metric tensors
c) A20 ≤ Ai ≤ A43 - they appear next to a metric tensor and two momenta, have mass dimension 0
and are divergent.
The way in which the 43 invariant amplitudes will be managed in order to reduce them to a smaller set of
independent amplitudes is the subject of this section. The reduction is accomplished in 4 different steps
and has as a guiding principle the elimination of the divergent amplitudes Ai in terms of the convergent
ones after imposing some conditions on the whole amplitude. We require
a) the symmetry in the two indices µ and ν of the symmetric energy-momentum tensor T µν ;
b) the conservation of the two vector currents on pα and qβ ;
c) the Ward identity on the vertex with the incoming momentum k defined above in Eq. (2.3.1).
Condition a) becomes
Γµναβ(p, q) = Γνµαβ(p, q), (2.51)
giving a linear system of 43 equations; 15 of them being identically satisfied because the tensorial struc-
tures are already symmetric in the exchange of µ and ν, while the remaining 14 conditions are
A5 = A6, A8 = A9, A10 = A11, A13 = A14, A18 = A19,
A21 = A22, A24 = A28, A25 = A29, A26 = A30, A27 = A31,
A32 = A36, A34 = A37, A33 = A38, A35 = A39, (2.52)
where all Ai are thought as functions of the invariants k
2, p2, q2. After substituting (2.52) into Γµναβ(p, q)
the 43 invariant tensors of the decomposition are multiplied by only 29 invariant amplitudes. Condition
b), which is vector current conservation on the two vertices with indices α and β, allows to re-express
some divergent Ai in terms of other finite ones
pα Γ
µναβ(p, q) = qβ Γ
µναβ(p, q) = 0. (2.53)
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This constraint generates two sets of 14 independent tensor structures each. The first Ward identity leads
to a linear system composed of 10 equations
pα Γ
µναβ(p, q) = 0⇒

A19 +A36 p · p+A37 p · q = 0,
A38 p · p+A39 p · q = 0,
A17 +A40 p · p+A42 p · q = 0,
A41 p · p+A43 p · q = 0,
A20 + 2A28 +A1 p · p+A4 p · q = 0,
2A30 +A3 p · p+A7 p · q = 0,
A22 +A29 +A6 p · p+ A11 p · q = 0,
A31 +A9 p · p+A14 p · q = 0,
A23 +A12 p · p+A16 p · q = 0,
A15 p · p+A2 p · q = 0;
(2.54)
we choose to solve it for the set {A15, A17, A19, A23, A28, A29, A30, A31, A39, A43} in which only the first
one is convergent and the others are UV divergent. The set would not include all the divergent Ai since
in the last equations appear two convergent coefficients, A15 and A2.
In an analogous way we go on with the second Ward identity (WI) after replacing the solution of the
previous system in the original amplitude. The new one is indicated by Γµναβb (p, q), where the subscript
b is there to indicate that we have applied condition b) on Γ. The constraint gives
qβ Γ
µναβ
b (p, q) = 0⇒

A40 p · q +A41 q · q = 0,
A1 p · q +A3 q · q = 0,
A20 +A4 p · q +A7 q · q = 0,
A36 +A6 p · q +A9 q · q = 0,
A22 +A37 +A11 p · q +A14 q · q = 0,
2A38 +A12 p · q −A2 p·q q·qp·p = 0.
(2.55)
We solve these equations determining the amplitudes in the set {A1, A20, A22, A36, A38, A40} in terms
of the remaining ones. The manipulations above have allowed a reduction of the number of invariant
amplitudes from the initial 43 to 13 using the {µ, ν} symmetry (14 equations), the first WI on pα (10
equations) and the second WI on qβ (6 equations). The surviving invariant amplitudes in which the
amplitude Γµναβc (p, q) can be expanded using the form factors are
{A2, A3, A4, A6, A7, A9, A11, A12, A14, A16, A37, A41, A42}. This set still contains 3 divergent amplitudes,
{A37, A41, A42}. The amplitude Γµναβc (p, q) is indeed ill-defined until we impose on it condition c), that
is Eq. (2.49). This condition gives
Eq.(2.49)⇒

−A3
[
1 + p·p2 p·q
]
+A6 +
1
2 A7 −A9 − A41p·q = 0,
A37 +A42 +A4 [p · p + p · q] + A11 p · q + 12 A7 q · q+
+A11 q · q + 12 A3 p·p q·qp·q = 0,
1
2A2
p·q q·q
p·p −A41 p·p+ q·qp·q − 12A3 p · p+A7( p · p+ 12 p · q) +A6 p · q
+A12(
1
2 p · q + q · q) +A14( p · q + 2 q · q) + 2A37 −Π(p2)−Π(q2) = 0
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After these steps we end up with an expression for Γ written in terms of only 10 invariant amplitudes,
that are X ≡ {A2, A3, A4, A6, A7, A9, A11, A12, A14, A16}, significantly reduced respect to the original 43,
see [13] for more details. Further reductions are possible (down to 8 independent invariant amplitudes),
however, since these reductions just add to the complexity of the related tensor structures, it is convenient
to select an appropriate set of reducible (but finite) components characterized by a simpler tensor structure
and present the result in that form. The 13 amplitudes introduced in the final decomposition are, in
this respect, a good choice since the corresponding tensor structures are rather simple. These tensors are
combinations of the 43 monomials listed in Tab.2.1.
The set X is very useful for the actual computation of the tensor integrals and for the study of their
reduction to scalar form. To compare with the previous study of Giannotti and Mottola [12] we have
mapped the computation of the components of the set X into their structures Fi (i = 1, 2, .., 13). Also in
this case, the truly independent amplitudes are 8. One can extract, out of the 13 reducible amplitudes,
a consistent subset of 8 invariant amplitudes. The remaining amplitudes in the 13 tensor structures are,
in principle, obtainable from this subset.
2.3.2 Reorganization of the amplitude
Before obtaining the mapping between the amplitudes in X and the structures Fi, we briefly describe the
tensor decomposition introduced in [12]. We define the rank-2 tensors
uαβ(p, q) ≡ (p · q) gαβ − qα pβ ,
wαβ(p, q) ≡ p2 q2 gαβ + (p · q) pα qβ − q2 pα pβ − p2 qα qβ , (2.56)
which are Bose symmetric,
uαβ(p, q) = uβα(q, p) ,
wαβ(p, q) = wβα(q, p) , (2.57)
and conserve vector currents,
pα u
αβ(p, q) = qβ u
αβ(p, q) = 0 ,
pα w
αβ(p, q) = qβ w
αβ(p, q) = 0 . (2.58)
These two tensors are used to build the set of 13 tensors catalogued in Table 2.2. They are linearly
independent for generic k2, p2, q2 different from zero. Five of the 13 tensors are Bose symmetric, namely,
tµναβi (p, q) = t
µνβα
i (q, p) , i = 1, 2, 7, 8, 13 , (2.59)
while the remaining eight tensors form four pairs which are overall related by Bose symmetry
tµναβ3 (p, q) = t
µνβα
5 (q, p) , (2.60)
tµναβ4 (p, q) = t
µνβα
6 (q, p) , (2.61)
tµναβ9 (p, q) = t
µνβα
10 (q, p) , (2.62)
tµναβ11 (p, q) = t
µνβα
12 (q, p) . (2.63)
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i tµναβi (p, q)
1
(
k2gµν − kµkν)uαβ(p.q)
2
(
k2gµν − kµkν)wαβ(p.q)
3
(
p2gµν − 4pµpν)uαβ(p.q)
4
(
p2gµν − 4pµpν)wαβ(p.q)
5
(
q2gµν − 4qµqν)uαβ(p.q)
6
(
q2gµν − 4qµqν)wαβ(p.q)
7 [p · q gµν − 2(qµpν + pµqν)] uαβ(p.q)
8 [p · q gµν − 2(qµpν + pµqν)]wαβ(p.q)
9
(
p · q pα − p2qα) [pβ (qµpν + pµqν)− p · q (gβνpµ + gβµpν)]
10
(
p · q qβ − q2pβ) [qα (qµpν + pµqν)− p · q (gανqµ + gαµqν)]
11
(
p · q pα − p2qα) [2 qβqµqν − q2(gβνqµ + gβµqν)]
12
(
p · q qβ − q2pβ) [2 pαpµpν − p2(gανpµ + gαµpν)]
13
(
pµqν + pνqµ
)
gαβ + p · q (gανgβµ + gαµgβν)− gµνuαβ
−(gβνpµ + gβµpν)qα − (gανqµ + gαµqν)pβ
Table 2.2: Basis of 13 fourth rank tensors satisfying the vector current conservation on the external lines
with momenta p and q.
The amplitude in (2.41) can be expanded in this basis as
Γµναβ(p, q) =
13∑
i=1
Fi(s; s1, s2,m
2) tµναβi (p, q) , (2.64)
where the invariant amplitudes Fi are functions of the kinematical invariants s = k
2 = (p+ q)2, s1 = p
2,
s2 = q
2 and of the internal massm. In [12] the authors use the Feynman parameterization and momentum
shifts in order to identify the expressions of these amplitudes in terms of parametric integrals, which was
the approach followed also by Rosenberg in his original identification of the 6 invariant amplitudes of the
AV V anomaly diagram. If we choose to reorganize all the monomials into the simpler set of 13 tensor
groups shown in Tab.2.2, then we need to map the Ai in χ and the Fi’s. Due to the lengthy expressions
we do not give the complete mapping here but we refer to [13] for more details.
We have shown how to obtain the 13 Fi’ s, starting from our derivation of the one-loop full amplitude
Γµναβ(p, q) leding to the ten invariant amplitudes of the set X . Since we know the analytical expression
of the Ai involved, we can go one step further and give all the Fi’ s in their analytical form in the most
general kinematical configuration. These have been obtained by re-computing the anomaly diagrams by
dimensional regularization together with the tensor-to-scalar decomposition of the Feynman amplitudes.
The complete expressions of the form factors Fi (i = 1, . . . , 13) in the massive and then in the massless
case are contained in [13]. In both cases the virtualities of the external lines are generic and denoted
by s1, s2. Here we give only the first invariant amplitude in the most general case. After defining
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γ ≡ s− s1 − s2 and σ ≡ s2 − 2(s1 + s2) s+ (s1 − s2)2 we obtain
F1(s; s1, s2, m
2) = F1 pole +
e2 γ m2
3π2 sσ
+
e2m2 s2
3π2 s σ2
D2(s, s2,m2)
[
s2 + 4s1s− 2s2s− 5s21 + s22
+ 4s1s2]− e
2m2 s1
3 π2 s σ2
D1(s, s1,m2)
[
− (s− s1)2 + 5s22 − 4 (s+ s1) s2
]
− e
2m2 γ
6 π2 s σ2
C0(s, s1, s2,m2)
[
(s− s1) 3 − s32 + (3s+ s1) s22
+
(−3s2 − 10s1s+ s21) s2 − 4m2σ] , (2.65)
where
F1 pole = − e
2
18 π2 s
, (2.66)
and
Di(s, si,m2) =
[
ai log
ai + 1
ai − 1 − a3 log
a3 + 1
a3 − 1
]
, ai =
√
1− 4m
2
si
. (2.67)
Then we discuss several kinematical limits of the TJJ vertex, in particular the on-shell limit for the two
vector lines (s1 → 0, s2 → 0) in order to better understand the structure of the whole correlator. The
appearance of generalized anomaly poles in the correlator and their IR coupling/decoupling properties
will be discussed thoroughly.
2.4 Trace condition in the non-conformal case
Similarly to the chiral case, we can fix the correlator by requiring the validity of a trace condition on the
amplitude, besides the two Ward identities on the conserved vector currents and the Bose symmetry in
their indices. This approach is alternative to the imposition of the Ward identity (2.49) but nevertheless
equivalent to it. At a diagrammatic level we obtain
gµνΓ
µναβ(p, q) = Λαβ(p, q)− e
2
6π2
uαβ(p, q). (2.68)
We have also defined
Λαβ(p, q) = −m (ie)2
∫
d4x d4y eip·x+iq·y〈ψ¯ψJα(x)Jβ(y)〉
= −me2
∫
d4l
(2π)4
tr
{
i
l/+ p/−mγ
α i
l/−mγ
β i
l/− q/−m
}
+ exch. (2.69)
A direct computation gives
Λαβ(p, q) = G1(s; s1, s2,m
2)uαβ(p, q) +G2(s; s1, s2,m
2)wαβ(p, q), (2.70)
where
3 s F1(s; s1, s2,m
2) = G1(s; s1, s2,m
2)− e
2
6π2
(2.71)
3 s F2(s; s1, s2,m
2) = G2(s; s1, s2,m
2) (2.72)
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and
G1(s; s1, s2,m
2) =
e2γm2
π2σ
+
e2D2(s, s2,m2) s2m2
π2σ2
[
s2 + 4s1s− 2s2s− 5s21 + s22 + 4s1s2
]
− e
2D1(s, s1,m2) s1m2
π2σ2
[− (s− s1) 2 + 5s22 − 4 (s+ s1) s2]
− e2 C0(s, s1, s2,m2)
[
m2γ
2π2σ2
[
(s− s1) 3 − s32 + (3s+ s1) s22 +
(−3s2 − 10s1s+ s21) s2]− 2m4γπ2σ
]
,
(2.73)
G2(s; s1, s2,m
2) = −2e
2m2
π2σ
− 2e
2D2(s, s2,m2)m2
π2σ2
[
(s− s1) 2 − 2s22 + (s+ s1) s2
]
− 2 e
2D1(s, s1,m2)m2
π2σ2
[
s2 + (s1 − 2s2) s− 2s21 + s22 + s1s2
]
− e2C0(s, s1, s2,m2)
[
4m4
π2σ
+
m2
π2σ2
[
s3 − (s1 + s2) s2 −
(
s21 − 6s2s1 + s22
)
s+ (s1 − s2) 2 (s1 + s2)
]]
,
(2.74)
where γ ≡ s−s1−s2, σ ≡ s2−2(s1+s2) s+(s1−s2)2 and the scalar integrals D1(s, s1,m2), D2(s, s1,m2),
C0(s, s1, s2,m2) for generic virtualities and masses are defined in Appendix A.3.
We have checked that the final expressions of the form factors in the most general case, obtained either
by imposing this condition on the energy momentum tensor or the Ward identity in the form given by
Eq. (2.43) exactly coincide.
2.5 Conformal anomaly poles
There are close similarities between the effective action in the cases of the chiral and conformal anomalies,
due to the presence of massless poles. In the previous chapter [53] we have analyzed the fact that in the
chiral case the anomaly is entirely generated by the longitudinal component wL, which is indeed isolated
for any configuration of the photon momenta and even for massive fermions. We also have discussed the
coupling/decoupling properties of this structure in different kinematical regions.
To illustrate the emergence of a similar behaviour in the case of the conformal anomaly, it is sufficient
to notice in the expression of F1, given in Eq.(2.65) in the most general form, the presence of the isolated
contribution (F1 pole = −e2/(18π2s)) which survives in the massless limit but can be isolated also in the
massive case and for off-shell photons. This component, indeed, is responsible for the trace anomaly even
though there appear extra corrections with mass-dependent terms. It is quite straightforward to figure
out that the pole term (F1 pole) corresponds to a contribution to the gravitational effective action of the
form (2.9), with a linearized scalar curvature. In fact we obtain
Γµναβanom(p, q) = F1 pole t
µναβ
1 = −
e2
18π2
1
k2
(
gµνk2 − kµkν)uαβ(p, q) (2.75)
which shows that the perturbative analysis is indeed in agreement with the variational solution given
in Eq.(2.16), as we have already expected. Therefore, similarly to the case of the chiral anomaly, also
in this case the anomaly is entirely given by F1pole, even in a configuration which is not obtained from
a dispersive approach. The presence of mass corrections in F1 is not a source of confusion, since there
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is a clear separation between anomaly and explicit breaking of the conformal symmetry. Therefore we
are entitled to disentangle the pole contribution, which describes the nonlocal contribution to the trace
anomaly, from the rest S˜, and rewrite the effective action as
S = Spole + S˜ (2.76)
with the pole part given by
Spole = − e
2
36π2
∫
d4xd4y (h(x)− ∂µ∂νhµν(x))−1xyFαβ(x)Fαβ(y). (2.77)
Obviously also in this case, which is generic from the kinematical point of view, one can clearly
show that the pole does not couple in the infrared if we compute the residue of the entire amplitude.
The anomaly pole, in fact, couples in the spectral function only in a special kinematic configuration
when the fermion-antifermion pair of the anomaly diagram is collinear, which is achieved for massless
fermions and on-shell photons. This behaviour, which is in perfect analogy with the chiral anomaly
case, is illustrated in detail in the next sections where the form factors Fi are presented in some relevant
kinematic configurations.
There is something to learn from perturbation theory: anomaly poles are not just associated to the
collinear fermion-antifermion limit of the amplitude, but are also present in other, completely different
kinematical domains where the collinear kinematics is not allowed and are not detected using a dispersive
approach. They are present in the off-shell effective action as they are in the on-shell ones.
2.6 Massive and massless contributions to anomalous Ward iden-
tities and the trace anomaly
Anomalous effects are usually associated in the literature with massless states, and for this reason, when
we analyze the contribution to the anomaly for a massive correlator, we need to justify the distinction
between massless and massive contributions. At nonzero momentum transfer (k 6= 0) the second term
on the right-hand side of Eq. (2.68) is interpreted as an anomalous contribution, proportional to the
asymptotic β function (βas) of the theory, coming from the coefficient of the anomaly pole which appears
in the form factor F1.
The trace anomaly is connected with the regularization procedure involved in the computation of the
diagrams. In our analysis we have used dimensional regularization (DR) and we have imposed conser-
vation of the vector currents, the symmetry requirements on the correlator and the conservation of the
energy momentum tensor. As we move from 4 to d spacetime dimensions (before the renormalization of
the theory), the anomaly pole term appears quite naturally in the expression of the correlator. This is
not surprising, since QED in d 6= 4 dimensions is not even classically conformally invariant and the trace
of the energy momentum tensor in the classical theory involves both a F 2 term (∼ (d− 4)F 2) beside, for
a massive correlator, a ψ¯ψ contribution
gµνT
µν =
βas(e)
2e3
F 2 + (1− γm)mψ¯ψ , (2.78)
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where βas and γm are respectively the β function and the anomalous mass dimension computed in a
mass-independent renormalization scheme.
Let’s summarize the basic features concerning the renormalization property of the correlator as they
emerge from our direct computation. 1) The trace Ward identity obtained by contracting the correlator
(Γµναβ) with gµν involves only the F1 and F2 form factors in the massive case; in the massless case
the scale breaking appears uniquely due to F1 via the term −e2/(18π2)uαβ(p, q), as pointed out before.
This is interpreted as the anomalous breaking of scale invariance. The finiteness of the two form factors
involved in the trace of the correlator is indeed evident. 2) The residue of the pole term in F1 is affected by
the renormalization of the entire correlator only by the re-definition of the bare coupling (e2) in terms of
the renormalized coupling (e2R) through the renormalization factor Z3 (the form factor F13 is the only one
requiring renormalization). At this point, the interpretation of the residue at the pole as a contribution
proportional to the β function of the theory is, in a way, ambiguous [89], since the β function is related to
a given renormalization scheme. We stress once more that Eq. (2.68) does not involve a renormalization
scheme - which at this point has not yet been defined - but just a regularization. We have regulated the
infinities of the theory but we have not specified a subtraction of the infinities. For this reason, the β
function appearing in Eq.(2.78), which identifies the anomalous trace term alone, without the inclusion
of mass corrections, is always the asymptotic one βas.
To fully understand the implications of Eq.(2.78) and the features of a massive fermion together with
its decoupling properties, it is convenient to go back to the Ward identity (2.49) and differentiate it with
respect to the momentum q and then set p = −q (k = 0) by going to zero momentum transfer. One
obtains the derivative Ward identity
gµνΓ
µναβ(p,−p) = 2p2 dΠ
dp2
(p2)(p2gαβ − pαpβ). (2.79)
Notice that this result does not depend on the renormalization scheme due to the presence of the derivative
with respect to p2. The appearance of the derivative of the scalar self-energy of the photon on the right-
had side of the previous equation allows to relate this expression to a particular β function of the theory,
which is not the asymptotic βas considered in Eq.(2.78), and includes also the mass corrections. In other
words it takes into account all the effects described by Eq.(2.78) and not only the anomalous one.
To illustrate this point we start from the expression of the scalar amplitude appearing in the photon
self-energy in DR
Π(p2,m) =
e2
2π2
(
1
6ǫ
− γ
6
−
∫ 1
0
dxx(1 − x) log m
2 − p2x(1 − x)
4πµ2
)
(2.80)
whose renormalization at zero momentum gives
ΠR(p
2,m) = Π(p2,m)−Π(0,m) = − e
2
2π2
∫ 1
0
x(1 − x) log m
2 − p2x(1 − x)
m2
. (2.81)
Using this expression, we can easily compute
2p2
dΠ
dp2
= 2p2
dΠR
dp2
= − e
2
6π2
+
e2 m2
π2
∫ 1
0
dx
x(1− x)
m2 − p2x(1 − x) . (2.82)
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Notice also that the β function of the theory evaluated in the zero momentum subtraction scheme is
exactly given by the right-hand side of the previous expression
β(e2, p2)
e2
= −2p2dΠR
dp2
, (2.83)
where β(e2, p2) = 2eβ(e, p2). Clearly, in the case of Eq.(2.83) all the mass contributions to Eq.(2.78)
have been absorbed into the definition of this β function.
Notice that if p2 ≪ m2 this β function, after a rearrangement gives
−β(e
2, p2)
e2
=
e2
π2
∫ 1
0
dx
p2x2(1− x)2
m2 − p2x(1− x) (2.84)
and therefore it vanishes as β ∼ O(p2/m2) for p2 → 0. Equivalently, by taking the m → ∞ limit we
recover the expected decoupling of the fermion (due to a vanishing β) since we are probing the correlator
at a scale (p2) which is not sufficient to resolve the contribution of the fermion loop. On the contrary,
as p2 → ∞, with m fixed, the running of the β function is the usual asymptotic one βas(e2) ∼ e4/(6π2)
modified by corrections O(m2/p2). The UV limit is characterized by the same running typical of the
massless case, as expected.
It is worth to stress again that the right-hand side of Eq.(2.79) does not depend on the renormalization
scheme, while the β function does and Eq.(2.83) should be understood as a definition.
2.7 The off-shell massless TJJ correlator
In the massless fermion case the scalar functions Fi depend only on the kinematic invariants s, s1, s2
but we still retain the last entry of these functions and set it equal to 0 for clarity, using the notation
Fi ≡ Fi(s; s1, s2, 0). These new functions are computed starting from the massive ones and letting m→ 0
and A0(m2)→ 0, i.e. eliminating all the massless tadpoles generated in the zero fermion mass limit.
The off-shell massless invariant amplitudes Fi(s; s1, s2, 0) are given in terms of the master integrals
listed in Appendix A.3 with internal masses set to zero. We give here only the simplest invariant am-
plitudes, leaving the remaining ones to [13] . The anomaly pole is clearly present in F1, which is given
by
F1(s; s1, s2, 0) = − e
2
18π2s
, (2.85)
while
F2(s; s1, s2, 0) = 0. (2.86)
The complete TJJ correlator is very complicated in this case as the long expressions of the form factors
show, but a deeper analysis of its poles by computing the residue in s = 0 can be useful to draw some
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conclusions. The single pieces of Γµναβ(s; s1, s2, 0) indeed contribute as
lim
s→0
sF1(s; s1, s2, 0) t
µναβ
1 = −
e2
18 π2
tµναβ1
∣∣
s=0
, (2.87)
lim
s→0
sF3(s; s1, s2, 0) t
µναβ
3 =
e2
72 π2
tµναβ3
∣∣
s=0
, (2.88)
lim
s→0
sF5(s; s1, s2, 0) t
µναβ
5 =
e2
72 π2
tµναβ5
∣∣
s=0
, (2.89)
lim
s→0
sF7(s; s1, s2, 0) t
µναβ
7 =
e2
36 π2
tµναβ7
∣∣
s=0
. (2.90)
The residues of the Fi(s; s1, s2, 0) not included in the equations above are all vanishing. Combining
the results given above one can easily check that the entire correlator is completely free from coupled
anomaly poles as
lim
s→0
sΓµναβ(s; s1, s2, 0) = 0 (2.91)
in this rather general configuration. A similar result holds for the correlator responsible for the chiral
anomaly and shows the decoupling of polar contributions in the infrared in the off-shell (s1, s2 6= 0) case.
2.8 The on-shell massive TJJ correlator
A particular case of the TJJ correlator is represented by its on-shell version with a massive fermion in
the loop. If we contract uαβ(p, q) and wαβ(p, q) with the polarization vectors ǫα(p) and ǫβ(q) requiring
ǫα(p) p
α = 0, ǫβ(p) p
β = 0 , the first tensor remains unchanged while wαβ(p, q) becomes w˜αβ(p, q) =
s1 s2 g
αβ . This will be carefully taken into account when computing the s1 → 0, s2 → 0 limit of the
product of the invariant amplitudes Fi with their corresponding tensors t
µναβ
i (i = 1, . . . , 13).
The invariant amplitudes reported below describe Fi(s; 0, 0,m
2) whose tensors tµναβi are also finite and
non-vanishing. They are
F1(s; 0, 0, m
2) = − e
2
18π2s
+
e2m2
3π2s2
− e
2m2
3π2s
C0(s, 0, 0,m2)
[
1
2
− 2m
2
s
]
,
F3(s; 0, 0, m
2) = − e
2
144π2s
− e
2m2
12π2s2
− e
2m2
4π2s2
D(s, 0, 0,m2)
− e
2m2
6π2s
C0(s, 0, 0,m2)
[
1
2
+
m2
s
]
,
F5(s; 0, 0, m
2) = F3(s; 0, 0, m
2),
F7(s; 0, 0, m
2) = −4F3(s; 0, 0, m2)
F13R(s; 0, 0, m
2) =
11e2
144π2
+
e2m2
4π2s
+ e2C0(s, 0, 0,m2)
[
m4
2π2s
+
m2
4π2
]
+ e2D(s, 0, 0,m2)
[
5m2
12π2s
+
1
12
]
, (2.92)
where the on-shell scalar integralsD(s, 0, 0,m2) and C0(s, 0, 0,m2) are defined in Appendix A.3; here F13R
denotes the renormalized amplitude (in the on-shell renormalization scheme), obtained by first removing
the UV pole present in the photon self-energy by the usual renormalization of the photon wavefunction
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and then taking the on-shell limit. The remaining invariant amplitudes Fi(s, 0, 0,m
2) are zero or multiply
vanishing tensors in this kinematical configuration, therefore they do not contribute to the correlator.
Using the results given above, the full massive on-shell amplitude is given by
Γµναβ(s; 0, 0,m2) = F1 (s; 0, 0,m
2) t˜µναβ1 + F3 (s; 0, 0,m
2) (t˜µναβ3 + t˜
µναβ
5 − 4 t˜µναβ7 )
+ F 13, R (s; 0, 0,m
2) t˜µναβ13 , (2.93)
so that the invariant amplitudes reduce from 13 to 3 and the three linear combinations of the tensors can
be taken as a new basis
t˜µναβ1 = lims1,s2→0
tµναβ1 = (s g
µν − kµkν)uαβ(p, q) (2.94)
t˜µναβ3 + t˜
µναβ
5 − 4 t˜µναβ7 = lims1,s2→0 (t
µναβ
3 + t
µναβ
5 − 4 tµναβ7 ) =
−2 uαβ(p, q) (s gµν + 2(pµ pν + qµ qν)− 4 (pµ qν + qµ pν)) (2.95)
t˜µναβ13 = lims1,s2→0
tµναβ13 =
(
pµqν + pνqµ
)
gαβ +
s
2
(
gανgβµ + gαµgβν
)
−gµν(s
2
gαβ − qαpβ)− (gβνpµ + gβµpν)qα − (gανqµ + gαµqν)pβ ,
(2.96)
as previously done in the literature [80]. If we extract the residue of the full amplitude we realize that
even though some functions Fi(s, 0, 0,m
2) have kinematical singularities in 1/s this polar structure is no
longer present in the complete massive correlator
lim
s→0
sΓµναβ(s; 0, 0,m2) = 0 (2.97)
showing that the TJJ correlator exhibits no infrared poles in the presence of explicit conformal symmetry
breaking terms.
2.9 The general effective action and its various limits
It is possible to identify the structure of the effective action in its most general form using the explicit
expressions of the invariant amplitudes If we denote by Si the contribution to the effective action due to
each form factor Fi, then we can write it in the form
Si =
∫
d4x d4y d4z tˆµναβi (z, x, y)hµν(z)Aα(x)Aβ(y)
∫
d4p d4q
(2π)8
e−ip·(x−z)−iq·(y−z)Fi(k, p, q) (2.98)
where k ≡ p+ q. We have introduced the operatorial version of the tensor structures tµναβi , denoted by
tˆi that will be characterized below. Defining
pˆαx ≡ i
∂
∂xα
, qˆαy ≡ i
∂
∂yα
, kˆαz ≡ −i
∂
∂zα
(2.99)
and using the identity
Fˆi(kˆz , pˆx, qˆy)δ
4(x− z)δ4(y − z) =
∫
d4p d4q
(2π)8
e−ip·(x−z)−iq·(y−z)Fi(k, p, q) (2.100)
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where formally Fˆi is the operatorial version of Fi, we can arrange the anomalous effective action also in
the form
Si =
∫
d4xd4yd4zFˆi(kˆz, pˆx, qˆy)
[
δ4(x− z)δ4(y − z)] tˆµναβi (z, x, y)hµνAα(x)Aβ(y). (2.101)
For instance we get
tˆµναβ1 (z, x, y)hµνAα(x)Aβ(y) =
1
2
(
zh(z)− ∂zµ∂zνhµν(z)
)
Fαβ(x)F
αβ(y), (2.102)
tˆµναβ2 (z, x, y)hµνAα(x)Aβ(y) =
(
zh(z)− ∂zµ∂zνhµν(z)
)
∂µF
µ
λ (x)∂νF
νλ(y), (2.103)
tˆµναβ3 (z, x, y)hµνAα(x)Aβ(y) =
1
2
hµν(z)
(
xgµν − 4∂xµ∂xν
)
Fαβ(x)F
αβ(y), (2.104)
tˆµναβ4 (z, x, y)hµνAα(x)Aβ(y) = h
µν(z)
(
xgµν − 4∂xµ∂xν
)
∂µF
µ
λ (x)∂νF
νλ(y), (2.105)
tˆµναβ5 (z, x, y)hµνAα(x)Aβ(y) =
1
2
hµν(z)
(
ygµν − 4∂yµ∂yν
)
Fαβ(x)F
αβ(y), (2.106)
tˆµναβ6 (z, x, y)hµνAα(x)Aβ(y) = h
µν(z)
(
ygµν − 4∂yµ∂yν
)
∂µF
µ
λ (x)∂νF
νλ(y), (2.107)
tˆµναβ7 (z, x, y)hµνAα(x)Aβ(y) =
1
2
hµν(z)
(
∂xλ∂yλgµν − 2(∂yµ∂xν + ∂yν∂xµ)
)
Fαβ(x)F
αβ(y), (2.108)
tˆµναβ8 (z, x, y)hµνAα(x)Aβ(y) = h
µν(z)
(
∂xλ∂yλgµν − 2(∂yµ∂xν + ∂yν∂xµ)
)
∂µF
µ
λ (x)∂νF
νλ(y)(2.109)
and similar expressions for the remaining tensor structures.
However, the most useful forms of the effective action involve an expansion in the fermions mass, as
in the 1/m formulation (the Euler-Heisenberg form) or for small m. In this second case the nonlocal
contributions obtained from the anomaly poles appear separated from the massive terms, showing the
full-fledged implications of the anomaly. This second formulation allows a smooth massless limit, where
the breaking of the conformal anomaly is entirely due to the massless fermion loops.
In the 1/m case, for on-shell gauge bosons, the result turns out to be particularly simple. We obtain
F1(s, 0, 0,m
2) =
7e2
2160π2
1
m2
+
e2s
3024 π2
1
m4
+O
(
1
m6
)
, (2.110)
F3(s, 0, 0,m
2) = F5(s, 0, 0,m
2) =
e2
4320 π2
1
m2
+
e2s
60480 π2
1
m4
+O
(
1
m6
)
, (2.111)
F7(s, 0, 0,m
2) = −4F3(s, 0, 0,m2) (2.112)
F13,R(s, 0, 0,m
2) =
11e2s
1440 π2
1
m2
+
11e2s2
20160 π2
1
m4
+O
(
1
m6
)
, (2.113)
which can be rearranged in terms of three independent tensor structures. Going to configuration space,
the linearized expression of the contribution to the gravitational effective action due to the TJJ vertex,
in this case, can be easily obtained in the form
STJJ =
∫
d4xd4yd4z Γµναβ(x, y, z)Aα(x)Aβ(y)hµν(z)
=
7 e2
4320 π2m2
∫
d4x (h− ∂µ∂νhµν)F 2
− e
2
4320 π2m2
∫
d4x
(
hF 2 − 8∂µFαβ∂νFαβhµν + 4(∂µ∂νFαβ)Fαβhµν
)
+
11 e2
1440 π2m2
∫
d4xT µνph hµν , (2.114)
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which shows three independent contributions linear in the (weak) gravitational field. In this case there is
no signature of the presence of pole singularities which are scaleless and described entirely the anomaly
contribution. Of course 1/m expansions are legitimate, but there is no apparent sign left in Eq.(2.110)
of the presence of a massless term. This result is analog to the chiral case and it is obviously related to
the IR decoupling in the presence of massive fermions which we have already discussed in the previous
sections.
Another important observation is that the contributions to the trace of the energy-momentum tensor,
which is relevant also in the cosmological context [67, 90], are all dominated by the pole term at high
energy, since mass corrections contained in F1 are clearly suppressed as m
2/s. Obviously, Eq. (2.110)
differs systematically from the result obtained from the small m expansion, where the nonlocality of the
effective action and the presence of a massless scalar exchange, as a result of the conformal anomaly, is
instead quite evident. We obtain in this second case (s < 0)
F1(s, 0, 0,m
2) = F1 pole +
e2m2
12 π2 s2
[
4− log2 m
2
s
]
+O
(
1
s3
)
(2.115)
where the anomalous form factor shows a massless pole beside some additional mass corrections. This is
an expansion, as in the case of the chiral anomaly, which describes the UV limit.
2.10 The massless on-shell TJJ correlator
The nonlocal structure of the effective action, as we have pointed out in the previous sections, is not
apparent within an expansion in 1/m, nor this expansion has a smooth match with the massless case.
The computation of the correlator Γµναβ(s; 0, 0, 0) hides some subtleties in the massless fermion limit
(with on-shell external photons), as the form factors Fi and the tensorial structures ti both contain the
kinematical invariants s1, s2. For this reason the limit of both factors (form factor and corresponding ten-
sor structure) Fi t
µναβ
i has to be taken carefully, starting from the expression of the massless Fi(s; s1, s2, 0)
listed in [13] and from the tensors tµναβi contracted with the physical polarization tensors. In this case
only few form factors survive and in particular
F1(s; 0, 0, 0) = − e
2
18π2s
, (2.116)
F3(s; 0, 0, 0) = F5(s, 0, 0, 0) = − e
2
144π2 s
, (2.117)
F7(s; 0, 0, 0) = −4F3(s, 0, 0, 0), (2.118)
F13,R(s; 0, 0, 0) = − e
2
144π2
[
12 log
(
− s
µ2
)
− 35
]
, (2.119)
and hence the whole correlator with two onshell photons on the external lines is
Γµναβ(s; 0, 0, 0) = F1(s; 0, 0, 0) t˜
µναβ
1 + F3(s; 0, 0, 0)
(
t˜µναβ3 + t˜
µναβ
5 − 4 t˜µναβ7
)
+ F13,R(s; 0, 0, 0) t˜
µναβ
13
= − e
2
48π2 s
[(
2 pβ qα − s gαβ) (2 pµ pν + 2 qµ qν − s gµν)]+ F13,R t˜µναβ13 ,(2.120)
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where t˜µναβi are the tensors defined in Eqs. (2.94-2.96).
The study of the singularities in 1/s for this correlator requires a different analysis for F1 and the
remaining form factors, as explicitly shown in Eq. 2.120, where F1 has been kept aside from the others,
even if it is proportional to F3. Indeed F1 is the only form factor multiplying a non zero trace tensor,
t˜µναβ1 , and responsible for the trace anomaly. If we take the residue of the onshell correlator for physical
polarizations of the photons in the final state we see how the 4 form factors and their tensors combine in
such a way that the result is different from zero as
lim
s→0
sΓµναβ(s; 0, 0, 0) = − e
2
12π2
pβ qα(pµ pν + qµ qν), (2.121)
where clearly each singular part in 1/s present in F1, F3, F5, F7 added up and the logarithmic behaviour
in s of F13 has been regulated by the factor s in front when taking the limit. The result shows that the
pole, in this case, is indeed coupled, as shown also by the dispersive analysis.
2.11 Conclusions
We have presented a computation of the TJJ correlator, responsible for the appearance of gauge contri-
butions to the conformal anomaly in the effective action of gravity. We have used our results to present
the general form of the gauge contributions to this action, in the limit of a weak gravitational field. One
interesting feature of this correlator is the presence of an anomaly pole [12].
Usually anomaly poles are interpreted as affecting the infrared region of the correlator and appear
only in one special kinematical configuration, which requires massless fermions in the loop and on-shell
conditions for the external gauge lines. In general, however, the anomaly pole affects the UV region even
if it is not coupled in the infrared. This surprising feature of the anomaly is present both in the case of
the chiral anomaly [53] and in the conformal anomaly. Here we have extracted explicitly this behaviour
by a general analysis of the correlator, extending our previous study of the chiral anomaly.
Indeed anomaly poles are the most interesting feature, at perturbative level, of the anomaly, being it
conformal or chiral, and are described by mixed diagrams involving either a scalar (gravitational case)
[12] or a pseudoscalar (chiral case) [53, 59]. The connection between the infrared and the ultraviolet,
signalled by the presence of these contributions, should not be too surprising in an anomalous context.
The pole-like behaviour of an anomalous correlator is usually “captured” by a variational solution of a
given anomaly equation, which implicitly assumes the presence of a pole term in the integrated functional
[91]. By rediscovering the pole in perturbation theory, obviously, one can clearly conclude that variational
solutions of the anomaly equations are indeed correct, although they miss homogeneous solutions to the
Ward identity, that indeed must necessarily be identified by an off-shell perturbative analysis of the
correlators. This is the approach followed here and in [53].
We have also seen that the identification of the massless anomaly pole allows to provide a “mixed”
formulation of the effective action in which the pole is isolated from the remaining mass terms, extracted in
the S˜pole part of the anomalous action, which could be used for further studies. We have also emphasized
that a typical 1/m expansion of the anomalous effective action fails to convey fully the presence of scaleless
contributions.
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There are various applications of our analysis which can be of interest for further studies. The first
concerns the possible implication of these types of effective actions in cosmology, especially in inflationary
scenarios where the coupling of gravity to matter via gauge interactions and the conformal anomaly plays
an interesting phenomenological role. As we have stressed in the introduction, the local description of
an anomalous effective action involves additional degrees of freedom which can be identified in the case
of the gauge anomaly [59] as well as in the conformal case [12]. In [12] the authors describe the role of
the corresponding scalar degrees of freedom in the effective action emphasizing their meaning as possible
composite. Of particular interest are the extensions of these analysis to the case of supersymmetric
theories, in particular to N = 1 superconformal theories, where the R-current, the supersymmetry current
and the energy momentum tensor belong to the same supermultiplet, as are their corresponding anomalies.
Clearly our computation is the first step in this direction, and can be extended with the inclusion of other
types of fields in the perturbative expansion, reaching, as a starting point, all the relevant fields of the
Standard Model. In general, one could also use our approach to come with a complete description of the
interplay between supersymmetry and the conformal anomaly, acting as a mediator of the gravitational
interaction, which is of phenomenological interest.

Chapter 3
The conformal anomaly and the
gravitational coupling of QCD
3.1 Introduction
In this chapter we move to the analysis of the anomalous TJJ correlator in a non-abelian gauge theory
which is the first step towards a full understanding of the gravitational effective action in the Standard
Model. The study of the effective action describing the coupling of a gauge theory to gravity via the trace
anomaly [85] is an important aspect of quantum field theory, which is not deprived also of direct phe-
nomenological implications. This coupling is mediated by the correlator involving the energy momentum
tensor together with two vector currents (or TJJ vertex), which describes the interaction of a graviton
with two gauge bosons. At the same time, the vertex has been at the center of an interesting case study
of the renormalization properties of composite operators in Yang Mills theories [92], in the context of
an explicit check of the violation of the Joglekar-Lee theorem [93] on the vanishing of S-matrix elements
of BRST exact operators. In this second case it was computed on-shell, but only at zero momentum
transfer. In this chapter we are going to extend this computation in QCD and investigate the presence
of massless singularities in its expression. These contribute to the trace anomaly and play a leading role
in fixing the structure of the effective action that couples QCD to gravity. The analysis of [92], which
predates our study, unfortunately does not resolve the issue about the presence or the absence of the
anomaly pole in the anomalous effective action of QCD because of the restricted kinematics involved in
that analysis of the TJJ vertex, and for this reason we have to proceed with a complete re-computation.
As we have pointed out in the previous chapters, anomaly poles characterize quite universally (grav-
itational and chiral) anomalous effective actions, in the sense that account for their anomalies. They
have been identified and discussed in the abelian case both by a dispersive analysis [12] and by a direct
explicit computation of the related anomalous Feynman amplitudes, see chapter 2 or [13] for more details.
Extensive analyses in the case of chiral theory have shown the close parallel in the solutions of the Ward
identities, the coupling of the poles in the ultraviolet and in the infrared region with the gravity case
[94, 53].
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It is therefore important to check whether similar contributions appear also in non-abelian gauge
theories coupled to gravity. We recall that the same pole structure is found in the variational solution of
the expression of the trace anomaly, where one tries to identify an action whose energy momentum tensor
reproduces it. This action, found by Riegert long ago [75], is nonlocal and involves the Green function
of a quartic (conformally covariant) operator. The action describes the structure of the singularities of
anomalous correlators with any number of insertions of the energy momentum tensor and two vector fields
(T nJJ), which are expected to correspond both to single and to higher order poles, for a sufficiently high
n. For obvious reasons, explicit checks of this effective action using perturbation theory - as the number
of external graviton lines grows - becomes increasingly difficult to handle. The TJJ correlator is the first
(leading) contribution to this infinite sum of correlators in which the anomalous gravitational effective
action is expanded.
Given the presence of a quartic operator in Riegert’s nonlocal action, the proof that this action contains
a single pole to lowest order (in the TJJ vertex), once expanded around flat space, has been given in [12]
by Giannotti and Mottola in QED, and provides the basis for the discussion of the anomalous effective
action in terms of massless auxiliary fields contained in their work. The auxiliary fields are introduced
in order to rewrite the action in a local form. We show by an explicit computation of the lowest order
vertex that Riegert’s action is indeed consistent in the non-abelian case as well, since its pole structure is
recovered in perturbation theory, similarly to the abelian case. Therefore, one can reasonably conjecture
the presence of anomaly poles in each gauge invariant subsets of the diagrammatic expansion, as the
computation for the non-abelian TJJ shows (here for the case of the single pole). In particular, this is
in agreement with the result of [12], where it is shown that, after expanding around flat spacetime, the
quartic operator in Riegert’s action becomes a simple 1/ nonlocal interaction (for the TJJ contribution),
i.e. a pole term. We remark that the identification of an infrared coupled pole term in this and in others
similar correlators, as we are going to emphasize in the following sections (at least in the case of QED
and for the sector of QCD mediated by quark loops), requires an extrapolation to the massless fermion
limit, and for this reason its interpretation as a long-range dynamical effect in the gravitational effective
action requires some caution. In QCD, however, there is an extra sector that contributes to the same
correlator, entirely due to virtual loops of gluons in the anomaly graphs, which remains unaffected by the
massless fermion limit. In the gauge sector, being mass independent, the condition of infrared coupling of
the corresponding pole only requires that the two external gluons are on-shell. This lend a special role to
the exact non-abelian gauge theory, because it seems to imply the existence of an anomalous contribution
in the TJJ vertex unambiguously identifiable at any momentum scale, in the UV as well as in the IR.
We also remark that the requirement of the on-shellness in the gluon sector may be contradicted by the
condition of gluon confinement, which would indeed preclude the possibility of having an infrared coupled
pole. Confinement, indeed, does not allow to have on-shell gluons and hence an infrared coupling of the
anomaly in this sector.
This chapter is devoted to a presentation of a detailed study of the one-loop perturbative expansion of
the off-shell TJJ vertex together with its Ward identities which unambiguously define it. They have been
derived from first principles and arise from the conservation equation of the energy-momentum tensor
and from the BRST invariance of the Yang-Mills action.
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The structure of the effective action and the characterization of its fundamental form factors at nonzero
momentum transfer and its complete analytical structure is a novel result. In this respect, the classifi-
cation of all the relevant tensor structures which appear in the computation of this correlator is rather
involved and has been performed in the completely off-shell case. We remark that the complexity of the
final expression, in the off-shell case, prevents us from presenting its form. For this reason we will give
only the on-shell version of the complete vertex, which is expressed only in terms of three fundamental
form factors.
Concerning the phenomenological relevance of this vertex, we just mention that it plays an essential
role in the study of NLO corrections to processes involving a graviton exchange. In fact, in theories
with extra dimensions, gravitational propagation in the bulk naturally induces a Kaluza-Klein tower of
spin-2 and graviscalar (also named dilaton) excitations in the effective four dimensional theory, lowering
the gravity scale and enhancing the associated cross sections (with virtual or real graviton exchanges).
In these scenarios the vertex appears in the hard scattering of the corresponding factorization formula
[95, 96, 97, 98] and has been computed in dimensional regularization. However, to our knowledge, in all
cases, there has been no separate discussion of the general structure of the vertex (i.e. as an amplitude)
nor of its Ward identities, which, in principle, would require a more careful investigation because of the
trace anomaly.
3.2 The energy momentum tensor and the Ward identities
We introduce the definition of the QCD energy-momentum tensor, which is given by
Tµν = −gµνLQCD − F aµρF aρν −
1
ξ
gµν∂
ρ(Aaρ∂
σAaσ) +
1
ξ
(Aaν∂µ(∂
σAaσ) +A
a
µ∂ν(∂
σAaσ))
+
i
4
[
ψγµ(
−→
∂ ν − igT aAaν)ψ − ψ(
←−
∂ ν + igT
aAaν)γµψ + ψγν(
−→
∂ µ − igT aAaµ)ψ
− ψ(←−∂ µ + igT aAaµ)γνψ
]
+ ∂µω
a(∂νω
a − gfabcAcνωb) + ∂νωa(∂µωa − gfabcAcµωb), (3.1)
where F aµν is the non-abelian field strength of the gauge field A
F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν (3.2)
and we have denoted with ωa the Faddeev-Popov ghosts and with ωa the antighosts, while ξ is the
gauge-fixing parameter. The T a’s are the gauge group generators in the fermion representation and fabc
are the antisymmetric structure constants. For later use, it is convenient to isolate the gauge-fixing and
ghost dependent contributions from the entire tensor
T g.f.µν =
1
ξ
[
Aaν∂µ(∂ ·Aa) +Aaµ∂ν(∂ · Aa)
]− 1
ξ
gµν
[
−1
2
(∂ · A)2 + ∂ρ(Aaρ∂ · Aa)
]
, (3.3)
T ghµν = ∂µω¯
aDabν ω
b + ∂ν ω¯
aDabµ ω
b − gµν∂ρω¯aDabρ ωb. (3.4)
The coupling of QCD to gravity in the weak gravitational field limit is given by the interaction
Lagrangian
Lint = −1
2
κhµνTµν . (3.5)
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Notice that Tµν as defined in Eq. (3.1) is symmetric, while traceless for a massless theory. The symmetric
expression can be easily found as suggested in [99], by coupling the theory to gravity and then defining
it via a functional derivative with respect to the metric, recovering (3.1) in the flat spacetime case.
The conservation equation of the energy-momentum tensor takes the following form off-shell [100, 101]
∂µTµν = − δS
δψ
∂νψ − ∂νψ¯ δS
δψ¯
+
1
2
∂µ
(
δS
δψ
σµνψ − ψ¯σµν δS
δψ¯
)
− ∂νAaµ
δS
δAaµ
+ ∂µ
(
Aaν
δS
δAaµ
)
− δS
δωa
∂νω
a − ∂ν ω¯a δS
δω¯a
(3.6)
where σµν =
1
4 [γµ, γν ]. It is indeed conserved by using the equations of motion of the ghost, antighost
and fermion/antifermion fields. The off-shell relation is particularly useful, since it can be inserted into
the functional integral in order to derive some of the Ward identities satisfied by the correlator. In fact,
the implications of the conservation of the energy-momentum tensor on the Green’s functions can be
exploited through the generating functional, obviously defined as
Z[J, η, η¯, χ, χ¯, h] =
∫
DADψDψ¯DωDω¯ exp
{
i
∫
d4x (L+ JµAµ
+η¯ψ + ψ¯η + χ¯ω + ω¯χ+ hµνT
µν
)}
, (3.7)
where L is the standard QCD action and we have added the coupling of the energy-momentum tensor
of the theory to the background gravitational field hµν , which is the typical expression needed in the
study of QCD coupled to gravity with a linear deviation from the flat metric. We have denoted with
J, η, η¯, χ, χ¯ the sources of the gauge field A (J), the source of the fermion and antifermion fields (η¯, η)
and of the ghost and antighost fields (χ¯, χ) respectively. The generating functional W of the connected
Green’s functions is, as usual, denoted by
exp iW [J, η, η¯, χ, χ¯, h] =
Z[J, η, η¯, χ, χ¯, h]
Z[0, 0, 0, 0, 0, 0]
(3.8)
(normalized to the vacuum functional) and the effective action is defined as the generating functional Γ
of the 1-particle irreducible and truncated amplitudes. This is obviously obtained from W by a Legendre
transformation respect to all the sources, except, in our case, hµν , which is taken as a background external
field
Γ[Ac, ψ¯c, ψc, ω¯c, ωc, h] =W [J, η, η¯, χ, χ¯, h]−
∫
d4x
(
JµA
µ
c + η¯ψc + ψ¯cη + χ¯ωc + ω¯cχ
)
. (3.9)
The source fields are eliminated from the right hand side of Eq. (3.9) inverting the relations
Aµc =
δW
δJµ
, ψc =
δW
δη¯
, ψ¯c =
δW
δη
, ωc =
δW
δχ¯
, ω¯c =
δW
δχ
(3.10)
so that the functional derivatives of the effective action Γ with respect to its independent variables are
δΓ
δAµc
= −Jµ, δΓ
δψc
= −η¯, δΓ
δψ¯c
= −η, δΓ
δωc
= −χ¯, δΓ
δω¯c
= −χ, (3.11)
and for the source hµν we have instead
δΓ
δhµν
=
δW
δhµν
. (3.12)
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The conservation of the energy-momentum tensor summarized in Eq. (3.6) in terms of classical fields,
can be re-expressed in a functional form by a differentiation of W with respect to hµν and the use of
Eq. (3.6) under the functional integral. We obtain
∂µ
δW
δhµν
= η¯ ∂ν
δW
δη¯
+ ∂ν
δW
δη
η − 1
2
∂µ
(
η¯σµν
δW
δη¯
− δW
δη
σµνη
)
+ ∂ν
δW
δJµ
Jµ − ∂µ
(
δW
δJµ
Jν
)
+ χ¯∂ν
δW
δχ¯
+ ∂ν
δW
δχ
χ , (3.13)
and finally, for the one particle irreducible generating functional, this gives
∂µ
δΓ
δhµν
= − δΓ
δψc
∂νψc − ∂νψ¯c δΓ
δψ¯c
+
1
2
∂µ
(
δΓ
δψc
σµνψc − ψ¯cσµν δΓ
δψ¯c
)
− ∂νAµc
δΓ
δAµc
+ ∂µ
(
Aνc
δΓ
δAµc
)
− δΓ
δωc
∂νωc − ∂ν ω¯c δΓ
δω¯c
, (3.14)
obtained from Eq. (3.13) with the help of Eqs. (3.10, (3.11), (3.12).
We summarize below the relevant Ward identities that can be used in order to fix the expression of the
correlator.
• Single derivative general Ward identity
The Ward identities describing the conservation of the energy-momentum tensor for the one-particle
irreducible Green’s functions with an insertion of Tµν can be obtained from the functional equation
(3.14) by taking functional derivatives with respect to the classical fields. For example, the Ward
identity for the graviton - gluon gluon vertex is obtained by differentiating Eq. (3.14) with respect
to Aac α(x1) and A
b
c β(x2) and then setting all the external fields to zero
∂µ〈Tµν(x)Aaα(x1)Abβ(x2)〉trunc = −∂νδ4(x1 − x)D−1αβ (x2, x)− ∂νδ4(x2 − x)D−1αβ (x1, x)
+∂µ
(
gανδ
4(x1 − x)D−1βµ (x2, x) + gβνδ4(x2 − x)D−1αµ(x1, x)
)
(3.15)
where D−1αβ (x1, x2) is the inverse gluon propagator defined as
D−1αβ (x1, x2) = 〈Aα(x1)Aβ(x2)〉trunc =
δ2Γ
δAαc (x1)δA
β
c (x2)
(3.16)
and where we have omitted, for simplicity, both the colour indices and the symbol of the T -product.
The first Ward identity (3.15) becomes
kµ〈Tµν(k)Aα(p)Aβ(q)〉trunc = qµD−1αµ(p)gβν + pµD−1βµ (q)gαν − qνD−1αβ (p)− pνD−1αβ (q) . (3.17)
• Trace Ward identity at zero momentum transfer
It is possible to extract a Ward identity for the trace of the energy-momentum tensor for the same
correlation function using just Eq. (3.17). In fact, differentiating it with respect to pµ (or qµ) and
then evaluating the resulting expression at zero momentum transfer (p = −q) we obtain the Ward
identity in d spacetime dimensions
〈T µµ (0)Aα(p)Aβ(−p)〉trunc =
(
2− d+ p · ∂
∂p
)
D−1αβ (p) (3.18)
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where the number 2 counts the number of external gluon lines. For d = 4 and using the transversality
of the one-particle irreducible self-energy, namely
D−1αβ (p) = (p
2gαβ − pαqβ)Π(p2), (3.19)
the Ward identity in Eq. (3.18) simplifies to
〈T µµ (0)Aα(p)Aβ(−p)〉trunc = 2p2(p2gαβ − pαqβ)
dΠ
dp2
(p2). (3.20)
The trace Ward identity in Eq. (3.18) at zero momentum transfer can also be explicitly related to
the β function and the anomalous dimensions of the renormalized theory. These enter through the
renormalization group equation for the two-point function of the gluon. Defining the beta function
and the anomalous dimensions as
β(g) = µ
∂g
∂µ
, γ(g) = µ
∂
∂µ
log
√
ZA, m γm(g) = µ
∂m
∂µ
(3.21)
and denoting with ZA the wave function renormalization constant of the gluon field, with g the
renormalized coupling, and with m the renormalized mass, the trace Ward identity can be related
to these functions by the relation
〈T µµ (0)Aα(p)Aβ(−p)〉trunc =
[
β(g)
∂
∂g
− 2γ(g) +m(γm(g)− 1) ∂
∂m
]
D−1αβ (p). (3.22)
• Two-derivatives Ward identity via BRST symmetry
We can exploit the BRST symmetry of the gauge-fixed lagrangian in order to derive some generalized
Ward (Slavnov-Taylor) identities. We start by computing the BRST variation of the energy-momentum
tensor, which is given by
δAaµ = λD
ab
µ ω
b, (3.23)
δωa = −1
2
gλfabcωbωc, (3.24)
δω¯a = −1
ξ
(∂µAaµ)λ, (3.25)
δψ = igλωataψ, (3.26)
δψ¯ = −igψ¯taλωa, (3.27)
where λ is an infinitesimal Grassmann parameter.
A careful analysis of the energy-momentum tensor presented in Eq. (3.1) shows that the fermionic and
the gauge part are gauge invariant and therefore invariant also under BRST. Instead the gauge-fixing
and the ghost contributions must be studied in more detail. Using the transformation equations (3.23)
and (3.25) in (3.4) one can prove the two identities
λT g.f.µν = −Aaν∂µδω¯a −Aaµ∂νδω¯a + gµν
[
1
2
∂ ·Aaδω¯a +Aaρ∂ρδω¯a
]
, (3.28)
λT ghµν = −∂µω¯aδAaν − ∂ν ω¯aδAaµ + gµν∂ρω¯aδAaρ, (3.29)
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which show that the ghost and the gauge-fixing parts of the energy-momentum tensor (times the an-
ticommuting factor λ) can be written as an appropriate BRST variation of ghost/antighost and gauge
contributions. Their sum, instead, can be expressed as the BRST variation of a certain operator plus an
extra term which vanishes when using the ghost equations of motion
λ
(
T g.f.µν + T
gh
µν
)
= δ
[
−∂µω¯aAaν − ∂ν ω¯aAaµ + gµν
(
Aaρ∂ρω¯
a +
1
2
∂ ·Aaωa
)]
+gµν
1
2
λω¯a∂ρDabρ ω
b, (3.30)
which shows explicitly the structure of the gauge-variant terms in the energy-momentum tensor. Using
the nilpotency of the BRST operator (δ2 = 0), the BRST variation of Tµν is given by
δTµν = δ(T
g.f.
µν + T
gh
µν ) =
λ
ξ
[
Aaµ∂ν∂
ρDabρ ω
b +Aaν∂µ∂
ρDabρ ω
b − gµν∂σ(Aaσ∂ρDabρ ωb)
]
, (3.31)
where it is straightforward to recognize the equation of motion of the ghost field on its right-hand
side. Using this last relation, we are able to derive some constraints on the Green’s functions involving
insertions of the energy-momentum tensor. In particular, we are interested in some identities satisfied
by the correlator 〈TµνAaαAbβ〉 in order to define it unambiguously. For this purpose, it is convenient to
choose an appropriate Green’s function, in our case this is given by 〈Tµν∂αAaαω¯b〉, and then exploit its
BRST invariance to obtain
δ〈Tµν∂αAaαω¯b〉 = 〈δTµν∂αAaαω¯b〉+ λ〈Tµν∂αDacα ωcω¯b〉 −
λ
ξ
〈Tµν∂αAaα∂βAbβ〉 = 0, (3.32)
where the first two correlators, built with operators proportional to the equations of motion, contribute
only with disconnected amplitudes, that are not part of the one-particle irreducible vertex function. From
Eq. (3.32) we obtain the identity
∂αx1∂
β
x2〈Tµν(x)Aaα(x1)Abβ(x2)〉trunc = 0, (3.33)
which in momentum space becomes
pαqβ〈Tµν(k)Aaα(p)Abβ(q)〉trunc = 0. (3.34)
A subtlety in these types of derivations concerns the role played by the commutators, which are generated
because of the T-product and can be ignored only if they vanish. In general, in fact, the derivatives are
naively taken out of the correlator, in order to arrive at Eq. (3.34) and this can generate an error. In
this case, due to the presence of an energy momentum tensor, the evaluation of these terms is rather
involved. For this reason one needs to perform an explicit check of (3.34) to ensure the consistency of
the formal result in a suitable regularization scheme. As we are going to show in the next sections, these
three Ward identities turn out to be satisfied in dimensional regularization.
3.3 The perturbative expansion
The perturbative expansion is obtained by taking into account all the diagrams depicted in Figs. 3.1,
3.2, 3.3, where an incoming graviton appears in the initial state and two gluons with momenta p and
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Figure 3.1: The fermionic contributions with a graviton hµν in the initial state and two gluons Aaα, A
b
β in the
final state.
q characterize the final state. The different contributions to the total amplitude are identified by the
nature of the internal lines and are computed with the aid of the Feynman rules defined in Appendix
A.1. Each amplitude is denoted by Γ, with a superscript in square brackets indicating the figure of the
corresponding diagram: the superscript 2 refers to Fig. 3.1, 3 refers to Fig. 3.2 and 4 to Fig. 3.3.
The contributions with a massive fermion running in the loop are depicted in Fig. 3.1; for the triangle
in Fig. 3.1a we obtain
−iκ
2
Γ
[2a]ab
µναβ (p, q) =
−κ
2
g2Tr(T bT a)
∫
d4l
(2π)4
tr
{
V ′µν(l − q, l+ p)
1
l/− q/ −mγβ
1
l/−mγα
1
l/+ p/ −m
}
(3.35)
where the color factor is given by Tr(T bT a) = 12δ
ab; the diagram in Fig. 3.1c contributes as
−iκ
2
Γ
[2c] ab
µναβ (p, q) = −
κ
2
g2Tr(T aT b)
∫
d4l
(2π)4
tr
{
W ′µνα
1
l/− q/−mγβ
1
l/−m
}
, (3.36)
with the vertices V ′µν(l− q, l + p) and W ′µνα defined in Appendix A.1, Eqs. (A.1) and (A.4) respectively.
The remaining diagrams in Fig. 3.1 are obtained by exchanging α↔ β and p↔ q
−i κ
2
Γ
[2b]ab
µναβ (p, q) = −i
κ
2
Γ
[2a]ab
µναβ (p, q)
∣∣∣∣α↔ β
p↔ q
, (3.37)
−i κ
2
Γ
[2d]ab
µναβ (p, q) = −i
κ
2
Γ
[2c] ab
µναβ (p, q)
∣∣∣∣α↔ β
p↔ q
. (3.38)
Moving to the gauge sector we find the four contributions in Fig. 3.2: the first one with a triangular
topology is given by
−iκ
2
Γ
[3a]ab
µναβ (p, q) = −
κ
2
g2fadef bde
∫
d4l
(2π)4
1
l2 (l + p)2 (l − q)2
[
V Gggµνρσ(l − q,−l − p) ×
V 3τσα(−l, l+ p,−p) V 3ρτβ(−l + q, l,−q)
]
, (3.39)
where the color factor is fadef bde = CA δ
ab. Those in Figs. 3.2b and 3.2c, containing gluon loops attached
to the graviton vertex, are called “t-bubbles” and can be obtained one from the other by the exchange
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Figure 3.2: The gauge contributions with a graviton hµν in the initial state and two gluons Aaα, A
b
β in the final
state.
of α↔ β and p↔ q. The first “t-bubble” is given by
−iκ
2
Γ
[3b]ab
µναβ (p, q) = −
1
2
κ
2
g2fadef bde
∫
d4l
(2π)4
V Ggggµνρσβ(−l, l− p,−q)V 3ρασ(k,−p,−l+ p)
l2 (l − p)2 (3.40)
which is multiplied by an additional symmetry factor 12 . There is another similar contribution obtained
from the previous one after exchanging α↔ β and p↔ q
−iκ
2
Γ
[3c] ab
µναβ (p, q) = −i
κ
2
Γ
[3b] ab
µναβ (p, q)
∣∣∣∣α↔ β
p↔ q
. (3.41)
The last diagram with gluons running in the loop is the one in Fig. 3.2d which is given by
−iκ
2
Γ
[3d]ab
µναβ (p, q) =
1
2
κ
2
g2
∫
d4l
(2π)4
V Gggµνρσ(−l, l− p− q) δdf V 4 abcdρασβ
l2 (l − p− q)2 , (3.42)
where V 4 is the four gluon vertex defined as
−ig2V 4 abcdµνρσ = −ig2
[
fabef cde(gµρgνσ − gµσgνρ) + facef bde(gµνgρσ − gµσgνρ)
+ fadef bce(gµνgρσ − gµρgνσ)
]
(3.43)
and therefore
δdf V 4 abcdρασβ = −CAδabV˜ 4ρασβ = −CAδab (gασgβρ + gαρgβσ − 2gαβgσρ) , (3.44)
so that the amplitude in Eq. (3.42) becomes
−iκ
2
Γ
[3d]ab
µναβ (p, q) = −
1
2
κ
2
g2CAδ
ab
∫
d4l
(2π)4
V Gggµνρσ(−l, l− p− q) V˜ 4ρασβ
l2 (l − p− q)2 . (3.45)
In the expression above we have explicitly isolated the color factor CAδ
ab and the symmetry factor 12 .
Finally, the ghost contributions shown in Fig. 3.3 are given by the sum of
−iκ
2
Γ
[4a]ab
µναβ (p, q) = −
κ
2
g2fadef bde
∫
d4l
(2π)4
Cµνρσ(l − q)ρ(l + p)σlα(l − q)β
l2 (l + p)2 (l − q)2 (3.46)
for the triangle diagram in Fig. 3.3a and
−iκ
2
Γ
[4b]ab
µναβ (p, q) =
κ
2
g2fadef bde
∫
d4l
(2π)4
Cµνασ l
σ(l − q)β
l2 (l − q)2 (3.47)
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Figure 3.3: The ghost contributions with a graviton hµν in the initial state and two gluons Aaα, A
b
β in the final
state.
for the “T-bubble” diagram shown in Fig. 3.3c. The two exchanged diagrams are obtained from those in
Eqs. (3.46) and (3.47) with the usual replacement α↔ β and p↔ q.
−i κ
2
Γ
[4b]ab
µναβ (p, q) = −i
κ
2
Γ
[4a]ab
µναβ (p, q)
∣∣∣∣α↔ β
p↔ q
, (3.48)
−i κ
2
Γ
[4d]ab
µναβ (p, q) = −i
κ
2
Γ
[4c] ab
µναβ (p, q)
∣∣∣∣α↔ β
p↔ q
. (3.49)
Having identified the different sectors we obtain the total amplitude for quarks, denoted by a “q”
subscript
Γabq, µναβ(p, q) = Γ
[2a]ab
µναβ (p, q) + Γ
[2b]ab
µναβ (p, q) + Γ
[2c] ab
µναβ (p, q) + Γ
[2d]ab
µναβ (p, q) (3.50)
and the one for gluons and ghosts as
Γabg, µναβ(p, q) =
∑
j=3,4
[
Γ
[ja] ab
µναβ (p, q) + Γ
[jb] ab
µναβ (p, q) + Γ
[jc] ab
µναβ (p, q) + Γ
[jd] ab
µναβ (p, q)
]
. (3.51)
3.4 The on-shell correlator, pole terms and form factors
We proceed with a classification of all the diagrams contributing to the on-shell vertex, starting from the
gauge invariant subset of diagrams that involve fermion loops and then moving to the second set, the
one relative to gluons and ghosts. The analysis follows rather closely the method presented in the case of
QED in previous works [12, 13] and in the previous chapter, with a classification of all the relevant tensor
structures which can be generated using the 43 monomials built out of the 2 of the 3 external momenta
of the triangle diagram and the metric tensor gµν . In general, one can proceed with the identification of a
subset of these tensor structure which allow to formulate the final expression in a manageable form. The
fermionic triangle diagrams, which define one of the two gauge invariant subsets of the entire correlator,
can be given in a simplified form also for off mass-shell external momenta, in terms of 13 form factors as
in [12, 13] while the structure of the gluon contributions are more involved. Some drastic simplifications
take place in the on-shell case, where only 3 form factors - both in the quark and fermion sectors - are
necessary to describe the final result.
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We write the whole amplitude Γµναβ(p, q) as
Γµναβ(p, q) = Γµναβq (p, q) + Γ
µναβ
g (p, q), (3.52)
referring respectively to the contributions with quarks (Γq) and with gluons/ghosts (Γg) in Eqs. (3.50)
and (3.51). We have omitted the color indices for simplicity. The amplitude Γ is expressed in terms of 3
tensor structures and 3 form factors renormalized in the MS scheme
Γµναβq/g (p, q) =
3∑
i=1
Φi q/g(s, 0, 0,m
2) δab φµναβi (p, q) . (3.53)
One comment concerning the choice of this basis is in order. The 3 form factors are more easily identified
in the fermion sector after performing the on-shell limit of the off-shell amplitude, where the 13 form
factors introduced in [12, 13] for QED simplify into the 3 tensor structures that will be given below. It
is then observed that the tensor structure of the gluon sector, originally expressed in terms of the 43
monomials of [12, 13], can be arranged consistently in terms of these 3 reduced structures.
The tensor basis on which we expand the on-shell vertex is given by
φµναβ1 (p, q) = (s g
µν − kµkν)uαβ(p, q), (3.54)
φµναβ2 (p, q) = −2 uαβ(p, q) [s gµν + 2(pµ pν + qµ qν)− 4 (pµ qν + qµ pν)] , (3.55)
φµναβ3 (p, q) =
(
pµqν + pνqµ
)
gαβ +
s
2
(
gανgβµ + gαµgβν
)
−gµν
(s
2
gαβ − qαpβ
)
− (gβνpµ + gβµpν) qα − (gανqµ + gαµqν)pβ , (3.56)
where uαβ(p, q) has been defined in Eq. (2.17). The form factors Φi(s, s1, s2,m
2) have as entry variables,
beside s = (p+ q)2, the virtualities of the two gluons s1 = p
2 and s2 = q
2.
In the on-shell case only 3 invariant amplitudes contribute, which for the quark loop amplitude are given
by
Φ1 q(s, 0, 0, m
2) = − g
2
36π2s
+
g2m2
6π2s2
− g
2m2
6π2s
C0(s, 0, 0,m2)
[
1
2
− 2m
2
s
]
, (3.57)
Φ2 q(s, 0, 0, m
2) = − g
2
288π2s
− g
2m2
24π2s2
− g
2m2
8π2s2
D(s, 0, 0,m2)
− g
2m2
12π2s
C0(s, 0, 0,m2)
[
1
2
+
m2
s
]
, (3.58)
Φ3 q(s, 0, 0, m
2) =
11g2
288π2
+
g2m2
8π2s
+ g2C0(s, 0, 0,m2)
[
m4
4π2s
+
m2
8π2
]
+
5 g2m2
24π2s
D(s, 0, 0,m2) + g
2
24π2
BMS0 (s,m2), (3.59)
where the on-shell scalar integrals D(s, 0, 0,m2), C0(s, 0, 0,m2) and BMS0 (s,m2) are computed in Ap-
pendix A.3. In the massless limit the amplitude Γµναβq (p, q) takes a simpler expression and the previous
form factors become
Φ1 q(s, 0, 0, 0) = − g
2
36π2s
, (3.60)
Φ2 q(s, 0, 0, 0) = − g
2
288π2 s
, (3.61)
Φ3 q(s, 0, 0, 0) = − g
2
288π2
[12Ls − 35] , (3.62)
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Figure 3.4: Higher order contributions to the anomaly pole involved in the covariantization of the graviton/2-
gluons amplitude.
where
Ls ≡ log
(
− s
µ2
)
s < 0. (3.63)
In the gluon sector the computation of Γµναβg (p, q) is performed analogously by using dimensional regu-
larization with modified minimal subtraction (MS) and we obtain for on-shell gluons
Γµναβg (p, q) =
3∑
i=1
Φi g(s, 0, 0) δ
ab φµναβi (p, q) , (3.64)
where the form factors obtained from the explicit computation are
Φ1 g(s, 0, 0) =
11 g2
72π2 s
CA, (3.65)
Φ2 g(s, 0, 0) =
g2
288π2 s
CA, (3.66)
Φ3 g(s, 0, 0) = − g
2
8π2
CA
[
65
36
+
11
6
BMS0 (s, 0)− BMS0 (0, 0) + s C0(s, 0, 0, 0)
]
. (3.67)
The renormalized scalar integrals can be found in Appendix A.3.
The full on-shell vertex, which is the sum of the quark and pure gauge contributions, can be decom-
posed by using the same three tensor structures φµναβi appearing in the expansion of Γ
µναβ
q (p, q) and
Γµναβg (p, q)
Γµναβ(p, q) = Γµναβg (p, q) + Γ
µναβ
q (p, q) =
3∑
i=1
Φi(s, 0, 0) δ
ab φµναβi (p, q) , (3.68)
with form factors defined as
Φi(s, 0, 0) = Φi, g(s, 0, 0) +
nf∑
j=1
Φi, q(s, 0, 0,m
2
j), (3.69)
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where the sum runs over the nf quark flavors. In particular we have
Φ1(s, 0, 0) = − g
2
72π2 s
(2nf − 11CA) + g
2
6π2
nf∑
i=1
m2i
{
1
s2
− 1
2s
C0(s, 0, 0,m2i )
[
1− 4m
2
i
s
]}
,
(3.70)
Φ2(s, 0, 0) = − g
2
288π2 s
(nf − CA)
− g
2
24π2
nf∑
i=1
m2i
{
1
s2
+
3
s2
D(s, 0, 0,m2i ) +
1
s
C0(s, 0, 0,m2i )
[
1 +
2m2i
s
]}
, (3.71)
Φ3(s, 0, 0) =
g2
288π2
(11nf − 65CA)− g
2CA
8π2
[
11
6
BMS0 (s, 0)− BMS0 (0, 0) + s C0(s, 0, 0, 0)
]
+
g2
8π2
nf∑
i=1
{
1
3
BMS0 (s,m2i ) +m2i
[
1
s
+
5
3s
D(s, 0, 0,m2i )
+C0(s, 0, 0,m2i )
[
1 +
2m2i
s
] ]}
, (3.72)
with CA = NC and the scalar integrals defined in Appendix A.3. Notice the appearance in the total
amplitude of the 1/s pole in Φ1, which is present both in the quark and in the gluon sectors, and which
saturates the contribution to the trace anomaly in the massless limit. In this case the entire trace anomaly
is just proportional to this component, which becomes
Φ1(s, 0, 0) = − g
2
72π2 s
(2nf − 11CA) . (3.73)
The correlator Γµναβ(p, q), computed using dimensional regularization, satisfies all the Ward identities
defined in the previous sections. Notice that the two-derivatives Ward identity introduced in Eq. (3.34)
pαqβ Γ
µναβ(p, q) = 0, (3.74)
derived from the BRST symmetry of the QCD Lagrangian, is straightforwardly satisfied by the on-shell
amplitude. This is easily seen from the tensor decomposition introduced in Eq. (3.53) because all the
tensors fulfill the condition
pαqβ φ
µναβ
i (p, q) = 0. (3.75)
Furthermore, we have checked at one-loop order the validity of the single derivative Ward identity given
in Eq. (3.17) and describing the conservation of the energy-momentum tensor. Using the transversality
of the two-point gluon function Eq. (3.17) this gives
kµ Γ
µναβ(p, q) =
(
qν pα pβ − qν gαβ p2 + gνβ qα p2 − gνβ pα p · q) Π(p2)
+
(
pν qα qβ − pν gαβ q2 + gνα pβ q2 − gνα qβ p · q) Π(q2), (3.76)
where the renormalized gluon self energies are defined as
Π(p2) =
g2CA δ
ab
144 π2
(
15BMS0 (p2, 0)− 2
)
+
g2 δab
72 π2p2
nf∑
i=1
[
6AMS0 (m2i ) + p2 − 6m2i − 3BMS0 (p2,m2i )
(
2m2i + p
2
)]
. (3.77)
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The QCD β function can be related to the residue of the pole and can be easily computed starting from
the amplitude Γµναβ(p, q) for on-shell external lines and in the conformal limit
gµν Γ
µναβ(p, q) = 3 sΦ1(s; 0, 0, 0)u
αβ(p, q) = −2 β(g)
g
uαβ(p, q), (3.78)
with the QCD β function given by
β(g) =
g3
16π2
(
−11
3
CA +
2
3
nf
)
. (3.79)
As we have already mentioned, after contracting the metric tensor gµν with the whole amplitude Γ, only
the tensor structure φµναβ1 (p, q) contributes to the anomaly, being the remaining ones traceless, with a
contribution entirely given by Φ1|m=0 in Eq. (3.70), i.e. Eq. (3.73). In the massive fermion case, the
anomalous contribution are corrected by terms proportional to the fermion mass m and represent an ex-
plicit breaking of scale invariance. From a direct computation we can also extract quite straightforwardly
the effective action, which is given by
Spole = − c
6
∫
d4x d4y R(1)(x)−1(x, y)F aαβ F
aαβ
=
1
3
g3
16π2
(
−11
3
CA +
2
3
nf
) ∫
d4x d4y R(1)(x)−1(x, y)FαβFαβ (3.80)
and is in agreement with Eq. (2.9), derived from the nonlocal gravitational action. Here R(1) denotes
the linearized expression of the Ricci scalar
R(1)x ≡ ∂xµ ∂xν hµν − h, h = ηµν hµν (3.81)
and the constant c is related to the non-abelian β function as
c = −2 β(g)
g
. (3.82)
Notice that the contribution coming from TJJ generates the abelian part of the non-abelian field strength,
while extra contributions (proportional to extra factors of g and g2) are expected from the TJJJ and
TJJJJ diagrams (see Fig. 3.4). This situation is analogous to that of the gauge anomaly, where one
needs to render gauge covariant the anomalous amplitude given by the triangle diagram. In that case
the gauge covariant expression is obtained by adding to the AV V vertex also the AV V V and AV V V V
diagrams, with 3 and 4 external gauge lines, respectively.
The appearance of massless degrees of freedom in the effective action describing the coupling of gravity
to the gauge fields is rather intriguing, and is an aspect that will require further analysis.
The nonlocal structure of the action that contributes to the trace anomaly, which is entirely repro-
duced, within the local description, by two auxiliary scalar fields, as pointed out in the previous chapter,
seems to indicate that the effective dynamics of the coupling between gravity and matter might be con-
trolled, at least in part, by these degrees of freedom. As we have just mentioned, however, this point
requires a dedicated study and for this specific reason our conclusions remain open ended.
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Our computation, however, being general, allows also the identification of other massless contributions
to the effective action which are surely bound to play a role in the physical S-matrix. They appear in
form factors such as Φ2 (Eq. 3.71) and Φ3 (Eq. 3.72) which do not contribute to the trace, but are
nevertheless part of the 1-loop effective action mediated by the triangle graph.
There are also some other comments, at this point, which are in order. Notice that while the isolation
of the pole in the fermion sector indeed requires a massless fermion limit, as obvious from the structure
of Γq, the other gauge invariant sector, described by Γg, is obviously not affected by this limit, being the
corresponding form factors mass independent.
3.5 Conclusions
One of the standing issues of the anomalous effective action describing the interaction of a non-abelian
theory to gravity is a test of its consistency with the standard perturbative approach. Thus, variational
solutions of the effective action controlled by the trace anomaly should be reproduced by the perturbative
expansion. Building on previous analysis in QED, reviewed in the previous chapter, here we have shown
that also in the non-abelian case there is a perfect match between the two approaches. This implies
that the interaction of gravity with a non-abelian gauge theory, mediated by the trace anomaly, indeed
can be reformulated in terms of auxiliary scalar degrees of freedom, in analogy to the abelian case. We
have proven this result by an explicit computation. Our findings indicate that this feature is typical of
each gauge invariant subsector of the non-abelian TJJ amplitude, a result which is likely to hold also
for singularities of higher order. These are expected to be present in correlators with a larger number of
energy momentum insertions.

Chapter 4
Gravity and the neutral currents in
the electroweak theory
4.1 Introduction
In this chapter we present a complete study of the one graviton-two neutral gauge bosons vertex at
one-loop level in the electroweak theory. This vertex provides the leading contribution to the interaction
between the Standard Model and gravity, mediated by the trace anomaly, at first order in the inverse
Planck mass and at second order in the electroweak expansion. We will show, in analogy with previous
results in the QED and QCD cases, that the anomalous interaction between gravity and the gauge current
of the Standard Model, due to the trace anomaly, is mediated, in each gauge invariant sector, by effective
massless scalar degrees of freedom.
The work presented in this chapter is the fourth in a sequence of investigations [13, 14, 102], motivated
by the original analysis of [12], aimed at studying the precise structure of the anomalous effective action
which describes the anomalous breaking of scale invariance in the Standard Model (SM). Here we expand
and fill in the details of a previous study [103]. This breaking is induced by the trace anomaly [85, 62]
and can be extracted from the exact computation of a set of diagrams involving the graviton-gauge-gauge
vertex. This work is a natural extension and an application of remarkable classical studies [99, 104, 64, 65]
of the energy momentum tensor and of the corresponding trace anomaly in gauge theories.
In the case of a gravitational background characterized by a small deviation with respect to the
flat spacetime metric, this vertex is described by the correlation function containing one insertion of
the energy momentum tensor (EMT) (denoted as T ) on the correlation function of two gauge currents
(denoted as V, V ′). If we allow only conformally coupled scalars and operators only up to dimension-4 in
the Langrangian [99] [104], the EMT is uniquely defined by gravity and takes the form of a symmetric
and (on-shell) conserved expression. In the massless limit, which in our case is equivalent to dealing
with an unbroken theory (i.e. before electroweak symmetry breaking) the EMT is classically (on-shell)
traceless.
As remarked in [12] and in our previous studies in the context of QED [13] and QCD [14], which have
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been extensively discussed in the previous chapters, the analysis of this correlator is interesting in several
ways and allows to address some important issues concerning anomaly-mediated interactions between
the SM and gravity. At the same time, this program is part of an attempt to characterize rigorously
in quantum field theory the effective action which describes the interaction between matter and gravity
beyond tree level, showing some interesting features, such as the appearance of effective massless scalar
degrees of freedom as mediators of the breaking of scale invariance [12], in close analogy with what found
in the case of chiral gauge theories [53, 91, 94, 59]. Beside these theoretical motivations, these corrections
find also direct application in collider studies of low scale gravity.
In a theory such as the SM, the breaking of scale invariance is related both to the trace anomaly and
to the spontaneous breaking of the gauge symmetry by the Higgs mechanism [103], and both contribu-
tions may become significant in some specific scenarios. For example, the enduring discussion over the
cosmological implications of the quantum breaking of scale invariance has spanned decades [105, 106],
since the work of Starobinsky [67], with his attempt to solve the problem of the cosmological ”graceful
exit” that predated inflationary studies. At the same time, the treatment of the trace anomaly using
more refined approaches such as the world-line formulation, has allowed for new ways to investigate the
corresponding effective action [107].
The computation of the effective action is, in principle, rather challenging not only for the large
number of diagrams involved, but also because of the need of a consistent way to define these interactions.
The ambiguity present in the definition of the fermion contributions, for instance, requires particular
care, due to the presence of axial-vector and vector currents in an external gravitational background.
These have been analyzed building on the results of [102], which provides the ground for the extensions
contained in the present study. The current analysis is far more involved than the study discussed in
the previous chapters, due to the appearance of a larger set of diagrams in the perturbative expansion.
Their definition requires a suitable set of Ward and Slavnov-Taylor identities (STI’s) which need to be
identified from scratch and that we are going to discuss in fair detail. These are essential in order to
establish the correctness of the computation and of the chosen regularization scheme, which is dimensional
regularization with on-shell renormalization.
When we move from an exact gauge theory to a theory with spontaneous breaking of the gauge
symmetry such as the SM, the contributions coming from the trace anomaly and from mass corrections
are harder to disentangle, since the massless limit is not an option. However, even under these conditions,
there are two possible ways of organizing the contributions to the one-loop effective action which may turn
out handy. The first expansion, obviously, is the usual 1/m expansion, where m is a large electroweak
mass, valid below the electroweak scale. The second has been first discussed in a previous work [53] and is
characterized by the isolation of the anomalous massless pole contribution from the remaining subleading
O(m2/s) corrections. These can be extracted from a complete computation.
The goal of this chapter is to discuss the role of the interactions mediated by the conformal anomaly
using as a realistic example the Lagrangian of the SM, by focusing our investigation on the neutral
currents sector. These contributions play a role, in general, also in scenarios of TeV scale gravity and as
such are part of the radiative corrections to graviton-mediated processes at typical LHC energies.
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Description of the chapter contents
The work presented in the following sections is organized as follows. In section 4.2 we will provide the
basic definition of the energy momentum tensor in a curved spacetime, followed by a direct computation
of all of its components according to the Lagrangian of the SM (section 4.3). In sections 4.4 and 4.5
we derive the fundamental Ward and Slavnov-Taylor identites which define the structure of the TV V ′
vertex, expanded in terms of its TAA, TAZ and TZZ contributions, where T couples to the graviton
and A and Z are the photon and the neutral massive gauge boson, respectively. Complete results for all
the amplitudes are given in section 4.6, expressed in terms of a small set of form factors. As we are going
to show, the contribution to the anomaly comes from a single form factor in each amplitude, multiplying
a unique tensor structure. These form factors are characterized by the appearance of a massless pole
with a residue that can be related to the beta function of the theory and which is the signature of the
anomaly [91]. We have extensively elaborated in previous works on the significance of such contributions
in the ultraviolet region (UV) [103].
In the presence of spontaneous symmetry breaking the perturbative expansion of these form factors
can be still arranged in the form of a 1/s contribution, with s being the invariant mass of the graviton
line, plus mass corrections of the form v2/s, with v being the electroweak vev. The computation shows
that the trace part of the amplitude is then clearly dominated at large energy (i.e for s ≫ v2) by the
pole contribution, as we will discuss in section 4.8. Our conclusions and perspectives are given in section
4.9. Several technical points omitted from the main sections have been included in the appendices to
facilitate the reading of those more involved derivations.
4.2 The EMT of the Standard Model: definitions and conven-
tions
The expression of a symmetric and conserved EMT for the SM, as for any field theory Lagrangian, may
be obtained, more conveniently, by coupling the corresponding Lagrangian to the gravitational field,
described by the metric gµν of the curved background
S = SG + SSM + SI = − 1
κ2
∫
d4x
√−g R+
∫
d4x
√−gLSM + 1
6
∫
d4x
√−g RH†H , (4.1)
where κ2 = 16πGN , with GN being the four dimensional Newton’s constant and H is the Higgs doublet.
We recall that Einstein’s equations take the form
δ
δgµν(x)
SG = − δ
δgµν(x)
[SSM + SI ] (4.2)
and the EMT in our conventions is defined as
Tµν(x) =
2√−g(x) δ[SSM + SI ]δgµν(x) , (4.3)
or, in terms of the SM Lagrangian, as
1
2
√−gTµν≡∂(
√−gL)
∂gµν
− ∂
∂xσ
∂(
√−gL)
∂(∂σgµν)
, (4.4)
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which is classically covariantly conserved (gµρTµν;ρ = 0). In flat spacetime, the covariant derivative is
replaced by the ordinary derivative, giving the ordinary conservation equation (∂µT
µν = 0).
We use the convention ηµν = (1,−1,−1,−1) for the metric in flat spacetime, parameterizing its
deviations from the flat case as
gµν(x) = ηµν + κhµν(x) , (4.5)
with the symmetric rank-2 tensor hµν(x) accounting for its fluctuations.
In this limit, the coupling of the Lagrangian to gravity is given by the term
Lgrav(x) = −κ
2
T µν(x)hµν(x). (4.6)
The corrections to the effective action describing the coupling of the SM to gravity that we will consider
in our work are those involving one external graviton and two gauge currents. These correspond to the
leading contributions to the anomalous breaking of scale invariance of the effective action in a combined
expansion in powers of κ and of the electroweak coupling (g2) (i.e. of O(κ g
2
2)).
Coming to the fermion contributions to the EMT, we recall that the fermions are coupled to gravity
using the spin connection Ω induced by the curved metric gµν . This allows to define a spinor derivative
D which transforms covariantly under local Lorentz transformations. If we denote with a, b the Lorentz
indices of a local free-falling frame, and with σab the generators of the Lorentz group in the spinorial
representation, the spin connection takes the form
Ωµ(x) =
1
2
σabV νa (x)Vbν;µ(x) , (4.7)
where we have introduced the vielbein V µa (x). The covariant derivative of a spinor in a given represen-
tation (R) of the gauge symmetry group, expressed in curved (Dµ) coordinates is then given by
Dµ = ∂
∂xµ
+Ωµ +Aµ, (4.8)
where Aµ ≡ Aaµ T a(R) are the gauge fields and T a(R) the group generators, giving a Lagrangian of the
form
L = √−g
{
i
2
[
ψ¯γµ(Dµψ)− (Dµψ¯)γµψ
]
−mψ¯ψ
}
. (4.9)
4.3 Contributions to Tµν
In this section we proceed with a complete evaluation of the EMT for the SM Lagrangian coupled to
gravity. We will do so for the entire quantum Lagrangian of the SM, which includes also the contributions
from the ghosts and the gauge-fixing terms. Details on our conventions for this section have been collected
in appendix (A.5).
The full EMT is given by a minimal tensor TMinµν (without improvement) and a term of improvement,
T Iµν , generated by the conformal coupling of the scalars
Tµν = T
Min
µν + T
I
µν , (4.10)
where the minimal tensor is decomposed into
TMinµν = T
f.s.
µν + T
ferm.
µν + T
Higgs
µν + T
Y ukawa
µν + T
g.fix.
µν + T
ghost
µν . (4.11)
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4.3.1 The gauge and fermion contributions
The contribution from the gauge kinetic terms derived from the field strengths of the SM is
T f.s.µν = ηµν
1
4
[
F aρσF
a ρσ + ZρσZ
ρσ + FAρσF
Aρσ + 2W+ρσW
− ρσ]
− F aµρF a ρν − FAµρFAρν − ZµρZνρ −W+µρW− ρν −W+νρW− ρµ , (4.12)
where F aµν , F
A
µν , Zµν and W
±
µν are respectively the field strengths of the gluon, photon, Z and W
± fields
defined in appendix (A.5). The fermion contribution is rather lengthy and we give it here for a single
fermion generation
T ferm.µν = −ηµνLferm. +
i
4
{
ψ¯νeγµ
→
∂ ν ψνe + ψ¯eγµ
→
∂ ν ψe + ψ¯uγµ
→
∂ ν ψu + ψ¯dγµ
→
∂ ν ψd
− i
[
e√
2 sin θW
(
ψ¯νeγµ
1− γ5
2
ψeW
+
ν + ψ¯eγµ
1− γ5
2
ψνe W
−
ν
)
+
e
sin 2θW
ψ¯νeγµ
1− γ5
2
ψνeZν −
e
sin 2θW
ψ¯eγµ
(
1− γ5
2
− 2 sin2 θW
)
ψe Zν
+
e√
2 sin θW
(
ψ¯uγµ
1− γ5
2
ψdW
+
ν + ψ¯dγµ
1− γ5
2
ψuW
−
ν
)
+
e
sin 2θW
ψ¯uγµ
(
1− γ5
2
− 2 sin2 θW 2
3
)
ψu Zν
− e
sin 2θW
ψ¯dγµ
(
1− γ5
2
− 2 sin2 θW 1
3
)
ψd Zν
+ eAν
(
− ψ¯eγµψe + 2
3
ψ¯uγµψu − 1
3
ψ¯dγµψd
)
+ gsG
a
ν
(
ψ¯uγµt
aψu + ψ¯dγµt
aψd
)]
− ψ¯νeγµ
←
∂ ν ψνe − ψ¯eγµ
←
∂ ν ψe − ψ¯uγµ
←
∂ ν ψu − ψ¯dγµ
←
∂ ν ψd
− i
[
e√
2 sin θW
(
ψ¯νeγµ
1− γ5
2
ψeW
+
ν + ψ¯eγµ
1− γ5
2
ψνe W
−
ν
)
+
e
sin 2θW
ψ¯νeγµ
1− γ5
2
ψνeZν −
e
sin 2θW
ψ¯eγµ
(
1− γ5
2
− 2 sin2 θW
)
ψe Zν
+
e√
2 sin θW
(
ψ¯uγµ
1− γ5
2
ψdW
+
ν + ψ¯dγµ
1− γ5
2
ψuW
−
ν
)
+
e
sin 2θW
ψ¯uγµ
(
1− γ5
2
− 2 sin2 θW 2
3
)
ψu Zν
− e
sin 2θW
ψ¯dγµ
(
1− γ5
2
− 2 sin2 θW 1
3
)
ψd Zν
+ eAν
(
− ψ¯eγµψe + 2
3
ψ¯uγµψu − 1
3
ψ¯dγµψd
)
+ gsG
a
ν
(
ψ¯uγµt
aψu + ψ¯dγµt
aψd
)]
+ (µ↔ ν)
}
, (4.13)
where ψνe , ψe, ψu and ψd are the Dirac spinors describing respectively the electron neutrino, the electron,
the up and the down quarks while Lferm. is given in appendix (A.5).
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4.3.2 The Higgs contribution
Coming to the contribution to the EMT from the Higgs sector, we recall that the scalar Lagrangian for
the Higgs fields (H) is given by
LH = (DµH)†(DµH) + µ2HH†H− λ(H†H)2 µ2H, λ > 0 , (4.14)
with the covariant derivative defined as
Dµ = ∂µ − igW aµT a − ig′BµY, (4.15)
where, in this case, T a = σa/2 are the generators of SU(2)L, Y is the hypercharge and the coupling
constants g and g′ are defined by e = g sin θW = g′ cos θW . As usual we parameterize the vacuum H0 in
the scalar sector in terms of the electroweak vev v as
H0 =
(
0
v√
2
)
(4.16)
and we expand the Higgs doublet in terms of the physical Higgs boson H and the two Goldstone bosons
φ+, φ as
H =
(
−iφ+
1√
2
(v +H + iφ)
)
, (4.17)
then the masses of the Higgs (mH) and of the W and Z gauge bosons are given by
mH =
√
2µH , MW =
1
2
gv , MZ =
1
2
√
g2 + g′2 v. (4.18)
We obtain for the energy-momentum tensor of the Higgs contribution the following expression
THiggsµν = −ηµνLHiggs + ∂µH∂νH + ∂µφ∂νφ+ ∂µφ+∂νφ− + ∂νφ+∂µφ−
+ M2ZZµZν +M
2
W (W
+
µ W
−
ν +W
+
ν W
−
µ )
+ MW
(
W−µ ∂νφ
+ +W−ν ∂µφ
+ +W+µ ∂νφ
− +W+ν ∂µφ
−)+MZ(∂µφZν + ∂νφZµ)
+
eMW
sin θW
H
(
W+µ W
−
ν +W
+
ν W
−
µ
)
+
eMZ
sin 2θW
H (ZµZν)
− e
2 sin θW
[
W+µ
(
φ−
↔
∂ ν (H + iφ)
)
−W+µ
(
φ−
↔
∂ ν (H + iφ)
)]
− e
2 sin θW
[
W−µ
(
φ+
↔
∂ ν (H − iφ)
)
+W−ν
(
φ+
↔
∂ µ (H − iφ)
)]
+ ie (Aµ + cot 2θWZµ)
(
φ−
↔
∂ ν φ
+
)
+ ie (Aν + cot 2θWZν)
(
φ−
↔
∂ µ φ
+
)
− e
sin 2θW
[
Zµ
(
φ
↔
∂ν H
)
+ Zν
(
φ
↔
∂µ H
)]
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− ieMZ sin θW
[
Zµ
(
W+ν φ
− −W−ν φ+
)
+ Zν
(
W+µ φ
− −W−µ φ+
)]
− ieMW
[
Aµ
(
W−ν −W+ν φ−
)
+Aν
(
W−µ −W+µ φ−
)]
+
e2
4 sin2 θW
H2
[(
W+µ W
−
ν +W
+
ν W
−
µ + 2ZµZν
)]
− ie
2
2 cos θW
H
[
Zµ
(
W+ν φ
− −W−ν φ+
)
+ Zν
(
W+µ φ
− −W−µ φ+
)]
+
e2
4 sin2 θW
φ2
(
W+µ W
−
ν +W
+
ν W
−
µ + 2ZµZν
)
+
e2
sin θ2W
φ+φ−
(
W+µ W
−
ν +W
+
ν W
−
µ
)
− ie
2
2 sin θW
H
[
Aµ
(
W−ν φ
+ −W+ν φ−
)
+Aν
(
W−µ φ
+ −W+µ φ−
)]
+
e2
2 cos θW
φ
[
Zµ
(
W+ν φ
− +W−ν φ
+
)
+ Zν
(
W+µ φ
− +W−µ φ
+
)]
− e
2
2 sin θW
φ
[
Aµ
(
W−ν φ
+ +W+ν φ
−)+Aν (W−µ φ+ +W+µ φ−)]
+ e2 cot2 2θWφ
+φ−ZµZν + e2φ+φ−AµAν + 2e2 cot 2θWφ+φ− (AµZν +AνZµ) . (4.19)
In the Higgs Lagrangian LHiggs and in the third line of the previous equation we have bilinear mixing
terms involving the massive gauge bosons and their Goldstone. These terms will be canceled in the Rξ
gauge by the EMT coming from the gauge-fixing contribution.
4.3.3 Contributions from the Yukawa couplings
The expression of the contributions coming from the Yukawa couplings are derived from the Lagrangian
LY ukawa = LlY ukawa + LqY ukawa , (4.20)
where the lepton part is given by
LlY ukawa = −λeL¯HψRe − λe ψ¯Re H† L, (4.21)
while the quarks give
LqY ukawa = −λd Q¯HψRd − λd ψ¯Rd H†Q− λuQi ǫijH∗j ψRu − λu ψ¯Ru (ǫijH∗j )†Qi . (4.22)
In the previous expressions the coefficients λe, λu and λd are the Yukawa couplings, L = (ψνe ψe)L and
Q = (ψu ψd)L are the lepton and quark SU(2) doublet while the suffix R on the spinors identifies their
right components. The contribution from this sector to the total EMT is then given by
T Y ukawaµν = −ηµνLY ukawa = ηµν
{
meψ¯eψe +muψ¯uψu +mdψ¯dψd
+ i
e√
2 sin θW
[
me
MW
(
φ−ψ¯ePLψνe − φ+ψ¯νePRψe
)
+
md
MW
(
φ−ψ¯dPLψu − φ+ψ¯uPRψd
)
+
mu
MW
(
φ+ψ¯uPLψd − φ−ψ¯dPRψu
) ]
+ i
e
2 sin θW
[
me
MW
φ
(
ψ¯ePRψe − ψ¯ePLψe
)
+
md
MW
φ
(
ψ¯dPRψd − ψ¯dPLψd
)
+
mu
MW
φ
(
ψ¯uPLψu − ψ¯uPRψu
) ]
+
eH
2 sin θW MW
[
meψ¯eψe +mdψ¯dψd +muψ¯uψu
]}
. (4.23)
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In the expression above we have used standard conventions for the chiral projectors PR ,L = (1± γ5)/2.
For simplicity we consider only one generation of fermions.
4.3.4 Contributions from the gauge-fixing terms
The contribution of the gauge-fixing Lagrangian can be computed is a similar way. We will work in the
Rξ gauge where we choose for simplicity the same gauge-fixing parameter ξ for all the gauge sectors. In
this case we obtain (see also appendix (A.5))
T g.fix.µν =
1
ξ
{
Gaν∂µ(∂
σGaσ) +G
a
µ∂ν(∂
σGaσ)
+ Aν∂µ(∂
σAσ) +Aµ∂ν(∂
σAσ) + Zν∂µ(∂
σZσ) + Zµ∂ν(∂
σZσ)
+
1
2
[
W+µ ∂ν(∂
σW−σ ) +W
+
ν ∂µ(∂
σW−σ ) +W
−
µ ∂ν(∂
σW+σ ) +W
−
ν ∂µ(∂
σW+σ )
]}
− ηµν
{
− 1
2ξ
(∂σAσ)
2 − 1
2ξ
(∂σZσ)
2 − 1
ξ
(∂σW+σ )(∂
ρW−ρ )−
1
2ξ
(∂σGaσ)
2
+
1
ξ
∂ρ(Aρ∂
σAσ) +
1
ξ
∂ρ(Zρ∂
σZσ) +
1
ξ
∂ρ
[
W+ρ ∂
σW−σ +W
−
ρ ∂
σW+σ
]
+
1
ξ
∂ρ(Gaρ∂
σGaσ)
}
+ ηµν
ξ
2
M2Zφφ+ ηµνξM
2
Wφ
+φ−
− MZ(Zµ∂νφ+ Zν∂µφ)−MW (W+µ ∂νφ− +W+ν ∂µφ− +W−µ ∂νφ+ +W−ν ∂µφ+) . (4.24)
4.3.5 The ghost contributions
Finally, from the ghost Lagrangian one obtains the ghost contribution to the EMT, which is given by
T ghostµν = −ηµνLghost + ∂µc¯a
(
∂νδ
ac + gsf
abcGbν
)
cc + ∂ν c¯
a
(
∂µδ
ac + αsf
abcGbµ
)
cc
+ ∂µη¯
Z∂νη
Z + ∂ν η¯
Z∂µη
Z + ∂µη¯
A∂νη
A ++∂ν η¯
A∂µη
A
+ ∂µη¯
+∂νη
− + ∂ν η¯+∂µη− + ∂µη¯−∂νη+ + ∂ν η¯−∂µη+
+ ig
{
∂µη¯
+
[
W+ν (cos θW η
Z + sin θW η
A)− (cos θWZν + sin θWAν)η+
]
+ ∂ν η¯
+
[
W+µ (cos θW η
Z + sin θW η
A)− (cos θWZµ + sin θWAµ)η+
]
+ ∂µη¯
−
[
η−(cos θWZν + sin θWAν)− (cos θW ηZ + sin θW ηA)W−ν
]
+ ∂ν η¯
−
[
η−(cos θWZµ + sin θWAµ)− (cos θW ηZ + sin θW ηA)W−µ
]
+ ∂µ(cosθW η¯
Z + sin θW η¯
A)
[
W+ν η
− −W−ν η+
]
+ ∂ν(cosθW η¯
Z + sin θW η¯
A)
[
W+µ η
− −W−µ η+
]}
, (4.25)
where ca, ηA, ηZ and η± are respectively the ghost of the gluon, photon, Z and W± bosons, while Lghost
is the SM Lagrangian for the ghost fields defined in appendix (A.5).
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4.3.6 The EMT from the terms of improvement
The terms of improvement contribute with an EMT of the form
T Iµν = −
1
3
[
∂µ∂ν − ηµν 
]
H†H = −1
3
[
∂µ∂ν − ηµν 
](
H2
2
+
φ2
2
+ φ+φ− + v H
)
. (4.26)
4.4 The master equation of the Ward identities
In this section we proceed with the derivation of the Ward identities describing the conservation of the
EMT starting from the case of a simple model, containing a scalar, a gauge field and a single fermion in
a curved spacetime and then moving to the case of the full SM Lagrangian. In both cases we start with
the derivation of two master equations from which the Ward identities, satisfied by a specific correlator,
can be extracted by functional differentiations.
We denote with S[V µa , φ, ψ,Aµ] the action of the model. Its expression depends on the vielbein, the
fermion field ψ, the complex scalar field φ and the abelian gauge field Aµ. We can use this action and
the vielbein to derive a useful form of the EMT
Θµν = − 1
V
δS
δV
a
µ
V aν , (4.27)
in terms of the determinant of the vielbein V (x)≡ ∣∣V aµ (x)∣∣. Notice that this expression of the EMT is
non-symmetric. The symmetric expression can be easily defined by the relation
T µν =
1
2
(Θµν +Θνµ) (4.28)
that will be used below.
We introduce the generating functional of the model, given by
Z[V, J, J†, Jµ, χ, χ¯] =
∫
DφDφ†DψDψ¯DAµ exp
{
iS[V, φ, ψ,Aµ] + i
∫
d4x
[
J†(x)φ(x)
+ φ†(x)J(x) + ¯χ(x)ψ(x) + ψ¯(x)χ(x) + Jµ(x)Aµ(x)
]}
, (4.29)
where we have denoted with J(x), Jµ(x) and χ(x) the sources for the scalar, the gauge field and the
spinor field respectively. We will exploit the invariance of Z under diffeomorphisms for the derivation of
the corresponding Ward identities. For this purpose we introduce a condensed notation to denote the
functional integration measure of all the fields
DΦ≡DφDφ†DψDψ¯DAµ (4.30)
and redefine the action with the inclusion of external sources
S˜ = S + i
∫
d4x
(
JµAµ + J
†(x)φ(x) + χ¯(x)ψ(x) + h.c.
)
. (4.31)
Notice that we have absorbed a factor
√−g in the definition of the sources, which clearly affects their
transformation under changes of coordinates (see also appendix (A.6)).
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The condition of diffeomorphism invariance of the generating functional Z gives
Z[V, J, J†, χ, χ¯, Jµ] = Z[V ′, J ′, J
′ †, χ′, χ¯′, J
′ µ] , (4.32)
where we have allowed an arbitrary change of coordinates x
′ µ = Fµ(x) on the spacetime manifold, which
can be parameterized locally as x
′ µ = xµ + ǫµ(x). The measure of integration is invariant under such
changes (DΦ′ = DΦ) and we obtain to first order in ǫµ(x)∫
DΦ eiS˜ =
∫
DΦ eiS˜
(
1 + i
∫
d4xd4y
{
− VΘµa
[
− δ(4)(x − y)∂νV aµ (x)
−[∂µδ(4)(x− y)]V aν
]
− ∂ν [δ(4)(x− y)J†(x)]φ(x) − φ†(x)∂ν [δ(4)(x− y)J(x)]
−∂ν [δ(4)(x− y)χ¯(x)]ψ(x) − ψ¯(x)∂ν [δ(4)(x− y)χ(x)]
−[∂ν [Jµ(x)δ(4)(x− y)] + [∂ρδ(4)(x− y)]δµνJρ(x)]Aµ(x)
}
ǫν(y)
)
. (4.33)
This expression needs some further manipulations in order to be brought into a convenient form for the
perturbative test. Using some results of appendix A.6 we rewrite it in an equivalent form and then
perform the flat spacetime limit to obtain∫
DΦ eiS˜
[
∂αT
αβ(y)− J†(y)∂βφ(y)− ∂βφ†(y)J(y)− Jα(y)∂βAα(y) + ∂α[Jα(y)Aβ(y)]
−∂βψ¯(y)χ(y)− χ¯(y)∂βψ(y)− 1
2
∂α
(
δS
δψ(y)
σαβψ(y)− ψ¯(y)σαβ δS
δψ¯(y)
)]
= 0 . (4.34)
A more general derivation is required in the case in which we have a theory which is SM-like, where
we have more fields to consider. The master formula that one obtains is slightly more involved, but its
structure is similar. Before specializing the derivation to the neutral sector of the SM we discuss the
Ward identity for the amputated Green functions obtained from this functional integral.
4.4.1 The master equation for connected and 1PI graphs
We can extend the above analysis by deriving a different form of the master equation in terms of the
generating functional of the connected graphs (W ) or, equivalently, directly in terms of the effective
action (Γ), which collects all the 1-particle irreducible (1PI) graphs. The Ward identities for the various
correlators are then obtained starting from these master expressions via functional differentiation. For
this purpose we extend the generating functional given in (4.29) by coupling the model to a weak external
gravitational field hαβ
Z[J, J†, Jµ, χ, χ¯, hαβ ] =
∫
DΦ exp
{
iS˜ − iκ
2
∫
d4xhαβ(x)Tαβ(x)
}
. (4.35)
The generating functional of connected graphs is then given by
exp
{
iW [J, J†, Jµ, χ, χ¯, hαβ]
}
=
Z[J, J†, Jµ, χ, χ¯, hαβ ]
Z[0]
, (4.36)
normalized respect to the vacuum functional Z[0]. From this we obtain the relations
φc(x) =
δW
δJ†(x)
, φ†c(x) =
δW
δJ(x)
, ψc(x) =
δW
δχ¯(x)
, ψ¯c(x) =
δW
δχ(x)
, Aµc (x) =
δW
δJµ(x)
(4.37)
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for the classical fields of the theory, identified by a subscript ”c”. The effective action is then defined via
the usual Legendre transform of the fields except for the gravitational source hαβ
Γ[φc, φ
†
c, A
µ
c , ψc, ψ¯c, hαβ ] = W [J, J
†, Jµ, χ, χ¯, hαβ ]−
∫
d4x
[
J†(x)φc(x) + φ†c(x)J(x)
+ ψ¯c(x)χ(x) + ψ¯c(x)χ(x) + J
µ(x)Ac µ(x)
]
(4.38)
which satisfies the relations
δΓ
δφc(x)
= −J†(x), δΓ
δφ†c(x)
= −J(x), δΓ
δψc(x)
= −χ¯(x),
δΓ
δψ¯c(x)
= −χ(x), δΓ
δAc µ(x)
= −Jµ(x). (4.39)
Notice that the functional derivatives of both W and Γ respect to the classical background field hαβ
coincide
δW
δhαβ(x)
=
δΓ
δhαβ(x)
. (4.40)
Therefore, the Ward identity (4.34) can be rewritten in terms of the connected functional integral as
∂α
δW
δhαβ
= −κ
2
{
J†∂β
δW
δJ†
+ ∂β
δW
δJ
J + ∂β
δW
δJµ
Jµ − ∂α
(
δW
δJβ
Jα
)
+ χ¯∂β
δW
δχ¯
+ ∂β
δW
δχ
χ− 1
2
∂α
(
χ¯σαβ
δW
δχ¯
− δW
δχ
σαβχ
)}
, (4.41)
or equivalently in terms of the 1PI generating functional
∂α
δΓ
δhαβ
= −κ
2
{
− δΓ
δφc
∂βφc − ∂βφ†c
δΓ
δφ†c
− δΓ
δAc α
∂βAc α + ∂α
(
δΓ
δAc α
Aβc
)
− ∂βψ¯c δΓ
δψ¯c
− δΓ
δψ c
∂βψc +
1
2
∂α
(
δΓ
δψ c
σαβψc − ψ¯cσαβ δΓ
δψ¯c
)}
, (4.42)
having used (4.37), (4.39), (4.40),(4.41).
4.4.2 The Ward identity for TV V ′
In the case of the TV V ′ correlator in the Standard Model the derivation of the Ward identity requires
two functional differentiations of (4.42) (extended to the entire spectrum of SM) respect to the classical
fields V αc (x1) and V
′ β
c (x2) where V and V
′ stand for the two neutral gauge bosons A and Z, obtaining
−iκ
2
∂µ〈Tµν(x)Vα(x1)V ′β(x2)〉amp = −
κ
2
{
− ∂νδ(4)(x1 − x)P−1 V V
′
αβ (x2, x)
−∂νδ(4)(x2 − x)P−1 V V ′αβ (x1, x) + ∂µ[ηανδ(4)(x1 − x)P−1 V V
′
βµ (x2, x)
+ηβνδ
(4)(x2 − x)P−1 V V ′αµ (x1, x)]
}
(4.43)
where we have introduced the (amputated) mixed 2-point function
P−1V V
′
αβ (x1, x2) = 〈0|TVα(x1)V ′β(x2)|0〉amp =
δ2Γ
δV αc (x1)δV
′β
c (x2)
. (4.44)
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After a Fourier transform
(2π)4δ(4)(k − p− q)ΓV V ′µναβ(p, q) = −i
κ
2
∫
d4zd4xd4y 〈Tµν(z)Vα(x)V ′β(y)〉amp e−ikz+ipx+iqy ,
(4.45)
Eq. (4.43) becomes
kµΓV V
′
µναβ(p, q) = −
κ
2
{
kµP−1V V
′
αµ (p)ηβν + k
µP−1V V
′
βµ (q)ηαν − qνP−1V V ”αβ (p)− pνP−1V V
′
αβ (q)
}
.
(4.46)
The perturbative test of this relation, computationally very involved, as well as of all the other relations
that we will derive in the next sections, is of paramount importance for determining the structure of the
interaction vertex.
4.5 BRST symmetry and Slavnov-Taylor identities
Before coming to the derivation of the STI’s which will be crucial for a consistent definition of the TV V
correlator for the Lagrangian of the SM, we give the BRST variation of the EMT in QCD and in the
electroweak theory which will be used in the following.
The QCD sector gives
δTQCDµν =
1
ξ
[
Aiµ∂ν∂
ρDijρ c
j +Aiν∂µ∂
ρDijρ c
j − ηµν∂σ(Aiσ∂ρDijρ cj)
]
, (4.47)
with i, j being color indices in the adjoint representation of SU(3), while in the electroweak sector and
in the interaction basis we have
δT e.w.µν =
1
ξ
[
W rµ∂νδFr +W rν ∂µδFr +Bµ∂νδF0 +Bν∂µδF0
]
− ηµν 1
ξ
∂ρ
[
W rρ δFr +BρδF0
]
. (4.48)
Here the indices r and 0 refer respectively to the SU(2) and U(1) gauge groups and can be expanded
directly in the basis of the mass eigenstates (i.e. a=(+,-, A, Z)). We obtain
δT e.w.µν =
1
ξ
[
W+µ ∂νδF− +W−µ ∂νδF+ +Aµ∂νδFA + Zµ∂νδFZ + (µ↔ ν)
]
− 1
ξ
ηµν∂
ρ
[
W+ρ δF− +W−ρ δF+ +AρδFA + ZρδFZ
]
. (4.49)
To proceed with the derivation of the STI’s for the SM, we start introducing the generating functional
of the theory in the presence of a background gravitational field hµν (also denoted as ”h”)
Z(h, J) =
∫
DΦ exp
{
iS˜ − iκ
2
∫
d4xhµν(x)Tµν(x)
}
(4.50)
where S˜ denotes the action of the Standard Model (S) with the inclusion of the external sources (J, ω, ξ)
coupled to the SM fields
S˜ = S +
∫
d4x
(
JaµA
µ a + ω¯aηa + η¯aωa + ξ¯iψi + ψ¯iξi
)
, (4.51)
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with a = A,Z,+,− and i which run over the fermion fields. We also define the functional describing the
insertion of the EMT on the vacuum amplitude
ZTµν(J ; z) ≡ 〈Tµν(z)〉J =
∫
DΦTµν(z) exp iS˜ (4.52)
where ZTµν(J ; z) is related to Z(h, J) by
−iκ
2
ZTµν(J ; z) =
δ
δ hµν(z)
Z(h, J)
∣∣∣∣
h=0
. (4.53)
The STI’s of the theory are obtained by using the invariance of the functional average under a change of
integration variables
ZTµν(J ; z) =
∫
DΦTµν(z) exp iS˜ = ZTµν(J ; z)′ =
∫
DΦ′ T ′µν(z) exp iS˜′ (4.54)
which leaves invariant the quantum action S. These transformations, obviously, are the ordinary BRST
variations of the fundamental fields of the theory. The integration measure is clearly invariant under
these transformations and one obtains∫
DΦ exp iS˜
{
δTµν(z) + i Tµν(z)
∫
d4x
[
JaµδA
µ a + ω¯aδηa + δη¯aωa + ξ¯iδψi + δψ¯iξi
]}
= 0 , (4.55)
where the operator δ is the BRST variation of different fields, which is given in appendix (A.7).
The STI’ s are then derived by a functional differentiation of the previous identity with respect to the
sources. We just remark that since the BRST variations increase the ghost number of the integrand by 1
unit, we are then forced to differentiate respect to the source of the antighost field in order go back to a
zero ghost number in the integrand. This allows to extract correlation functions which are not trivially
zero. This procedure, although correct, may however generate STI’ s among different correlators which
are rather involved. For this reason we will modify the generating functional ZTµν(J ; z) by adding to the
argument of the exponential extra contributions proportional to the product of the gauge fixing functions
Fa(x) and of the corresponding sources χa(x). Therefore, we redefine the action S˜ as S˜χ
S˜χ ≡ S˜ +
∫
d4xχaFa. (4.56)
The condition of invariance of the generating functional that will be used below for the extraction of the
STI’s then becomes∫
DΦ exp iS˜
{
δTµν(z)+i Tµν(z)
∫
d4x
[
JaµδA
µ a+ω¯aδηa+δη¯aωa+ ξ¯iδψi+δψ¯iξi+χaδFa
]}
= 0 . (4.57)
The implications of BRST invariance on the correlator TV V ′ are obtained by functional differentiation
of (4.57) respect to the source χa(x) of the gauge-fixing function Fa and to the source ωa(y) coupled to
the antighost fields η¯a. For this reason in the following we set to zero the other external fields.
4.5.1 STI for the TAA correlator
Eq. (4.57) can be used in the derivation of the STI’s for the TAA correlator by setting appropriately to
zero all the components of the external sources except some of them. For instance, if only the sources in
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the photon sector (ωA, χA) are non-vanishing, this equation becomes∫
DΦ exp
[
i S + i
∫
d4x
(
η¯AωA + χAFA)]{δTµν(z)+i Tµν(z)∫ d4x(χAEA−ωA 1
ξ
FA
)}
= 0, (4.58)
where the function EA denotes the finite part of the BRST variation (with the infinitesimal Grassmann
parameter λ removed) of the gauge-fixing function of the photon FA
EA(x) = δFA(x) =  ηA + i e ∂µ (W−µ η+ −W+µ η−) . (4.59)
Functional differentiating this relation with respect to χA(x) and ωA(y) and then setting to zero the
external sources, we obtain the STI for the 〈TAA〉 correlator
1
ξ
〈Tµν(z)∂αAα(x)∂βAβ(y)〉 = 〈Tµν(z)EA(x)η¯A(y)〉+ 〈δTµν(z)∂αAα(x)η¯A(y)〉 . (4.60)
Its right-hand side can be simplified using the fields equation of motion. The BRST variation of FA,
given by EA, is indeed the equation of motion for the ghost of the photon. This can be easily derived by
computing the change of the action under a small variation of the antighost field of the photon η¯A
η¯A(x)→ η¯A(x) + ǫ(x), (4.61)
which gives, integrating by parts,
L → L+ (∂µǫ) (∂µηA + i e(W−µ η+ −W+µ η−)) = L− ǫ δFA , (4.62)
and the equation of motion δFA(x) = EA(x) = 0.
The first correlator on the right hand side of Eq. (4.60) can be expressed in terms of simpler correlation
functions using the invariance of the generating functional ZTµν(z) given in (4.54) under the transformation
(4.61). One obtains
ZTµν(z)
′ =
∫
DΦ ei S˜ exp
{
i
∫
d4x ǫ(x)
[
− EA(x) + ωA(x)
]}(
Tµν(z) + δη¯ATµν(z)
)
= ZTµν(z) (4.63)
where δη¯ATµν(z) denotes the variation of the EMT under the transformation (4.61)
δη¯ATµν(z) = ∂µǫ(z)[∂νη
A + ie(W−ν η
+ −W+ν η−)](z) + (µ↔ ν)
− ηµν∂ρǫ(z)[∂ρηA + ie(W−ρ η+ −W+ρ η−)](z) . (4.64)
This equation can be formally rewritten as an integral expression in the form
δη¯ATµν(z) =
∫
d4x ǫ(x) δ¯η¯ATµν(z, x) , (4.65)
where δ¯Tµν(z, x) has been defined as
δ¯Tµν(z, x) = ηµν∂
ρ
x(δ
(4)(z − x)DAρ ηA(x))− ∂xµ(δ(4)(z − x)DAν ηA(x))− ∂xν (δ(4)(z − x)DAµ ηA(x)) . (4.66)
We have used the notation DAρ η
A to denote the covariant derivative of the ghost of the photon
DAρ η
A(x) = ∂ρη
A(x) + ie(W−ρ η
+ −W+ρ η−)(x) (4.67)
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and its four-divergence equals the equation of motion of the ghost ηA
∂ρDAρ η
A(x) = EA(x). (4.68)
Using Eq. (4.65) and expanding to first order in ǫ, the identity in (4.63) takes the form∫
DΦ ei S˜
{
Tµν(z)
[
− EA(x) + ωA(x)
]
− i δ¯Tµν(z, x)
}
= 0. (4.69)
This relation represents the functional average of the equations of motion of the ghost ηA. As such, it can
be used to derive the implications of the ghost equations on the correlation functions which are extracted
from it.
For instance, to derive a relation for the first correlation function appearing on the rhs of Eq. (4.60),
it is sufficient to take a functional derivative of (4.69) respect to ωA(y)
〈Tµν(z)EA(x)η¯A(y)〉 = −i〈δ¯η¯ATµν(z, x)η¯A(y)〉 − iδ(4)(x− y)〈Tµν(z)〉. (4.70)
Notice that the term proportional to δ(4)(x − y) corresponds to a disconnected diagram and as such
can be dropped in the analysis of connected correlators. We can substitute in (4.70) the explicit form
of δ¯Tµν(z, x), rewriting it in terms of the 2-point function of the covariant derivative of the ghost η
A
(DAρ η
A) and of the antighost η¯A
〈Tµν(z)EA(x)η¯A(y)〉 = −i
{
ηµν ∂
ρ
x
[
δ(4)(z − x)〈(DAρ ηA(x) η¯A(y)〉
]
−
(
∂xµ
[
δ(4)(z − x)〈DAν ηA(x) η¯A(y)〉
]
+ (µ↔ ν)
)}
. (4.71)
The correlation functions involving the covariant derivative of the ghost and of the antighost, appearing
on the right-hand side of (4.71), are related - by some STI’s - to derivatives of the photon 2-point function.
We leave the proof of this point to appendix (A.7) and just quote the result. Then Eq. (4.71) becomes
〈Tµν(z)EA(x)η¯A(y)〉 = − i
ξ
{
ηµν ∂
ρ
x
[
δ(4)(z − x)∂αy 〈Aρ(x)Aα(y)〉
]
−
(
∂xµ
[
δ(4)(z − x)∂αy 〈Aν(x)Aα(y)〉
]
+ (µ↔ ν)
)}
. (4.72)
Having simplified the first of the two functions on the right hand side of (4.60), we proceed with the
analysis of the second one, containing the BRST variation of the EMT, which can be expressed as a
combination of BRST variations of the gauge-fixing functions Fa
δTµν =
1
ξ
[
W+µ ∂νδF
− +W−µ ∂νδF
+ +Aµ∂νδF
A + Zµ∂νδF
Z + (µ↔ ν)
]
−1
ξ
ηµν∂
ρ
[
W+ρ δF
− +W−ρ δF
+ +AρδF
A + ZρδF
Z
]
. (4.73)
Similarly to the photon case, where δFA is proportional to the equation of motion of the corresponding
ghost, also in this more general case we have
δFr = Er r = +,−, A, Z (4.74)
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and δTµν can be rewritten in the form
δTµν =
1
ξ
[
W+µ ∂νE− +W−µ ∂νE+ +Aµ∂νEA + Zµ∂νEZ + (µ↔ ν)
]
−1
ξ
ηµν∂
ρ
[
W+ρ E− +W−ρ E+ +AρEA + ZρEZ
]
. (4.75)
The appearance of the operators Er in the expression above suggests that Eq. (4.60) can be simplified
if we derive STI’s involving the equations of motion of the ghost fields. Therefore, we proceed with a
functional average of the equation of motions of the ghosts∫
DΦ ei S˜χ
[
− Er(z) + ωr(z)
]
= 0 r = +,−, A, Z . (4.76)
The terms appearing in Eq. (4.75) are obtained by acting on this generating functional with appropriate
differentiations. For instance, to reproduce the term ∂W+E− we take a functional derivative of (4.76)
with respect to the source Jaρ (z) followed by a differentiation respect to z
ρ obtaining
∂ρz
δ
δJaρ (z)
∫
DΦ ei S˜χ
[
− Er(z) + ωr(z)
]
= i
∫
DΦ ei S˜χ
[
− ∂ρz
(
Aaρ(z)Er(z)
)
+ ∂ρz
(
Aaρ(z)ω
r(z)
) ]
= 0 . (4.77)
At this stage we need to take a derivative respect to the source χA(x) and to the source ωA(y) of the
antighost field η¯A∫
DΦ ei S˜χ
[
∂ρz
(
Aaρ(z)Er(z)
)
∂αAα(x)η¯
A(y) + i δrA∂ρz
(
Aρ(z)δ
(4)(z − y)
)
∂αAα(x)
]
= 0 . (4.78)
In the expression above the Kronecher δrA is 1 for r = A and 0 for r = +,−, Z. This shows that in δTµν
in (4.75) only the photon contributes to the 〈δTµν(z)∂αAα(x)η¯A(y)〉 correlator and gives
〈δTµν(z)∂αAα(x)η¯A(y)〉 = − i
ξ
{
∂zνδ
(4)(z − y)∂αx 〈Aµ(z)Aα(x)〉 + ∂zµδ(4)(z − y)∂αx 〈Aν(z)Aα(x)〉
−ηµν∂ρz
(
δ(4)(z − y)∂αx 〈Aρ(z)Aα(x)〉
)}
. (4.79)
Using the results of (4.72) and (4.79) in (4.60) we obtain a simple expression for the STI, just in terms
of derivatives of the photon 2-point function
1
ξ
〈Tµν(z)∂αAα(x)∂βAβ(y)〉 = − i
ξ
{
ηµν ∂
ρ
x
[
δ(4)(z − x)∂αy 〈Aρ(x)Aα(y)〉
]
−ηµν∂ρz
[
δ(4)(z − y)∂αx 〈Aρ(z)Aα(x)〉
]
−
(
∂xµ
[
δ(4)(z − x)∂αy 〈Aν(x)Aα(y)〉
]
−∂zµδ(4)(z − y)∂αx 〈Aν(z)Aα(x)〉 + (µ↔ ν)
)}
, (4.80)
which in momentum space becomes
pα qβ GAAµναβ(p, q) =
κ
2
qα
{
pµ P
AA
να (q) + pν P
AA
µα (q)− ηµνpρ PAAρα (q)
}
+
κ
2
pα
{
qµ P
AA
να (p) + qν P
AA
µα (p)− ηµν(p+ q)ρ PAAρα (p)
}
(4.81)
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Figure 4.1: One-loop loop decomposition of GAAµναβ(p, q) in terms of the amputated function Γ
AA
µναβ(p, q)
and of 2-point functions on the external legs.
having defined
(2π)4δ(4)(k − p− q)GAAµναβ(p, q) = −i
κ
2
∫
d4z d4x d4y 〈Tµν(z)Aα(x)Aβ(y)〉 e−ik·z+ip·x+iq·y ,
(2π)4δ(4)(p− q)PAAαβ (p) =
∫
d4x d4y 〈Aα(x)Aβ(y)〉 eip·x−iq·y . (4.82)
The STI given in (4.81) involves the Green function GAAµναβ(p, q) which differs from the vertex function
ΓAAµναβ(p, q) for the presence of propagators on the external vector lines. In the one-loop approximation
the decomposition of GAAµναβ(p, q) in terms of vertex and external lines corrections simplifies, as illustrated
in Fig.(4.1). In momentum space this takes the form
GAAµναβ(p, q) = V
hAA
µνσρ(p, q)P
AA
0
σ
α(p)P
AA
0
ρ
β(q) + Γ
AA, 1
µνσρ (p, q)P
AA
0
σ
α(p)P
AA
0
ρ
β(q)
+ V hAAµνσρ(p, q)P
AA
1
σ
α(p)P
AA
0
ρ
β(q) + V
hAA
µνσρ(p, q)P
AA
0
σ
α(p)P
AA
1
ρ
β(q) , (4.83)
where V hAAµνσρ (p, q) is the tree level graviton-photon-photon interaction vertex defined in appendix A.2.
The right-hand-side of Eq. (4.81) can be rewritten in the form
pα qβ GAAµναβ(p, q) = −i
κ
2
ξ
q2
{
pµqν + pνqµ − ηµνp · q
}
− iκ
2
ξ
p2
{
qµpν + qνpµ − ηµν(p · q + p2)
}
=
(−i ξ)2
p2 q2
pα qβ V hAAµναβ(p, q) (4.84)
which implies, together with (4.83), that
pα qβ ΓAA, 1µναβ (p, q) = 0. (4.85)
This is the Slavnov-Taylor identity satisfied by the one-loop vertex function.
4.5.2 STI for the TAZ correlator
The derivation of the STI for TAZ follows a pattern similar to the TAA case. The starting point is
the condition of BRST invariance of the generating functional given in Eq.(4.55). Also in this case we
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introduce some auxiliary sources χa(x) for the gauge-fixing terms, but we differentiate (4.57) with respect
to χA(x) and to the source ωZ(y) of the antighost η¯Z(y), and then set all the sources to zero. We obtain
a relation similar to Eq. (4.58), that is∫
DΦ exp
[
i S + i
∫
d4x
(
η¯ZωZ + χAFA)]
×
{
δTµν(z) + i Tµν(z)
∫
d4x
(
− ωZ 1
ξ
FZ + χAEA
)}
= 0 , (4.86)
where EA(x), the operator describing the equation of motion of the photon, has been defined in (4.59).
Therefore, by taking a derivative with respect to χA(x) and to ωZ(y) we obtain
1
ξ
〈Tµν(z)FA(x)FZ(y)〉 = 〈Tµν(z)EA(x)η¯Z (y)〉+ 〈δTµν(z)FA(x)η¯Z (y)〉 . (4.87)
The right-hand-side of this equation can be simplified using the equation of motion for the ghost of the
photon on ZTµν(J ; z).
We start from the first of the two correlators 〈Tµν(z)EA(x)η¯Z(y)〉. Using the invariance of ZTµν(J ; z)
respect to the variation (4.61) of the antighost of the photon η¯A and expressing δη¯ATµν(z) as in Eqs.
(4.65) and (4.66), we obtain Eq. (4.69). At this point we differentiate this relation respect to the source
ωZ(y) obtaining
〈Tµν(z)EA(x)η¯Z(y)〉 = −i〈δ¯η¯ATµν(z, x)η¯Z(y)〉 − iδ(4)(x− y)〈Tµν(z)〉 . (4.88)
As in the previous case, we omit the term which is proportional to the vev of the EMT, since this generates
only disconnected diagrams. The explicit form of δ¯η¯ATµν(z, x) allows to express Eq. (4.88) in the form
〈Tµν(z)EA(x)η¯Z (y)〉 = −i
{
ηµν ∂
ρ
x
[
δ(4)(z − x)〈DAρ ηA(x) η¯Z (y)〉
]
−
(
∂xµ
[
δ(4)(z − x)〈DAν ηA(x) η¯Z(y)〉
]
+ ∂xν
[
δ(4)(z − x)〈DAµ ηA(x) η¯Z(y)〉
])}
. (4.89)
To express 〈Tµν(z)EA(x)η¯Z (y)〉 in terms of 2-point functions and of their derivatives, we use the identity
〈η¯Z(y)DAα ηA(x)〉 =
1
ξ
〈FZ(y)Aα(x)〉 = 0 , (4.90)
which is proved in appendix (A.7). This equation relates the correlators in Eq. (4.89) to two-point
functions involving the photon and the gauge-fixing function of the Z gauge boson FZ . Using (4.90), we
then conclude that
〈Tµν(z)EA(x)η¯Z(y)〉 = 0 . (4.91)
To complete the simplification of (4.87) we need to re-express 〈δTµν(z)FA(x)η¯Z (y)〉 in terms of 2-point
functions. This correlation function involves the BRST variation of the EMT, defined in (4.75), which
contains a linear combination of operators proportional to the equations of motion of the ghosts. For
this reason it is more convenient to start from the same equations functionally averaged as in (4.76),
and then proceed with further differentiations, as shown in Eq. (4.77). Finally, we perform a functional
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differentiation of (4.77) respect to the sources χA(x) and ωZ(y), analogously to Eq. (4.77), thereby
obtaining the relation∫
DΦ ei S˜χ
[
∂ρz
(
Aaρ(z)Er(z)
)
∂αAα(x)η¯
Z (y) + i δrZ∂ρz
(
Aρ(z)δ
(4)(z − y)
)
∂αAα(x)
]
= 0 . (4.92)
Following this procedure for all the terms of δTµν(z) we obtain
〈δTµν(z)∂αAα(x)η¯Z (y)〉 = − i
ξ
{
− ηµν∂σz
[
δ(4)(z − y)〈Zσ(z)∂αAα(x)〉
]
−∂zνδ(4)(z − y)〈Zµ(z)∂αAα(x)〉 − ∂zµδ(4)(z − y)〈Zν(z)∂αAα(x)〉
}
. (4.93)
Given that this is the only non-vanishing correlator on the right-hand-side of Eq. (4.87), we conclude
that the BRST relation that we have been searching for can be expressed in the form
1
ξ
〈Tµν(z)FA(x)FZ (y)〉 = − i
ξ
{
− ηµν∂σz
[
δ(4)(z − y)〈Zσ(z)∂αAα(x)〉
]
+∂zνδ
(4)(z − y)〈Zµ(z)∂αAα(x)〉 + ∂zµδ(4)(z − y)〈Zν(z)∂αAα(x)〉
}
. (4.94)
Notice that on the left-hand-side of this identity, differently from the case of TAA, appear the gauge
fixing functions of the photon and of the Z gauge bosons
FA = ∂σAσ , FZ = ∂σZσ − ξMZφ , (4.95)
which give
〈Tµν(z)FA(x)FZ (y)〉 = 〈Tµν(z)∂αAα(x)∂βZβ(y)〉 − ξMZ〈Tµν(z)∂αAα(x)φ(y)〉 , (4.96)
where φ is the Goldstone of the Z. Going to momentum space, with the inclusion of an overall −iκ/2
factor we define
(2π)4δ(4)(k − p− q)GAZµναβ(p, q) = −i
κ
2
∫
d4z d4x d4y 〈Tµν(z)Aα(x)Zβ(y)〉 e−ik·z+ip·x+iq·y
(2π)4δ(4)(p− q)PAZαβ (p) =
∫
d4x d4y 〈Aα(x)Zβ(y)〉 e−ip·x+iq·y ,
(2π)4δ(4)(k − p− q)GAφµνα(p, q) = −i
κ
2
∫
d4x d4y 〈Tµν(z)Aα(x)φ(y)〉 e−ikz+ip·x+iq·y , (4.97)
and the final STI (4.94) in momentum space reads as
pαqβGAZµναβ(p, q)− iξMZpαGAφµνα(p, q) =
κ
2
pα
{
qνP
ZA
µα (p) + qµP
ZA
να (p)− ηµν(p+ q)ρPZAρα (p)
}
.
(4.98)
At this point, we are interested in the identification of a STI for amputated Green functions. For this
purpose we perform a decomposition on the left-hand-side of this equation similarly to Eq. (4.83) for
GAAµναβ(p, q), working in the 1-loop approximation. In this case, the decomposition of the G
AZ
µναβ(p, q)
correlator, shown in Fig. (4.2), is given by
GAZµναβ(p, q) = Γ
AZ, 1
µνσρ (p, q)P
AA
0
σ
α(p)P
ZZ
0
ρ
β(q) + V
hZZ
µνσρ(p, q)P
ZA
1
σ
α(p)P
ZZ
0
ρ
β(q)
+ V hAAµνσρ (p, q)P
AA
0
σ
α(p)P
AZ
1
ρ
β(q) . (4.99)
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Figure 4.2: One loop decomposition of GAZµναβ(p, q) in terms of the amputated funtion Γ
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Figure 4.3: Decomposition of GAφµνα(p, q) at 1-loop in terms of the amputated correlator Γ
Aφ, 1
µνα (p, q) and
of the corrections on the external legs.
This decomposition, differently from the one in Eq. (4.83), does not contain a tree-level contribution
V hAZµναβ(p, q) since this vertex is zero at the lowest order.
A similar procedure has to be followed for the correlator GAφµνα(p, q). Also in this case the vertices
V hAφµνα (p, q), V
hAZ
µναβ(p, q) and V
hφZ
µνβ (p, q) are zero at tree-level. The 3-point function G
Aφ
µνα(p, q), shown in
Fig.(4.3), is then decomposed into the form
GAφµνα(p, q) = Γ
Aφ, 1
µνρ (p, q)P
AA
0
ρ
α(p)P
φφ
0 (q) + V
hAA
µνρσ P
AA
0
ρ
α(p)P
Aφ
1
σ
(q) + V hφφµν P
φA
1 α(p)P
φφ
0 (q) .
(4.100)
The tree-level vertices used in Eq. (4.99) and (4.100) are defined in appendix A.2. The STI for this
correlator is then obtained from (4.98) using the decompositions in (4.99) and (4.100).
One can show that the terms generated on the left-hand-side of (4.98) by contracting tree-level vertices
with the 1-loop insertions on the external legs, coincide with those generated from the right-hand side at
the same order. For this one can use the expressions given in appendix (A.8.1). The result is summarized
by the equation
pαqβΓAZ, 1µναβ(p, q) + iξMZp
αΓAφ, 1µνα (p, q) = 0 , (4.101)
which gives the STI at 1-loop for the amputated functions.
4.5.3 STI for the TZZ correlator
The derivation of the STI for the TZZ follows a similar pattern. We perform a functional derivative of
(4.57) respect to the source χZ(x) of the gauge-fixing function FZ(x) and to the source for the antighost
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η¯Z(y), which is ωZ(y). We obtain a result quite similar to Eq. (4.86)∫
DΦ exp
[
i S + i
∫
d4x
(
η¯ZωZ + χZFZ)]
×
{
δTµν(z) + i Tµν(z)
∫
d4x
(
− ωZ 1
ξ
FZ + χZEZ
)}
= 0 . (4.102)
Here, clearly, EZ(x) is the operator of the equations of motion of the ghost ηZ(x), derived from the BRST
variation of the gauge-fixing function of the Z gauge boson,
δFZ(x) = EZ(x) = ηZ(x) + iecos θW
sin θW
∂ρ(W−ρ η
+ −W+ρ η−)
+
ξeMZ
sin 2θW
[(v +H)ηZ + i cos θW (φ
+η− − φ−η+)]
= ∂ρDZρ η
Z(x) +
ξeMZ
sin 2θW
[(v +H)ηZ + i cos θW (φ
+η− − φ−η+)], (4.103)
where we have introduced, for convenience, the covariant derivative of the ghost ηZ(x), DZρ η
Z(x), which
is given by
DZρ η
Z(x) = ∂ρη
Z(x) + ie
cos θW
sin θW
(W−ρ η
+ −W+ρ η−)(x). (4.104)
Performing a functional derivative of (4.102) respect to χZ(x) and ωZ(y) we obtain the equivalent of Eq.
(4.87), which is
1
ξ
〈Tµν(z)FZ(x)FZ (y)〉 = 〈Tµν(z)EZ(x)η¯Z (y)〉+ 〈δTµν(z)FZ(x)η¯Z(y)〉 . (4.105)
At this point, the correlation functions on the right-hand-side of (4.105) must be re-expressed in terms of
2-point functions and of their derivatives. Also in this case we use a functional average of the equations
of motion of the ghost of the Z gauge boson, ηZ , on the generating functional ZTµν(J ; z). For this reason
we start from the correlator 〈Tµν(z)EZ(x)η¯Z (y)〉 and exploit the invariance of ZTµν(J ; z) under the BRST
variation of the antighost field η¯Z(x),
η¯Z(x)→ η¯Z(x) + ǫ(x) , (4.106)
and express the variation of the EMT δη¯ZTµν(z) as an integral, having factorized the parameter ǫ(x),
δη¯ZTµν(z) =
∫
d4x ǫ(x)δ¯η¯ZTµν(z;x). (4.107)
In this case
δ¯η¯ZTµν(z, x) = −∂xµ[δ(4)(x− z)DZν ηZ(x)] − ∂xν [δ(4)(x− z)DZµ ηZ(x)]
+ηµνδ
(4)(x− z)EZ(x) + ηµν∂ρx[δ(4)(x− z)]DZρ ηZ(x) . (4.108)
The equation obtained by the requirement of BRST invariance of ZTµν(J ; z) is∫
DΦ eiS˜
{
Tµν(z)
[
− EZ(x) + ωZ(x)
]
− iδ¯Tµν(z, x)
}
= 0 . (4.109)
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At this point we take a functional derivative of (4.109) respect to ωZ(y) and then set all the sources to
zero, obtaining
〈Tµν(z)EZ(x)η¯Z(y)〉 = −i〈δ¯η¯ZTµν(z, x)η¯Z(y)〉 − iδ(4)(x − y)〈Tµν(z)〉 . (4.110)
Notice that if we are looking for a STI of connected graphs, then the term −i〈Tµν(z)〉 does not contribute,
being a disconnected part. Expressing δ¯η¯ZTµν(z;x) according to (4.108), we conclude that Eq. (4.110)
takes the form
〈Tµν(z)EZ(x)η¯Z(y)〉 = −i
{
ηµν〈EZ(x)η¯Z(y)〉δ(4)(x− z) + ηµν∂ρx[δ(4)(x− z)]〈DZρ ηZ(x)η¯Z (y)〉
−∂xµ
[
δ(4)(x− z)〈DZν ηZ(x)η¯Z (y)〉
]
− ∂xν
[
δ(4)(x− z)〈DZµ ηZ(x)η¯Z (y)〉
]}
. (4.111)
This equation can be simplified using the identities
〈η¯Z(y)DZρ ηZ(x)〉 =
1
ξ
〈FZ(y)Zρ(x)〉, 〈FZ(x)FZ(y)〉 = −iξδ(4)(x− y) , (4.112)
which are proven in appendix (A.7) and we finally obtain the relation
〈Tµν(z)EZ(x)η¯Z (y)〉 = − i
ξ
{
− iξ2ηµνδ(4)(x − y)δ(4)(x− z) + ηµν∂ρx[δ(4)(x − z)]〈Zρ(x)FZ(y)〉
−∂xµ
[
δ(4)(x− z)〈Zν(x)FZ(y)〉
]
− ∂xν
[
δ(4)(x − z)〈Zµ(x)FZ(y)〉
]}
. (4.113)
To complete the simplification of Eq. (4.105) an appropriate reduction of the correlator
〈δTµν(z)FZ(x)η¯Z (y)〉 is needed. This can be achieved working as in the previous cases. We start from the
equations of motion of the ghosts averaged with the functional integral ZTµν , and then take appropriate
functional derivatives with respect to the sources in order to reproduce all the terms of Eq. (4.75)
containing FZ(x) ed η¯Z(y). We obtain the intermediate relation∫
DΦ ei S˜
[
∂ρz
(
Aaρ(z)Er(z)
)FZ(x)η¯Z (y) + i δrZ∂ρz (Aρ(z)δ(4)(z − y))FZ(x)] = 0 , (4.114)
a = A,Z,+,−, while the final identity is given by
〈δTµν(z)FZ(x)η¯Z(y)〉 = − i
ξ
{
∂zµ[δ
(4)(z − y)]〈Zν(z)FZ(x)〉 + ∂zν [δ(4)(z − y)]〈Zν(z)FZ(x)〉
− ηµν∂ρz
[
δ(4)(z − y)〈Zρ(z)FZ(x)〉
]}
. (4.115)
Finally, inserting into (4.105) the results of (4.113) and (4.115), we obtain
1
ξ
〈Tµν(z)FZ(x)FZ(y)〉 = − i
ξ
{
− iξ2ηµνδ(4)(x− y)δ(4)(x− z)
+ηµν∂
ρ
x
[
δ(4)(x − z)
]
〈Zρ(x)FZ (y)〉 − ∂xµ
[
δ(4)(x − z)〈Zν(x)FZ (y)〉
]
−∂xν
[
δ(4)(x− z)〈Zµ(x)FZ(y)〉
]
+ ∂zµ
[
δ(4)(z − y)
]
〈Zν(z)FZ(x)〉
+∂zν
[
δ(4)(z − y)
]
〈Zµ(z)FZ(x)〉 − ηµν∂ρz
(
δ(4)(z − y)〈Zρ(z)FZ(x)〉
)}
. (4.116)
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Figure 4.4: Decomposition of GZZµναβ(p, q) in terms of the amputated Γ
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Figure 4.5: Decomposizion of Green GZφµνα(p, q) in terms of the amputated function Γ
Zφ
µνα(p, q) and of the
corrections on the external lines
We then move to momentum space introducing 2 and 3-point functions, generically defined as
(2π)4δ(4)(p− q)Pφlφm(p) =
∫
d4xd4y 〈φl(x)φm(y)〉e−ipx+iqy , (4.117)
(2π)4δ(4)(k − p− q)Gφlφmµναβ(p, q) = −i
κ
2
∫
d4zd4xd4y 〈Tµν(z)φl(x)φm(y)〉e−ikz+ipx+iqy , (4.118)
for generic fields φl = (Z, φ), and rewrite (4.116) in the form
pαqβGZZµναβ(p, q)− iξMZpαGZφµνα(p, q)− iξMZqβGφZµνβ(p, q)− ξ2M2ZGφφµν (p, q) =
κ
2
{
ipµ[−iqβPZZνβ (q)− ξMZPZφν (q)] + ipν [−iqβPZZµβ (q)− ξMZPZφµ (q)]
+ iqµ[−ipαPZZαν (p)− ξMZPZφν (p)] + iqν [−ipαPZZαµ (p)− ξMZPZφµ (p)]
−iηµνkρ[−iqβP ραZZ(q)− ξMZP ρZφ(q)]− iηµνkρ[−ipαP ραZZ(p)− ξMZP ρZφ(p)]− iξ2ηµν
}
.(4.119)
As in the cases of TAA and TAZ, we are interested in deriving the form of the STI for amputated
correlators. From the left-hand-side of (4.119) it is clear that there are 3 correlators which need to be de-
composed, i.e. GZZµναβ(p, q), G
Zφ
µνα(p, q) and G
φφ
µν (p, q). We have illustrated pictorially their decompositions
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Figure 4.6: One-loop decomposition of Gφφµναβ(p, q) in terms of the amputated function Γ
φφ
µν (p, q) and of
the corrections on the external lines.
at one loop order in Figs. (4.4), (4.5) and (4.6), while their explicit expressions are given by
GZZµναβ(p, q) = V
hZZ
µνσρ(p, q)P
ZZ
0
σ
α(p)P
ZZ
0
ρ
β(q) + Γ
ZZ, 1
µνσρ (p, q)P
ZZ
0
σ
α(p)P
ZZ
0
ρ
β(q)
+ V hZZµνσρ(p, q)P
ZZ
1
σ
α(p)P
ZZ
0
ρ
β(q) + V
hZZ
µνσρ(p, q)P
ZZ
0
σ
α(p)P
ZZ
1
ρ
β(q) , (4.120)
GZφµνα(p, q) = Γ
hZφ, 1
µνρ (p, q)P
ZZ
0
ρ
α(p)P
φφ
0 (q) + V
hZZ
µνρ (p, q)P
ZZ
0
ρ
α(p)P
Zφ
1 (q)
+ V hφφµνρ (p, q)P
φZ
1
ρ
α(p)P
φφ
0 (q) , (4.121)
Gφφµν (p, q) = V
hφφ
µν (p, q)P
φφ
0 (p)P
φφ
0 (q) + Γ
hφφ, 1
µν (p, q)P
φφ
0 (p)P
φφ
0 (q)
+V hφφµνρ (p, q)P
φφ
0 (p)P
φφ
1 (q) + V
hφφ
µνρ (p, q)P
φφ
1 (p)P
φφ
0 (q) . (4.122)
Eq. (4.119), after the insertion of (4.120), (4.121) and (4.122), gives the STI for amputated functions
that we have been looking for. One can explicitly verify that the contributions on the left-hand-side of
Eq. (4.119) - generated both by the tree-level vertices and by the contraction of these with 1-loop 2-point
functions on the external legs - are equal to the right-hand-side of the same equation. These checks are
far from being obvious since they require a complete and explicit computation of all the correlators, as
will be discussed next. Here we just conclude by quoting the STI for amputated functions, which takes
the simpler form
pαqβΓZZ, 1µναβ(p, q) + iξMZp
αΓZφ, 1µνα (p, q) + iξMZq
βΓφZ, 1µνβ (p, q)− ξ2M2ZΓφφ, 1µν (p, q) = 0 . (4.123)
This and the previous similar STI’s are fundamental relations which define consistently the coupling of
one graviton to the neutral sector of the SM.
4.6 Perturbative results for all the correlators
In this section we illustrate the various diagrammatic contributions appearing in the perturbative ex-
pansion of the TV V ′ vertex. We show in Figs. (4.7-4.15) all the basic diagrams involved, for which
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we are going to present explicit results. Figs. (4.7) and (4.11) are characterized by a typical triangle
topology, while (4.8) and (4.12) denote typical terms where the point of insertion of the EMT coincides
with that of a gauge current. We will refer to these last contributions with the term ”t-bubbles”, while
those characterized by two gauge bosons emerging from a single vertex, such as in Figs. (4.9) and (4.13),
are called ”s-bubble” diagrams. Other contributions are those with a topology of tadpoles, shown in Figs.
(4.10), (4.14) and (4.15).
The two sectors TAA and TAZ involve 32 diagrams each, while the TZZ correlator includes 70
diagrams. The computation of these diagrams is rather involved and has been performed in DR using the
on-shell renormalization scheme [108] and the t’Hooft-Veltman prescription for γ5 matrix. We have used
a reduction of tensor integrals to the scalar form and checked explicitly all the Ward and STI’s derived in
the previous sections. The reduction involves non-standard rank-4 integrals (due to the momenta coming
from the insertion of the EMT on the triangle topology) with 3 propagators.
One of the non trivial points of the computation concerns the treatment of diagrams containing
fermion loops and insertions of the EMT on correlators with both vector (JV ) and axial-vector (JA)
currents. This problem has been analyzed and solved in a related work [102] to which we refer for more
details. In particular, it has been shown that there are no mixed chiral and trace anomalies in diagrams
of this type even in the presence of explicit mass corrections, due to the vanishing of the TJV JA vertex
mediated by fermion loops. This result has been obtained in a simple U(1)V ×U(1)A gauge model, with
an explicit breaking of the gauge symmetry due to a fermion mass term. The result remains true both for
global and local currents, being the gauge fields (vector and axial-vector) in the treatment of [102] purely
external fields. This preliminary analysis has been instrumental in all the generalizations discussed in
this work.
At this point few more comments concerning the number of form factors introduced in our analysis are
in order. We recall, from a previous study [12], that the number of original tensor structures which can
be built out of the metric and of the two momenta p and q of the two gauge lines is 43 before imposing
the Ward and the STI’s of the theory. These have been classified in [12] and [13]. In particular, the
form factors appearing in the fermion sector can be expressed (in the off-shell case) in terms of 13 tensor
structures for the case of vector currents and of 22 structures for the axial-vector current, as shown in
[102].
In the on-shell case, the fermion loops with external photons are parameterized just by 3 independent
form factors. This analysis has been generalized more recently to QCD, with the computation of the
graviton-gluon-gluon (hgg) vertex in full generality [13]. The entire vertex in the on-shell QCD case -
which includes fermion and gluon loops - is also parameterized just by 3 form factors. A similar result
holds for the TAA in the electroweak case. On the other hand the TZZ and the TAZ correlators have
been expressed in terms of 9 form factors. A special comment deserves the handling of the symbolic
computations. These have been performed using some software entirely written by us and implemented
in the symbolic manipulation program MATHEMATICA. This allows the reduction to scalar form of
tensor integrals for correlators of rank-4 with the triangle topology. The software alllows to perform
direct tests of all the Ward and Slavnov-Taylor identities on the correlator, which are crucial in order to
secure the correctness of the result.
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Figure 4.7: Amplitudes with the triangle topology for the three correlators TAA, TAZ and TZZ.
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Figure 4.8: Amplitudes with t-bubble topology for the three correlators TAA, TAZ and TZZ.
4.6.1 Γµναβ(p, q) and the terms of improvement
Before giving the results for the anomalous correlators, we pause for some comments.
In our computations the gravitational field is non-dynamical and the analysis of the Ward and STI’s
shows that these can be consistently solved only if we include the graviton-Higgs mixing on the graviton
line. In other words, the graviton line is uncut. We will denote with ∆µναβ(p, q) these extra contributions
and with Σµναβ(p, q) the completely cut vertex. These two contributions appear on the right-hand-side
of the expression of the correlation function Γµναβ(p, q)
Γµναβ(p, q) = Σµναβ(p, q) + ∆µναβ(p, q). (4.124)
Finally, we just mention that we have excluded from the final expressions of the vertices all the contri-
butions at tree-level. For this reason our results are purely those responsible for the generation of the
anomaly.
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Figure 4.9: Amplitudes with s-bubble topology for the three correlators TAA, TAZ and TZZ.
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Figure 4.10: Amplitudes with the tadpole topology for the three correlators TAA, TAZ and TZZ.
4.6.2 Results for the TAA correlator
In this section we present the one-loop result of the computation of these correlators for on-shell vector
bosons lines and discuss some of their interesting features, such as the appearance of massless anomaly
poles in all the gauge invariants subsectors of the perturbative expansion.
We start from the case of the TAA vertex and then move to the remaining ones. In this case the full
irreducible contribution Σµναβ(p, q) is written in the form
Σµναβ(p, q) = ΣµναβF (p, q) + Σ
µναβ
B (p, q) + Σ
µναβ
I (p, q), (4.125)
where each term can be expanded in a tensor basis
ΣµναβF (p, q) =
3∑
i=1
Φi F (s, 0, 0,m
2
f)φ
µναβ
i (p, q) , (4.126)
ΣµναβB (p, q) =
3∑
i=1
Φi B(s, 0, 0,M
2
W )φ
µναβ
i (p, q) , (4.127)
ΣµναβI (p, q) = Φ1 I(s, 0, 0,M
2
W )φ
µναβ
1 (p, q) + Φ4 I(s, 0, 0,M
2
W )φ
µναβ
4 (p, q) . (4.128)
The tensor basis on which we expand the on-shell vertex is given by
φµναβ1 (p, q) = (s η
µν − kµkν)uαβ(p, q),
φµναβ2 (p, q) = −2 uαβ(p, q) [s ηµν + 2(pµ pν + qµ qν)− 4 (pµ qν + qµ pν)] ,
φµναβ3 (p, q) =
(
pµqν + pνqµ
)
ηαβ +
s
2
(
ηανηβµ + ηαµηβν
)− ηµν uαβ(p, q)
− (ηβνpµ + ηβµpν) qα − (ηανqµ + ηαµqν)pβ,
φµναβ4 (p, q) = (s η
µν − kµkν) ηαβ , (4.129)
where uαβ(p, q) has been defined as
uαβ(p, q) ≡ (p · q) ηαβ − qα pβ , (4.130)
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Figure 4.11: Amplitudes with the triangle topology for the correlator TZZ.
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Figure 4.12: Amplitudes with the t-bubble topology for the correlator TZZ.
among which only φµναβ1 shows manifestly a trace, the remaining ones being traceless.
The one loop vertex Σµναβ(p, q) with two on-shell photons is expressed as a sum of a fermion sector
(F) (Fig. 4.7(a), Fig. 4.8(a)) , a gauge boson sector (B) (Fig. 4.7(b)-(g), Fig. 4.8(b)-(g), Fig. 4.9, Fig.
4.10) and a term of improvement denoted as ΣµναβI . The contribution from the term of improvement is
given by the diagrams depicted in Fig. 4.7(c), (d) and Fig. 4.9(b), with the graviton - scalar - scalar
vertices determined by the T µνI .
The first three arguments of the form factors stand for the three independent kinematical invariants
k2 = (p + q)2 = s, p2 = q2 = 0 while the remaining ones denote the particle masses circulating in the
loop.
As already shown for QED and QCD, in the massless limit (i.e. before electroweak symmetry break-
ing), the entire contribution to the trace anomaly comes from the first tensor structure φ1 both for the
fermion and for the gauge boson cases.
In the fermion sector the form factors are given by
Φ1F (s, 0, 0, m
2
f ) = −i
κ
2
α
3π s
Q2f
{
− 2
3
+
4m2f
s
− 2m2f C0(s, 0, 0,m2f ,m2f ,m2f )
[
1− 4m
2
f
s
]}
,
(4.131)
Φ2F (s, 0, 0, m
2
f ) = −i
κ
2
α
3π s
Q2f
{
− 1
12
− m
2
f
s
− 3m
2
f
s
D0(s, 0, 0,m2f ,m2f )
− m2fC0(s, 0, 0,m2f ,m2f ,m2f )
[
1 +
2m2f
s
]}
, (4.132)
Φ3F (s, 0, 0, m
2
f ) = −i
κ
2
α
3π s
Q2f
{
11 s
12
+ 3m2f +D0(s, 0, 0,m2f ,m2f )
[
5m2f + s
]
+ sB0(0,m2f ,m2f ) + 3m2f C0(s, 0, 0,m2f ,m2f ,m2f )
[
s+ 2m2f
]}
. (4.133)
The form factor Φ1F is characterized by the presence of an anomaly pole
ΦF1 pole ≡ iκ
α
9π s
Q2f (4.134)
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Figure 4.13: Amplitudes with the s-bubble topology for the correlator TZZ.
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Figure 4.14: Amplitudes with the tadpole topology for the correlator TZZ.
which is responsible for the generation of the anomaly in the massless limit. This 1/s behaviour of the
amplitude is also clearly identifiable in a m2f/s (asymptotic) expansion (s ≫ m2f), where mf denotes
generically any fermion mass of the SM. In this second case, the scaleless contribution associated with
the exchange of a massless state (i.e. the 1/s term) is corrected by other terms which are suppressed as
powers of m2f/s. This pattern, as we are going to show, is general.
The other gauge-invariant sector of the TAA vertex is the one mediated by the exchange of bosons
and ghosts in the loop. In this sector the form factors are given by
Φ1B(s, 0, 0, M
2
W ) = −i
κ
2
α
π s
{
5
6
− 2M
2
W
s
+ 2M2W C0(s, 0, 0,M2W ,M2W ,M2W )
[
1− 2M
2
W
s
]}
,
(4.135)
Φ2B(s, 0, 0, M
2
W ) = −i
κ
2
α
π s
{
1
24
+
M2W
2 s
+
3M2W
2 s
D0(s, 0, 0,M2W ,M2W )
+
M2W
2
C0(s, 0, 0,M2W ,M2W ,M2W )
[
1 +
2M2W
s
]}
, (4.136)
Φ3B(s, 0, 0, M
2
W ) = −i
κ
2
α
π s
{
− 15 s
8
− 3M
2
W
2
− 1
2
D0(s, 0, 0,M2W ,M2W )
[
5M2W + 7 s
]
−3
4
sB0(0,M2W ,M2W )− C0(s, 0, 0,M2W ,M2W ,M2W )
[
s2 + 4M2W s+ 3M
4
W
]}
.
(4.137)
As in the previous case, we focus our attention on Φ1B, which multiplies the tensor structure φ1, respon-
sible for the generation of the trace of the EMT. The contribution of the anomaly pole is isolated in the
form
Φ1B,pole ≡ −iκ
2
α
π s
5
6
. (4.138)
It is clear, also in this case, that in the massless limit (MW = 0), i.e. in the symmetric phase of the
theory, this pole is completely responsible for the generation of the anomaly. At the same time, at high
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Figure 4.15: Amplitudes with the Higgs tadpole for the correlator TZZ which vanish after renormaliza-
tion.
H
Figure 4.16: Amplitude with the graviton - Higgs mixing vertex generated by the term of improvement.
The blob represents the SM Higgs -VV’ vertex at one-loop.
energy (i.e. for s ≫ M2W ) the massless exchange can be easily exposed as a dominant contribution to
the trace part of the correlator. Notice that, in general, the correlator has other 1/s singularities in the
remaining form factors and even constant terms which are unsuppressed for a large s, but these are not
part of the trace.
The contributions coming from the term of improvement are characterized just by two form factors
Φ1 I(s, 0, 0, M
2
W ) = −i
κ
2
α
3π s
{
1 + 2M2W C0(s, 0, 0,M
2
W ,M
2
W ,M
2
W )
}
, (4.139)
Φ4 I(s, 0, 0, M
2
W ) = i
κ
2
α
6π
M2W C0(s, 0, 0,M
2
W ,M
2
W ,M
2
W ) . (4.140)
Now we consider the external graviton leg corrections ∆µναβ(p, q). In this case only the term of improve-
ment contributes with the diagram depicted in Fig. 4.16
∆µναβ(p, q) = ∆µναβI (p, q)
= Ψ1 I(s, 0, 0,m
2
f ,M
2
W ,M
2
H)φ
µναβ
1 (p, q) + Ψ4 I(s, 0, 0,M
2
W )φ
µναβ
4 (p, q) . (4.141)
This is built by combining the tree level vertex for graviton/Higgs mixing - coming from the improved
EMT - and the Standard Model Higgs/photon/photon correlator at one-loop
Ψ1 I(s, 0, 0, m
2
f ,M
2
W ,M
2
H) = −i
κ
2
α
3π s(s−M2H)
×
{
2m2f Q
2
f
[
2 + (4m2f − s)C0(s, 0, 0,m2f ,m2f ,m2f )
]
+M2H + 6M
2
W + 2M
2
W (M
2
H + 6M
2
W − 4s)C0(s, 0, 0,M2W ,M2W ,M2W )
}
, (4.142)
Ψ4 I(s, 0, 0,M
2
W ) = −Φ4 I(s, 0, 0, M2W ) . (4.143)
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Figure 4.17: Leg corrections to the external graviton for the TZZ correlator.
4.6.3 Results for the TAZ correlator
We proceed with the analysis of the TAZ correlator, in particular we start with the irreducible vertex
Σµναβ(p, q) that can be defined, as in the previous case, as a sum of the three gauge invariant contribu-
tions: the fermion sector (F), (Fig. 4.7(a), Fig. 4.8(a)), the gauge boson sector (B), (Fig. 4.7(b)-(g),
Fig. 4.8(b)-(g), Fig. 4.9, Fig. 4.10) and the improvement term (I) given by the diagrams depicted in Fig.
4.7(c), (d) and Fig. 4.9(b), with the graviton - scalar - scalar vertices determined by the T µνI
Σµναβ(p, q) = ΣµναβF (p, q) + Σ
µναβ
B (p, q) + Σ
µναβ
I (p, q). (4.144)
Each of these terms can be expanded in the on-shell case (p2 = 0, q2 =M2Z) on a tensor basis f
µναβ
i (p, q)
ΣµναβF (p, q) =
7∑
i=1
Φi F (s, 0,M
2
Z,m
2
f ) f
µναβ
i (p, q) , (4.145)
ΣµναβB (p, q) =
9∑
i=1
ΦiB(s, 0,M
2
Z,M
2
W ) f
µναβ
i (p, q) , (4.146)
ΣµναβI (p, q) = Φ1 I(s, 0,M
2
Z,M
2
W ) f
µναβ
1 (p, q) + Φ8 I(s, 0,M
2
Z ,M
2
W ) f
µναβ
8 (p, q) . (4.147)
For the on-shell TAZ correlator the tensor structures are explicitly defined as
fµναβ1 (p, q) = (s η
µν − kµkν)[1
2
(
s−M2Z
)
ηαβ − qαpβ ] ,
fµναβ2 (p, q) = p
µpν [
1
2
(
s−M2Z
)
ηαβ − qαpβ ] ,
fµναβ3 (p, q) = (M
2
Z η
µν − 4qµqν)[1
2
(
s−M2Z
)
ηαβ − qαpβ ] ,
fµναβ4 (p, q) = [
1
2
(
s−M2Z
)
ηµν − 2(qµpν + pµqν)][1
2
(
s−M2Z
)
ηαβ − qαpβ ] ,
fµναβ5 (p, q) = p
β [
1
2
(
s−M2Z
)
(ηανqµ + ηαµqν)− qα(qµpν + pµqν)] ,
fµναβ6 (p, q) = p
β [
1
2
(
s−M2Z
)
(ηανpµ + ηαµpν)− 2qαpµpν ] ,
fµναβ7 (p, q) = (p
µqν + pνqµ)ηαβ +
1
2
(
s−M2Z
)
(ηανηβµ + ηαµηβν)
− ηµν [ 1
2
(
s−M2Z
)
ηαβ − qαpβ]− (ηβνpµ + ηβµpν)qα − (ηανqµ + ηαµqν)pβ ,
fµναβ8 (p, q) = (s η
µν − kµkν)ηαβ ,
fµναβ9 (p, q) = q
α[3s(ηβµpν + ηβνpµ)− pβ(s ηµν + 2kµkν)]. (4.148)
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We collect here just the form factors in the fermion and boson sectors which contribute to the trace
anomaly, while the remaining ones are given in appendix A.9
Φ
(F )
1 (s, 0,M
2
Z,m
2
f ) = −i
κ
2
α
3πs sw cw
Cfv Qf
{
− 1
3
+
2m2f
s−M2Z
+
2m2f M
2
Z
(s−M2Z)2
D0
(
s,M2Z ,m
2
f ,m
2
f
)−m2f[1− 4m2fs−M2Z
]
C0
(
s, 0,M2Z,m
2
f ,m
2
f ,m
2
f
)}
, (4.149)
Φ
(B)
1 (s, 0,M
2
Z,M
2
W ) = −i
κ
2
α
3πs sw cw
{
1
12
(37− 30s2w)−
M2Z
2(s−M2Z)
(12s4w − 24s2w + 11)
− M
2
Z
2 (s−M2Z)2
(
2M2Z
(
6s4w − 11s2w + 5
)− 2s2ws+ s)D0 (s,M2Z ,M2W ,M2W )
− M
2
Zc
2
w
s−M2Z
(
2M2Z
(
6s4w − 15s2w + 8
)
+ s
(
6s2w − 5
)) C0 (s, 0,M2Z,M2W ,M2W ,M2W )} . (4.150)
Moreover, the improvement term is defined by the following two form factors
Φ1 I(s, 0,M
2
Z,M
2
W ) = −i
κ
2
α (c2w − s2w)
6π sw cw (s−M2Z)
{
1 + 2M2W C0
(
s, 0,M2Z,M
2
W ,M
2
W ,M
2
W
)
,
+
M2Z
s−M2Z
D0
(
s,M2Z ,M
2
W ,M
2
W
)}
, (4.151)
Φ2 I(s, 0,M
2
Z,M
2
W ) = −i
κ
2
α
6π
s2wM
2
Z C0
(
s, 0,M2Z,M
2
W ,M
2
W ,M
2
W
)
. (4.152)
Now we consider the external graviton leg corrections ∆µναβ(p, q). In this case only the improvement
term contributes with the diagram shown in Fig. 4.16
∆µναβ(p, q) = ∆µναβI (p, q)
= Ψ1 I(s, 0,M
2
Z ,m
2
f ,M
2
W ,M
2
H)φ
µναβ
1 (p, q) + Ψ4 I(s, 0,M
2
Z,M
2
W )φ
µναβ
4 (p, q). (4.153)
This is built by joining the graviton/Higgs mixing tree level vertex - coming from the improved energy-
momentum tensor - and the Standard Model Higgs/photon/Z boson one-loop correlator.
Ψ1 I(s, 0,M
2
Z,m
2
f ,M
2
W ,M
2
H) = −i
κ
2
α
6π sw cw (s−M2H)(s−M2Z)
×
{
2m2f C
f
v Qf
[
2 + 2
M2Z
s−M2Z
D0
(
s,M2Z ,m
2
f ,m
2
f
)
+(4m2f +M
2
Z − s)C0
(
s, 0,M2Z,m
2
f ,m
2
f ,m
2
f
) ]
+M2H(1 − 2s2w) + 2M2Z(6s4w − 11s2w + 5)
+
M2Z
s−M2Z
(
M2H(1− 2s2w) + 2M2Z(6s4w − 11s2w + 5)
)D0 (s,M2Z,M2W ,M2W )
+2M2W C0
(
s, 0,M2Z ,M
2
W ,M
2
W ,M
2
W
) (
M2H(1− 2s2w) + 2M2Z(6s4w − 15s2w + 8)
+2s(4s2w − 3)
)}
, (4.154)
Ψ4 I(s, 0,M
2
Z ,M
2
W ) = −i
κ
2
α cw
6π sw
M2Z
{
2
s−M2H
B0
(
0,M2W ,M
2
W
)
− s2w C0
(
s, 0,M2Z,M
2
W ,M
2
W ,M
2
W
)}
. (4.155)
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4.6.4 Results for the TZZ correlator
Our analysis starts with the irreducible amplitude and then we move to the insertions on the external
graviton leg.
The irreducible vertex Σµναβ(p, q) of the TZZ correlator for on-shell Z bosons can be separated into
three contributions defined by the mass of the particles circulating in the loop, namely the fermion mass
mf (fermion sector (F) with diagrams depicted in Fig. 4.7(a), Fig. 4.8(a)), the W gauge boson mass
MW (the W gauge boson sector (W) with diagrams Fig. 4.7(b)-(g), Fig. 4.8(b)-(g), Fig. 4.9, Fig.
4.10),the Z and the Higgs bosons masses, MZ and MH ((Z,H) sector with the contributions represented
in Figs. 4.11 - 4.14), which cannnot be separated because of scalar integrals with both masses in their
internal lines. There is also a diagram proportional to a Higgs tadpole (Fig. 4.15(a)) which vanishes after
renormalization and so it is not included in the results given below. Finally there is the improvement
term (I) given by the diagrams depicted in Fig. 4.7(c), (d), Fig. 4.9(b), Fig. 4.11(b), (c), (d) and Fig.
4.13 with the graviton - scalar - scalar vertices given by the T µνI . We obtain
Σµναβ(p, q) = ΣµναβF (p, q) + Σ
µναβ
W (p, q) + Σ
µναβ
Z,H (p, q) + Σ
µναβ
I (p, q). (4.156)
These four on-shell contributions can be expanded on a tensor basis given by 9 tensors
tµναβ1 (p, q) = (sg
µν − kµkν)
[(s
2
−M2Z
)
gαβ − qαpβ
]
,
tµναβ2 (p, q) = (sg
µν − kµkν)gαβ ,
tµναβ3 (p, q) = g
µνgαβ − 2 (gµαgνβ + gµβgνα) ,
tµναβ4 (p, q) = (p
µpν + qµqν) gαβ −M2Z
(
gµαgνβ + gµβgνα
)
,
tµναβ5 (p, q) = (p
µqν + qµpν) gαβ −
(s
2
−M2Z
) (
gµαgνβ + gµβgνα
)
,
tµναβ6 (p, q) = (g
µαqν + gναqµ) pβ +
(
gµβpν + gνβpµ
)
qα − gµνpβqα ,
tµναβ7 (p, q) = (g
µαpν + gναpµ) pβ +
(
gµβqν + gνβqµ
)
qα ,
tµναβ8 (p, q) =
[
2 (pµpν + qµqν)−M2Zgµν
]
pβqα ,
tµναβ9 (p, q) =
[
2 (pµqν + qµpν)−
(s
2
−M2Z
)
gµν
]
pβqα , (4.157)
and can be written in terms of form factors Φi
ΣµναβF (p, q) =
9∑
i=1
Φ
(F )
i (s,M
2
Z ,M
2
Z ,m
2
f) t
µναβ
i (p, q) , (4.158)
ΣµναβW (p, q) =
9∑
i=1
Φ
(W )
i (s,M
2
Z ,M
2
Z ,M
2
W ) t
µναβ
i (p, q) , (4.159)
ΣµναβZ,H (p, q) =
9∑
i=1
Φ
(Z,H)
i (s,M
2
Z ,M
2
Z ,M
2
Z ,M
2
H) t
µναβ
i (p, q) , (4.160)
ΣµναβI (p, q) = Φ
(I)
1 (s,M
2
Z ,M
2
Z ,M
2
W ,M
2
Z ,M
2
H) t
µναβ
1 (p, q)
+ Φ
(I)
2 (s,M
2
Z ,M
2
Z ,M
2
W ,M
2
Z ,M
2
H) t
µναβ
2 (p, q) , (4.161)
where the first three arguments of the Φi represent the mass-shell and virtualities of the external lines
k2 = s, p2 = q2 =M2Z , while the remaining ones give the masses in the internal lines.
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Moreover, we expand each form factor into a basis of independent scalar integrals.
The fermion sector
We start from the fermion contribution to TZZ and then move to those coming from a W running inside
the loop (W loops) or a Z and a Higgs (Z,H loops). We expand each form factor in terms of coefficients
C(F )
i
j
Φ
(F )
i (s,M
2
Z ,M
2
Z ,m
2
f ) =
4∑
j=0
C(F )
i
j
(s,M2Z ,M
2
Z ,m
2
f ) I(F )j (4.162)
where I(F )j are a set of scalar integrals given by
I(F )0 = 1 ,
I(F )1 = A0(m2f ) ,
I(F )2 = B0(s,m2f ,m2f ) ,
I(F )3 = D0(s,M2Z ,m2f ,m2f ) ,
I(F )4 = C0(s,M2Z ,M2Z ,m2f ,m2f ,m2f ) . (4.163)
As in the previous case, only Φ
(F )
1 contributes to the anomaly, and we will focus our attention only on
this form factor. The expressions of all the coefficients C(F )
i
j
for (i 6= 1) can be found in appendix A.9.
We obtain
C(F )
1
0
= − iκ αm
2
f
6πs2c2ws
2
w (s− 4M2Z)
(
s− 2M2Z
) (
Cf 2a + C
f 2
v
)
+
iα κ
36πc2ws
2
w s
(
Cf 2a + C
f 2
v
)
,
C(F )
1
1
= C(F )
1
2
= 0 ,
C(F )
1
3
= − iκ αm
2
f
3πs2c2w (s− 4M2Z) 2s2w
((
2M4Z − 3sM2Z + s2
)
Cf 2a + C
f 2
v M
2
Z
(
2M2Z + s
))
, ,
C(F )
1
4
= − iκ αm
2
f
12πs2c2w (s− 4M2Z) 2s2w
(
s− 2M2Z
)( (
4M4Z − 2
(
8m2f + s
)
M2Z + s
(
4m2f + s
))
Cf 2a
+Cf 2v
(
4M4Z + 2
(
3s− 8m2f
)
M2Z − s
(
s− 4m2f
)))
. (4.164)
The anomaly pole of Φ
(F )
1 is entirely contained in C(F )
1
0
and it is given by
Φ
(F )
1 pole ≡
iα κ
(
Cf 2a + C
f 2
v
)
36πc2ws
2
w s
. (4.165)
The W boson sector
As we move to the contributions coming from loops of W ’s, the 9 form factors are expanded as
Φ
(W )
i (s,M
2
Z ,M
2
Z ,M
2
W ) =
4∑
j=0
C(W )
i
j
(s,M2Z ,M
2
Z ,M
2
W ) I(W )j (4.166)
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where I(W )j are now given by
I(W )0 = 1 ,
I(W )1 = A0(M2W ) ,
I(W )2 = B0(s,M2W ,M2W ) ,
I(W )3 = D0(s,M2Z ,M2W ,M2W ) ,
I(W )4 = C0(s,M2Z ,M2Z ,M2W ,M2W ,M2W ) . (4.167)
The anomaly pole is extracted from the expansion of Φ
(W )
1 , whose coefficients are
C(W )
1
0
=
−iκ α
2s2w c
2
w π s
{
M2Z
6s (s− 4M2Z)
[
2M2Z
(−12s6w + 32s4w − 29s2w + 9)
+s
(
12s6w − 36s4w + 33s2w − 10
)]
+
(60s4w − 148s2w + 81)
72
}
,
C(W )
1
1
= C(W )
1
2
= 0 ,
C(W )
1
3
=
−iκ αM2Z
12s2w c
2
w π s
2 (s− 4MZ)2
(
4M4Z(12s
6
w − 32s4w + 29s2w − 9)
+2M2Zs(s
2
w − 2)(12s4w − 12s2w + 1) + s2(−4s4w + 8s2w − 5)
)
,
C(W )
1
4
=
−iκ αM2Z
12s2w c
2
w π s
2 (s− 4MZ)2
(
− 4M6Z(s2w − 1)(4s2w − 3)(12s4w − 20s2w + 9)
+2M4Zs(18s
4
w − 34s2w + 15)(4(s2w − 3)s2w + 7)− 2M2Zs2(12s8w − 96s6w
+201s4w − 157s2w + 41) + s3(−12s6w + 32s4w − 27s2w + 7)
)
. (4.168)
As one can immediately see, the pole is entirely contained in C(W )
1
0
, and we obtain
Φ
(W )
1 pole ≡ −i
κ
2
α
s2w c
2
w π s
(60s4w − 148s2w + 81)
72
. (4.169)
The (Z,H) sector
Finally, the last contribution to investigate in the TZZ vertex is the one coming from a Higgs (H) or a
Z boson (Z) running in the loops. Also in this case we obtain
Φ
(Z,H)
i (s,M
2
Z ,M
2
Z ,M
2
Z ,M
2
H) =
8∑
j=0
C(Z,H)
i
j
(s,M2Z ,M
2
Z ,M
2
Z ,M
2
H) I(Z,H)j (4.170)
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with the corresponding I(Z,H)j given by
I(Z,H)0 = 1 ,
I(Z,H)1 = A0(M2Z) ,
I(Z,H)2 = A0(M2H) ,
I(Z,H)3 = B0(s,M2Z ,M2Z) ,
I(Z,H)4 = B0(s,M2H ,M2H) ,
I(Z,H)5 = B0(M2Z ,M2Z ,M2H) ,
I(Z,H)6 = C0(s,M2Z ,M2Z ,M2Z ,M2H ,M2H) ,
I(Z,H)7 = C0(s,M2Z ,M2Z ,M2H ,M2Z ,M2Z) . (4.171)
Again, as before, the contributions to Φ
(Z,H)
1 are those responsible for a non vanishing trace in the
massless limit. These are given by
C(Z,H)
1
0
=
iκ α
24πs2c2ws
2
w (s− 4M2Z)
(
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(
s− 2M2Z
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2
w
,
C(Z,H)
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=
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1
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=
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(
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(
2M2H + s
)(
M2Z
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(
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(
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sM2Z − 2M4Z + s2
)− 20sM4Z + 16M6Z + s3) ,
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with the anomaly pole, extracted from C(Z,H)
1
0
, given by
Φ
(Z,H)
1 pole ≡
7iακ
144πsc2ws
2
w
. (4.173)
Terms of improvement and external leg corrections
The expression of form factors Φ
(I)
1 and Φ
(I)
2 coming from the terms of improvement for the Σ
µναβ
I (p, q)
vertex are given in appendix A.9.5.
The next task is to analyze the external leg corrections to the TZZ correlator. This case is much
more involved than the previous one because there are contributions coming from the minimal EMT (i.e.
without the improvement terms) Fig. 4.15(b), Fig. 4.17(a)-(b) and from the improved T µνI . This last
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contribution can be organized into three sectors: the first is characterized by a contribution from the
one-loop graviton/Higgs two-point function Fig. 4.15(b), Fig. 4.17(a). The second is constructed with
the Higgs self-energy Fig. 4.17(c) and the last is built with the Standard Model Higgs/Z/Z one-loop
vertex Fig. 4.16. Furthermore, it is important to note that the diagram depicted in Fig. 4.15(b) is
proportional to the Higgs tadpole and vanishes in our renormalization scheme.
The ∆µναβ(p, q) correlator is decomposed as
∆µναβ(p, q) =
[
ΣµνMin, hH(k) + Σ
µν
I, hH(k)
]
i
k2 −M2H
V αβHZZ
+ V µνI, hH(k)
i
k2 −M2H
ΣHH(k
2)
i
k2 −M2H
V αβHZZ +∆
µναβ
I,HZZ (p, q) (4.174)
where ΣHH(k
2) is the Higgs self-energy given in appendix (A.8.1) for completeness, V αβHZZ and V
µν
I, hH are
tree level vertices defined in appendix (A.2) and ∆µναβI,HZZ (p, q) is expanded into the two form factors of
improvement as
∆µναβI,HZZ (p, q) = Ψ
(I)
1 (s,M
2
Z ,M
2
Z ,m
2
f ,M
2
W ,M
2
Z ,M
2
H) t
µναβ
1 (p, q)
+ Ψ
(I)
2 (s,M
2
Z ,M
2
Z ,m
2
f ,M
2
W ,M
2
Z ,M
2
H) t
µναβ
2 (p, q) ,
Ψ
(I)
i (s,M
2
Z ,M
2
Z,m
2
f ,M
2
W ,M
2
Z ,M
2
H) =
4∑
j=0
C
(I)
(F )
i
j
(
s,M2Z ,M
2
Z ,m
2
f
) I(F )j
+
4∑
j=0
C
(I)
(W )
i
j
(
s,M2Z ,M
2
Z,M
2
W
) I(W )j
+
7∑
j=0
C
(I)
(Z,H)
i
j
(
s,M2Z,M
2
Z ,M
2
Z ,M
2
H
) J (Z,H)j (4.175)
where the basis of scalar integrals I(F )j and I(W )j have been defined respectively in Eq. 4.163 and 4.167.
The (Z,H) sector is expanded into a different set (instead of Eq. 4.171) which is given by
J (Z,H)0 = 1 ,
J (Z,H)1 = A0
(
M2Z
)
,
J (Z,H)2 = A0
(
M2H
)
,
J (Z,H)3 = B0
(
s,M2Z ,M
2
Z
)
,
J (Z,H)4 = B0
(
s,M2H ,M
2
H
)
,
J (Z,H)5 = B0
(
M2Z ,M
2
Z ,M
2
H
)
,
J (Z,H)6 = C0
(
s,M2Z ,M
2
Z ,M
2
Z ,M
2
H ,M
2
H
)
,
J (Z,H)7 = C0
(
s,M2Z ,M
2
Z ,M
2
H ,M
2
Z ,M
2
Z
)
. (4.176)
The expressions of these coefficients together with the graviton-Higgs mixing ΣµνMin, hH(k), Σ
µν
I, hH(k) can
be found in appendix A.9.6.
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4.7 Renormalization
In this section we discuss the renormalization of the correlators. This is based on the identification of the
1-loop counterterms to the Standard Model Lagrangian which, in turn, allow to extract a counterterm
vertex for the improved EMT. We have checked that the renormalization of all the parameters of the
Lagrangian is indeed sufficient to cancel all the singularities of all the vertices, as expected. We have used
the on-shell scheme which is widely used in the electroweak theory. In this scheme the renormalization
conditions are fixed in terms of the physical parameters of the theory to all orders in perturbation theory.
These are the masses of physical particles MW ,MZ ,MH ,mf , the electric charge e and the quark mixing
matrix Vij . The renormalization conditions on the fields - which allow to extract the renormalization
constants of the wave functions - are obtained by requiring a unit residue of the full 2-point functions on
the physical particle poles.
We start by defining the relations
e0 = (1 + δZe)e ,
M2W,0 = M
2
W + δM
2
W ,
M2Z,0 = M
2
Z + δM
2
Z ,
M2H,0 = M
2
H + δM
2
H ,(
Z0
A0
)
=
(
1 + 12δZZZ
1
2δZZA
1
2δZAZ 1 +
1
2δZAA
)(
Z
A
)
,
H0 =
(
1 +
1
2
δZH
)
H. (4.177)
At the same time we need the counterterms for the sine of the Weinberg angle sw and of the vev of the
Higgs field v
sw ,0 = sw + δsw , v0 = v + δv, (4.178)
which are defined to all orders by the relations
s2w = 1−
M2W
M2Z
, v2 = 4
M2W s
2
w
e2
, (4.179)
and are therefore linked to the renormalized masses and gauge couplings. Specifically, one obtains
δsw
sw
= − c
2
w
2s2w
(
δM2W
M2W
− δM
2
Z
M2Z
)
,
δv
v
=
(
1
2
δM2W
M2W
+
δsw
sw
− δZe
)
, (4.180)
while electromagnetic gauge invariance gives
δZe = −1
2
δZAA +
sw
2cw
δZZA. (4.181)
We also recall that the wave function renormalization constants are defined in terms of the 2-point
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functions of the fundamental fields as
δZAA = −∂Σ
AA
T (k
2)
∂k2
∣∣∣∣
k2=0
, δZAZ = −2ReΣ
AZ
T (M
2
Z)
M2Z
, δZZA = 2
ΣAZT (0)
M2Z
,
δZZZ = −Re∂Σ
ZZ
T (k
2)
∂k2
∣∣∣∣
k2=M2Z
, δZH = −Re∂ΣHH(k
2)
∂k2
∣∣∣∣
k2=M2H
, δM2Z = ReΣ
ZZ
T (M
2
Z) ,
δM2W = R˜eΣ
WW
T (M
2
W ) , δM
2
H = ReΣHH(M
2
H). (4.182)
From the counterterms Lagrangian defined in terms of the ZV V ′ factors given above, we compute the
corresponding counterterm to the EMT δT µν and renormalized EMT
T µν0 = T
µν + δT µν (4.183)
which is sufficient to cancel all the divergences of the theory. One can also verify from the explicit
computation that the terms of improvement, in the conformally coupled case, are necessary to renormalize
the vertices containing an intermediate scalar with an external bilinear mixing (graviton/Higgs). The
vertices extracted from the counterterms are given by
δ[TAA]µναβ(k1, k2) = −iκ
2
{
k1 · k2 Cµναβ +Dµναβ(k1, k2)
}
δZAA , (4.184)
δ[TAZ]µναβ(k1, k2) = −iκ
2
{(
δcAZ1 k1 · k2 + δcAZ2 M2Z
)
Cµναβ + δcAZ1 D
µναβ(k1, k2)
}
, (4.185)
δ[TZZ]µναβ(k1, k2) = −iκ
2
{(
δcZZ1 k1 · k2 + δcZZ2 M2Z
)
Cµναβ + δcZZ1 D
µναβ(k1, k2)
}
, (4.186)
where the coefficients δc are defined as
δcAZ1 =
1
2
(δZAZ + δZZA) , δc
AZ
2 =
1
2
δZZA , δc
ZZ
1 = δZZZ , δc
ZZ
2 =M
2
Z δZZZ + δM
2
Z . (4.187)
These counterterms are sufficient to remove the divergences of the completely cut graphs
(Σµναβ(p, q)) which do not contain a bilinear mixing, once we set on-shell the external gauge lines. This
occurs both for those diagrams which do not involve the terms of improvement and for those involving
TI . Regarding those contributions which involve the bilinear mixing on the external graviton line, we
encounter two situations. For instance, the insertion of the bilinear mixing on the TAA vertex generates
a reducible diagram of the form Higgs/photon/photon which does not require any renormalization, being
finite. Its contribution has been denoted as ∆µναβI (p, q) in Eq. (4.141). In the case of the TAZ vertex the
corresponding contribution is given in Eq. (4.153). In this second case the renormalization is guaranteed,
within the Standard Model, by the use of the Higgs/photon/Z counterterm
δ[HAZ]αβ = i
eMZ
2swcw
δZZA η
αβ . (4.188)
As a last case, we discuss the contribution to TZZ coming from the bilinear mixing. The corrections
on the graviton line involve the graviton/Higgs mixing iΣµνhH(k), the Higgs self-energy iΣHH(k
2) and the
term of improvement ∆µναβI ,HZZ(p, q), which introduces the Higgs/Z/Z vertex (or HZZ) of the Standard
Model. The Higgs self-energy and the HZZ vertex, in the Standard Model, are renormalized with the
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counterterms
δ[HH ](k2) = i(δZH k
2 −M2HδZH − δM2H) , (4.189)
δ[HZZ]αβ = i
eMZ
sw cw
[
1 + δZe +
2s2w − c2w
c2w
δsw
sw
+
1
2
δM2W
M2W
+
1
2
δZH + δZZZ
]
ηαβ . (4.190)
The self-energy iΣµνhH(k) is defined by the minimal contribution generated by T
Min
µν and by a second
term derived from T Iµν . This second term is necessary in order to ensure the renormalizability of the
graviton/Higgs mixing. In fact, the use of the minimal EMT in the computation of this self-energy
involves a divergence of the form
δ[hH ]µνMin = i
κ
2
δt ηµν , (4.191)
with δt fixed by the condition of cancellation of the Higgs tadpole Tad (δt + Tad = 0) and hence of any
linear term in H within the 1-loop effective Lagrangian of the Standard Model. A simple analysis of the
divergences in iΣµνMin, hH shows that the counterterm given in Eq. 4.191 is not sufficient to remove all
the singularities of this correlator unless we also include the renormalization of the term of improvement
which is given by
δ[hH ]µνI (k) = −i
κ
2
(
−1
3
)
i
[
δv +
1
2
δZH
]
v (k2 ηµν − kµkν). (4.192)
One can show explicitly that this counterterm indeed ensures the finiteness of iΣµνhH(k).
4.8 Comments
Before coming to our conclusions, we pause for some comments on the meaning and the implications of
the current computation in a more general context. This concerns the superconformal anomaly and its
coupling to supergravity.
The study of the mechanism of anomaly mediation between the Standard Model and gravity has
several interesting features which for sure will require further analysis in order to be put on a more
rigorous basis. However, here we have preliminarily shown that the perturbative structure of a correlator
- obtained by the insertion of a gravitational field on 2-point functions of gauge fields - can be organized
in terms of a rather minimal set of fundamental form factors. Their expressions have been given in this
work, generalizing previous results in the QED and QCD cases. The trace anomaly can be attributed, in
all the cases, just to one specific tensor structure, as discussed in the previous analysis.
We have also seen that at high energy the breaking of conformal invariance, in a theory with a Higgs
mechanism, has two sources, one of them being radiative. This can be attributed to the exchange of
anomaly poles in each gauge invariant sector of the graviton/gauge/gauge vertex, while the second one
is explicit. As discussed in [103] this result has a simple physical interpretation, since it is an obvious
consequence of the fact that at an energy much larger than any scale of the theory, we should recover the
role of the anomaly and its pole-like behaviour.
In turn, this finding sheds some light on the significance of the anomaly cancellation mechanism in
4-dimensional field theory - discussed in the context of supersymmetric theories coupled to gravity - based
on the subtraction of an anomaly pole in superspace [19]. Let’s briefly see why.
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The theory indeed becomes conformally invariant at high energy and, in presence of supersymmetric
interactions, this invariance is promoted to a superconformal invariance. In a superconformal theory,
such as an N = 1 super Yang-Mills theory, the superconformal anomaly multiplet, generated by the
radiative corrections, puts on the same role the trace anomaly, the chiral anomaly of the corresponding
U(1)R current and the gamma trace of the supersymmetric current. Notice that these three anomalies are
”gauged” if they are coupled to a conformal gravity supermultiplet and all equally need to be cancelled.
The role of the Green-Schwarz (GS) mechanism, in this framework, if realized as a pole subtraction, is,
therefore, to perform a subtraction of these pole-like contributions which show up in the UV region, and
has to be realized in superspace [19, 109] for obvious reasons. Then, one can naturally ask what is the
nature of the pole that is indeed cancelled by the mechanism, if this is acting in the UV. The answer,
in a way, is obvious, since the mechanism works as an ultraviolet completion: the ”poles” found in the
perturbative analysis are a manifestation of the anomaly in the UV.
As we have explained at length in [103] these poles extracted in each gauge invariant sector do not
couple in the infrared region, since the theory is massive and conformal invariance is lost in the broken
electroweak phase. Looking for a residue of these poles in the IR, in the case of a massive theory, is
simply meaningless. Indeed their role is recuperated in the UV, where they describe an effective massless
exchange present in the amplitude at high energy.
Therefore, the 1/s behaviour found in these correlators at high energy is the unique signature of
the anomaly (they saturate the anomaly) in the same domain, and is captured within an asymptotic
expansion in v2/s [103]. Thus, the anomalous nature of the theory reappears as we approach a (classically)
conformally invariant theory, with s going to infinity.
Obviously, this picture is only approximate, since the cancellation of the trace anomaly by the sub-
traction of a pole in superspace remains an open issue, given the fact that the trace anomaly takes
contribution at all orders both in GN and in the gauge coupling. The resolution of this point would re-
quire computations similar to the one that we have just performed for correlators of higher order. Indeed,
this is another aspect of the ”anomaly puzzle” in supersymmetric theories when (chiral) gauge anomalies
and trace anomalies appear on the same level, due to their coupling with gravity.
4.9 Conclusions
We have presented a complete study of the interactions between gravity and the fields of the Standard
Model which are responsible for the generation of a trace anomaly in the corresponding effective action.
The motivations in favour of these type of studies are several and cover both the cosmological domain and
collider physics. In this second case these corrections are important especially in the phenomenological
analysis of theories with a low gravity scale/large extra dimensions. We have defined rigorously the
structure of these correlators, via an appropriate set of Ward and Slavnov-Taylor identities that we have
derived from first principles. We have given the explicit expressions of these corrections, extending to
the neutral current sector of the SM previous analysis performed in the QED and QCD cases.

Chapter 5
Standard Model corrections to flavor
diagonal fermion-graviton vertices
5.1 Introduction
The investigation of the perturbative couplings of ordinary field theories to gravitational backgrounds
has received a certain attention in the past [110, 111, 112, 83]. While the smallness of the gravitational
coupling may shed some doubts on the practical relevance of such corrections, with the advent of models
on large (universal [22, 23, 24] and warped [25, 113]) extra dimensions and, more in general, of models
with a low gravity scale [114] their case has found a new and widespread support. This renewed interest
covers both theoretical and phenomenological aspects that have not been investigated in the past. They
could play, for instance, a significant role in addressing issues such as the universality of the gravitational
coupling to matter [115], in connection with the Lagrangian of the Standard Model. On the more formal
side, as pointed out in some studies [12, 88, 91, 13, 14] and in the previous chapters, the structure of
the effective action, accounting for anomaly mediation between the Standard Model and gravity, shows,
in its perturbative expansion, the appearance of new effective scalar degrees of freedom. These aspects
went unnoticed before and, for instance, could be significant in a cosmological context. For this reason,
we believe, they require further consideration.
All these perturbative analyses are usually performed at the leading order in the gravitational coupling.
This is due to the rather involved expression of the operator responsible for such a coupling at classical
and hence at quantum level: the energy-momentum tensor (EMT) of the Standard Model. Its expression
in the electroweak theory is, indeed, very lengthy, and the classification of the several amplitudes (and
form factors) in which it appears - at leading order in the electroweak expansion - requires a considerable
effort.
Chapter 5, as the next chpater [116, 117], are devoted to the analysis of the electroweak and strong
one-loop corrections to the graviton-fermion vertex Tff¯ ′, which is another theoretically and phenomeno-
logically relevant piece of the quantum effective action of the SM in a curved background. This work,
based on the characterization of gravitational interaction within the flavor diagonal and off-diagonal sec-
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tors, extends a previous study [115] where these interactions have been analyzed for fermions of different
flavors and at leading order in the external fermion masses. These off-diagonal (in flavor space) ma-
trix elements are phenomenologically very intriguing, also because they provide the spin-2 counterpart
of the standard electroweak spin-1 flavor-changing neutral currents (FCNC). As in the theory of weak
interactions, the gravitational FCNC’s are not present at the Born level but they emerge as a quantum
effect.
In [115] the authors present explicit analytic results at leading order in the external fermion masses.
We have recomputed the off-diagonal Tff¯ ′ vertex integrating the previous studies, by including all
the mass corrections which are necessary, for instance, for a phenomenological analysis of heavy quarks
transitions (like t→ bG) in a gravitational background. As we already mentioned, these corrections could
be accessible at collider energies in theories with a low-gravity scale. The complete analysis (including
mass corrections) of the off-diagonal Tff¯ ′ vertex is provided in the following chapter, while here we
discuss the flavor diagonal case, presenting the explicit results for the electroweak and strong corrections
to the corresponding form factors.
A similar computation appeared in the past, limited to QED, in an old work of Berends and Gastmans
[80], where they evaluated the on-shell one-loop corrections to the graviton-photon and graviton-fermion
vertices. Their studies showed that these corrections provide a modification of the Newton’s potential
for an electron in a gravitational field, with the emergence of a very tiny repulsive correction of the form
re/r
2, where re = α/me is the electron radius, α the fine structure constant, and me the electron mass.
This term originates from the infrared behaviour of the Tff¯ matrix element in the limit of small electron
mass, and emerges from a particular diagrammatic contribution characterized by the graviton-photon tree
level coupling. Because there is no similar vertex in QED, the Coulomb potential is, instead, protected
against 1/r2 corrections at one-loop order. We point out that the same situation is expected also in the
QCD case, with a modification to the Newton’s law enhanced by the appearance of the strong coupling
constant and of the non-abelian color factors. On the other hand, the same analysis in the electroweak
sector of the Standard Model leads to different conclusions, because the masses of the weak gauge bosons
provide a natural cut-off in the low-energy limit, thus preventing any long-distance correction to the
Newton’s potential to play a role.
We anticipate that these results are relevant for some phenomenological consequences that may affect
studies on these interactions. One of the special contexts is represented by the neutrino sector [118]. Here
it is left open the possibility of extending our analysis to more general gravitational backgrounds, with
the inclusion of a dilaton field.
Description of the chapter contents
This chapter is organized as follows. In section 5.2 we illustrate the structure of the perturbative ex-
pansion, organized in terms of the various contributions to the EMT of the Standard Model. These are
separated with respect to the particles running in the loops, which are the photon, the W and Z gauge
bosons and the Higgs field. We conclude this section with a classification of the relevant form factors.
In section 5.3 we briefly discuss the derivation of an important Ward identity involving the effective
action which is crucial to test the correctness of our results and to secure their consistency. Section 5.4
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addresses the issue of the renormalization of the theory, which complements the analysis of [119]. We
recall that no new counterterms are needed - except for those of the Standard Model Lagrangian - to
carry the perturbative expansion of EMT insertions on correlators of the Standard Model, under a certain
condition. This condition requires that the non-minimal coupling (χ) of the Higgs field be fixed at the
conformal value 1/6. We then proceed in section 5.5 with a description of the expression of the form
factors for each separate gauge/Higgs contribution in the loop corrections.
In section 5.6 we give a simple proof - at leading order in the gauge couplings - of the infrared finiteness
of these loop corrections, once they are combined with the corresponding real emissions of massless gauge
bosons, integrated over phase space. The proof is a generalization of the ordinary cancellation between
real and virtual emissions, in inclusive cross sections, to the gravity case. Finally, in section 5.7 we give
our conclusions.
5.2 The perturbative expansion
We will be dealing with the Tff¯ (diagonal) fermion case. The Standard Model Lagrangian and the
associated EMT have been defined in the previous chapter. We refer to the latter for the various definitions
and conventions. We introduce the following notation
Tˆ µν = i〈p2|T µν(0)|p1〉 (5.1)
to denote the general structure of the transition amplitude where the initial and final fermion states are
defined with momenta p1 and p2 respectively. The external fermions are taken on mass shell and of equal
mass p21 = p
2
2 = m
2. We will be using the two linear combinations of momenta p = p1+p2 and q = p1−p2
throughout this chapter in order to simplify the structure of the final result.
The tree-level Feynman rules needed for the computation of the Tˆ µν vertex are listed in Appendix
A.2, and its expression at Born level is given by
Tˆ µν0 =
i
4
u¯(p2)
{
γµpν + γνpµ
}
u(p1) . (5.2)
Our analysis will be performed at leading order in the weak coupling expansion, and we will define a
suitable set of independent tensor amplitudes (and corresponding form factors) to parameterize the result.
The external fermions can be leptons or quarks. In the latter case, since the EMT does not carry any
non-abelian charge, the color matrix is diagonal and for notational simplicity, will not be included.
We decomposed the full matrix element into six different contribution characterized by the SM sectors
running in the loop diagrams
Tˆ µν = Tˆ µνg + Tˆ
µν
γ + Tˆ
µν
h + Tˆ
µν
Z + Tˆ
µν
W + Tˆ
µν
CT (5.3)
where the subscripts stand respectively for the gluon, the photon, the Higgs, the Z and the W bosons
and the counterterm contribution. Concerning the last term we postpone a complete discussion of the
vertex renormalization to a follow-up section.
As we have already mentioned, we work in the Rξ gauge, where the sector of each massive gauge boson
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Figure 5.1: The one-loop Feynman diagrams of the graviton fermion vertex. The dashed lines can be
gluons, photons, Higgs, Z andW bosons or their unphysical longitudinal parts. The internal fermion line
can be of the same flavor of the external fermions if a neutral boson is exchanged in the loop, otherwise,
for charged W corrections, it can have different flavor because of the CKM matrix.
is always accompanied by the corresponding unphysical longitudinal part. This implies that the dia-
grammatic expansion of Tˆ µνZ and Tˆ
µν
W is characterized by a set of gauge boson running in the loops with
duplicates obtained by replacing the massive gauge fields with their corresponding Goldstones.
The decomposition in Eq.(5.3) fully accounts for the SM one-loop corrections to the flavor diagonal EMT
matrix element with two external fermions.
The various diagrammatic contributions appearing in the perturbative expansion are shown in Fig.5.1.
Two of them are characterized by a typical triangle topology, while the others denote terms where the
insertion of the EMT and the fermion field occur on the same point. The computation of these diagrams
is rather involved and has been performed in dimensional regularization using the on-shell renormaliza-
tion scheme. We have used the standard reduction of tensor integrals to a basis of scalar integrals and we
have checked explicitly the Ward identity coming from the conservation of the EMT, which are crucial
to secure the correctness of the computation.
5.2.1 Tensor decompositions and form factors
Now we illustrate in more detail the organization of our results. By using symmetry arguments and
exploiting some consequences of the Ward identities, we have determined a suitable tensor basis on which
our results are expanded. For massless vector bosons (gluons and photons), and for the Higgs field,
because of the parity-conserving nature of their interactions, we have decomposed the matrix elements
onto a basis of four tensor structures OµνV k with four form factors fk as
Tˆ µνg = i
αs
4π
C2(N)
4∑
k=1
fk(q
2) u¯(p2)O
µν
V k u(p1) , (5.4)
Tˆ µνγ = i
α
4π
Q2
4∑
k=1
fk(q
2) u¯(p2)O
µν
V k u(p1) , (5.5)
Tˆ µνh = i
GF
16π2
√
2
m2
4∑
k=1
fhk (q
2) u¯(p2)O
µν
V k u(p1) , (5.6)
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with the tensor basis defined as
OµνV 1 = γ
µ pν + γν pµ ,
OµνV 2 = mη
µν ,
OµνV 3 = mp
µ pν ,
OµνV 4 = mq
µ qν . (5.7)
The form factors for the gluon and the photon contributions are identical, the only difference relies in
the coupling constant and in the charge of the external fermions. The coefficient C2(N) is the quadratic
Casimir in the N -dimensional fundamental representation, with C2 = 4/3 for quarks and zero for leptons.
Q denotes the electromagnetic charge and GF the Fermi constant. Moreover, being the fermion-Higgs
coupling proportional to the fermion mass, we have factorized m2 in front of the Higgs form factors.
Note that OµνV 2−4 are linearly mass suppressed, so that only O
µν
V 1 survives in the limit of massless external
fermions.
Coming to the weak sector of our corrections, because of the chiral nature of the Z and W interactions,
we have to decompose the matrix elements into a more complicated tensor basis of six elements as
Tˆ µνZ = i
GF
16π2
√
2
6∑
k=1
fZk (q
2) u¯(p2)O
µν
Ck u(p1) , (5.8)
Tˆ µνW = i
GF
16π2
√
2
6∑
k=1
fWk (q
2) u¯(p2)O
µν
Ck u(p1) , (5.9)
where we have defined
OµνC1 = (γ
µ pν + γν pµ)PL ,
OµνC2 = (γ
µ pν + γν pµ)PR ,
OµνC3 = mη
µν ,
OµνC4 = mp
µ pν ,
OµνC5 = mq
µ qν ,
OµνC6 = m (p
µ qν + qµ pν) γ5 . (5.10)
The most general rank-2 tensor basis that can be built with a metric tensor, two momenta (p and q) and
matrices γµ, γ5 has been given in [115]. The basis given in Eq. (5.10), compared to the flavor-changing
case, is more compact. We have imposed the symmetry constraints on the external fermion states (of
equal mass and flavor) and the conservation of the EMT, discussed in section 5.3. For the form factors
appearing in Tˆ µνW we introduce the notation
fWk (q
2) =
∑
f
V ∗ifVfi F
W
k (q
2, xf ) (5.11)
where Vif is the CKM mixing matrix and the index i corresponds to the flavor of the external fermions.
We have extracted a single mass suppression factor coming from the contribution of the OµνC3−6 operators.
In the Tˆ µνZ matrix element, the leading terms in the small external fermion mass are given by the first
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two form factors. The situation is different for the W case, in which only the first form factor is the
leading term, being f2 suppressed as m
2. We have decided not to factorize the m2 term in order to make
the notations uniform with the Z case.
We remark that the expressions of the form factors is exact, having kept in the result the complete
dependence from all the kinematic invariants and from the external and internal masses.
5.3 The Ward identity from the conservation of the EMT
In this section we simply quote the consequences of the conservation of the energy-momentum tensor that
are contained in the Ward identities satisfied by the matrix elements defined above. As widely explained in
the previous chapter, we can derive a master equation for the effective action Γ, the generating functional
of all the 1-particle irreducible (1PI) graphs. The Ward identities for the various correlators are then
obtained via functional differentiation. By a functional differentiation of Eq.(4.42) with respect to the
fermion fields and after a Fourier transform to momentum space we obtain
qµ Tˆ
µν = u¯(p2)
{
pν2 Γf¯f (p1)− pν1 Γf¯f (p2) +
qµ
2
(
Γf¯f (p2)σ
µν − σµν Γf¯f (p1)
)}
u(p1) (5.12)
where Γf¯f (p) is the fermion two-point function, diagonal in flavor space, given explicitly in Appendix
A.8.2. The perturbative test of this equation is of great importance for testing the correctness of our
results, and in the following sections it will be used to relate different form factors, thus reducing the
number of independent contributions to the Tff¯ vertex.
5.4 Renormalization
The counterterms needed for the renormalization of the vertex can be obtained by promoting the coun-
terterm Lagrangian to the curved background. The counterterm Feynman rules for the matrix element
with the insertion of the EMT are easily extracted in the usual way and in our case, for a chiral fermion,
we have
Tˆ µνCT = i〈p2|T µνCT (0)|p1〉 =
i
4
u¯(p2)
{
δZLO
µν
C1 + δZRO
µν
C2 + 4
δm
m
OµνC3
}
u(p1) , (5.13)
with δZL, δZR and δm being the fermion wave function and the mass renormalization constants respec-
tively, while OµνC1−3 are defined in Eq.(5.10).
For vector-type interactions, in the gluon, photon and Higgs sector, δZL = δZR and the expansion of
the Tˆ µνCT matrix element naturally collapses to only two operators, O
µν
V 1 = O
µν
C1+O
µν
C2 and O
µν
V 2 = O
µν
C3 of
Eq.(5.7).
We have checked that the renormalization of the parameters of the SM Lagrangian is indeed sufficient
to cancel all the singularities of the Tˆ µν matrix element, as expected. As it can be easily seen from
Eq.(5.13), the form factors involved in the subtraction of infinities are just the first two for the gluon,
the photon and the Higgs, and the first three for the massive gauge bosons. This is in agreement with
simple power counting arguments.
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We have used the on-shell scheme, where the renormalization conditions are fixed in terms of the phys-
ical parameters of the theory to all orders in the perturbative expansion in the electroweak coupling
constants. These are the masses of physical particles, the electric charge and the CKM mixing matrix.
The renormalization conditions on the fields, which allow to extract the wave function renormalization
constants, are satisfied by requiring a unitary residue of the full 2-point functions on the physical particle
poles. For the fermion renormalization constants we obtain the following explicit expressions
δZL = −R˜e ΣL(m2)−m2 ∂
∂p2
R˜e
[
ΣL(p2) + ΣR(p2) + 2ΣS(p2)
]
p2=m2
, (5.14)
δZR = −R˜e ΣR(m2)−m2 ∂
∂p2
R˜e
[
ΣL(p2) + ΣR(p2) + 2ΣS(p2)
]
p2=m2
, (5.15)
δm =
m
2
R˜e
[
ΣL(m2) + ΣR(m2) + 2ΣS(m2)
]
, (5.16)
where the ΣL,R,S functions are the fermion self-energies defined in Appendix A.8.2. The symbol R˜e gives
the real part of the scalar integrals appearing in the self-energies but it has no effect on the CKM matrix
elements. If the mixing matrix is real R˜e can be replaced with Re.
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5.5.1 The massless gauge boson contribution
We give the four form factors for the massless gauge boson cases, namely the gluon and the photon
contributions. They depend on the kinematic invariant q2, the square of the momenta of the graviton
line, and from the dimensionless ratio y = m2/q2. The form factors are expressed as a combination of
one-, two- and three-point scalar integrals, which have been defined in Appendix. A.4, and are given by
f1(q
2) = −4y(2y + 1)
3(1− 4y)2 +
(8y(7y − 4) + 3)
3q2(1− 4y)2y A0
(
m2
)− 2(y − 1)
3(1− 4y)2B0
(
q2, 0, 0
)
+
(17− 44y)
48y − 12 B0
(
q2,m2, m2
)
+
1
2
q2(2y − 1)C0
(
0,m2,m2
)
+
2q2(1− 2y)y
(1− 4y)2 C0
(
m2, 0, 0
)
,
f2(q
2) =
4(y(32y − 23) + 3)
3(1− 4y)2 +
2
(
32y2 − 26y + 3)
3q2(1− 4y)2y A0
(
m2
)
+
2(10y − 1)
3(1− 4y)2 B0
(
q2, 0, 0
)
+
5
3
B0
(
q2,m2,m2
)
+
8q2y2
(1− 4y)2 C0
(
m2, 0, 0
)
,
f3(q
2) =
4y(8y + 19)− 6
3q2(4y − 1)3 −
4(8y − 17)
3q4(4y − 1)3A0
(
m2
)− 2(26y + 1)
3q2(4y − 1)3B0
(
q2, 0, 0
)
+
2
3q2(4y − 1)B0
(
q2,m2,m2
)− 8y(y + 1)
(4y − 1)3 C0
(
m2, 0, 0
)
,
f4(q
2) =
−80y2 + 68y − 9
3q2(1− 4y)2 +
(20y(4y − 1) + 3)
3q4(1− 4y)2y A0
(
m2
)
+
(2− 20y)
3q2(1− 4y)2B0
(
q2, 0, 0
)
− 5
3q2
B0
(
q2, m2,m2
)− 8y2
(1− 4y)2 C0
(
m2, 0, 0
)
. (5.17)
It is interesting to observe that not all the four form factors are independent because the Ward identity
imposes relations among them. In fact, specializing Eq.(5.12) to the massless gauge bosons contributions,
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we obtain
f2(q
2) + q2 f4(q
2) = −1
2
[
ΣLg/γ(m
2) + ΣRg/γ(m
2) + 2ΣSg/γ(m
2)
]
, (5.18)
as it can be checked from the explicit expressions given above. This relation can be used to test the
correctness of our results and to reduce the number of independent form factors. We recall once more
that the Σ’s denote the fermion self-energies which have been collected in Appendix A.8.2.
5.5.2 The Higgs boson contribution
In this section we present the results for the contribution of a virtual Higgs. As in the previous case, they
are expanded in terms of scalar integrals and of the kinematic variables q2, y = m2/q2 and xh = m
2/m2h,
where mh is Higgs mass.
As we have already mentioned, the conservation of the EMT induces a Ward identity on the correlation
functions. This implies a relation between the form factors, which in the Higgs case becomes
fh2 (q
2) + q2 fh4 (q
2) = −1
2
[
ΣLh (m
2) + ΣRh (m
2) + 2ΣSh(m
2)
]
. (5.19)
Obviously, this equation has the same structure of the Ward identity found in the massless gauge bosons
case, having expanded Tˆ µνh on the same tensor basis of Eq.(5.7).
Notice that the fh2 and f
h
4 form factors depend on the χ parameter of SI . This is expected, because
the Higgs field can also couple to gravity with the EMT of improvement T µνI . The Feynman rules for
a graviton-two Higgs vertex are then modified with the inclusion of the χ dependence and affect the
diagram represented in Fig.5.1(b), where this vertex appears. We obtain
fh1 (q
2) =
3xh − 8y − 4xhy
12xh(1− 4y) +
2
3 q2(1− 4y)
[
A0
(
m2h
)−A0 (m2)
]
+
1
12x2h(1− 4y)2
[
x2h + 8(xh(26xh + 3) − 3)y2 − 2(28xh + 3)xhy
]
B0
(
q2,m2, m2
)
+
1
6x2h(1− 4y)2
[
x2h + 4(3− 8xh)y2 + 4(2xh − 1)xhy
]
B0
(
q2,m2h,m
2
h
)
+
y
2xh(1− 4y)2
[
xh(4− 32y) + 12y + 1
]
B0
(
m2,m2, m2h
)− q2y
2x3h(1− 4y)2
[
4x3h
+ 4(xh(4xh − 3)(4xh + 1) + 1)y2 + (8(1− 4xh)xh + 3)xhy
]
C0
(
m2h,m
2,m2
)
+
q2y(xh − 2y)
x3h(1− 4y)2
(
x2h − 4xhy + y
) C0 (m2,m2h,m2h) ,
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fh2 (q
2) =
40xhy − 9xh − 4y
3xh(1− 4y) +
4
3q2(1− 4y)
[
A0
(
m2h
)−A0 (m2)
]
− 2
3x2h(1− 4y)2
[
2x2h(1− 4y)2
+ 9xhy(1− 4y) + 6y2
]
B0
(
q2,m2, m2
)
+
1
3x2h(1− 4y)2
[
x2h + 4(3− 20xh)y2 + 8(xh + 1)xhy
]
× B0
(
q2,m2h,m
2
h
)
+
2
xh(1− 4y)2
[
4(1− 4xh)y2 + 6xhy − xh + y
]
B0
(
m2,m2,m2h
)
− 4q
2y(−4xhy + xh + y)2
x3h(1− 4y)2
C0
(
m2h, m
2,m2
)
− q
2(xh(8y − 1)− 2y)
x3h(1− 4y)2
[
x2h(2y − 1) + 8xhy2 − 2y2
]
C0
(
m2, m2h,m
2
h
)
+ χ
{
8
1− 4y
[
B0(m2,m2,m2h)−B0(q2,m2h,m2h)
]
+
4q2(xh + 2y − 8xhy)
xh(1− 4y) C0(m
2,m2h,m
2
h)
}
,
fh3 (q
2) =
2(xh(22y − 3) − 10y)
3q2xh(1− 4y)2 +
2(3− 2y)
3q4(1− 4y)2y
[
A0
(
m2h
)−A0 (m2)
]
+
5
3q2 x2h(4y − 1)3
[
x2h + 4(4(xh − 3)xh + 3)y2 + 4(3− 2xh)xhy
]
B0
(
q2,m2,m2
)
+
1
3q2 x2h(4y − 1)3
[
x2h(7− 88y) + 8xhy(26y + 1) − 60y2
]
B0
(
q2,m2h,m
2
h
)
+
2
q2xh(4y − 1)3 (xh(2(13− 8y)y − 3) + 8(y − 2)y + 1)B0
(
m2, m2,m2h
)
+
10y
x3h(4y − 1)3
(xh(4y − 1)− 2y)(xh(4y − 1)− y)C0
(
m2h,m
2,m2
)
+
1
x3h(4y − 1)3
[
x3h − 2
(
8x2h − 26xh + 3
)
xhy
2 − 2(5xh + 1)x2hy
+ 4(4xh − 5)(4xh − 1)y3
]
C0
(
m2,m2h,m
2
h
)
,
fh4 (q
2) =
9xh + 4y − 40xhy
3q2 xh(1− 4y) +
(8y − 3)
3q4y(1− 4y)
[
A0
(
m2h
)−A0 (m2)
]
+
2
3q2x2h(1− 4y)2
[
2x2h(1− 4y)2
+ 9xhy(1− 4y) + 6y2
]
B0
(
q2,m2,m2
)− 1
3q2x2h(1− 4y)2
[
x2h + 4(3− 20xh)y2
+ 8(xh + 1)xhy
]
B0
(
q2,m2h,m
2
h
)
+
1
q2xh(1− 4y)2
[
xh(4(5− 8y)y − 2) + 2y(4y − 5) + 1
]
× B0
(
m2,m2,m2h
)
+
4y(xh + y − 4xhy)2
x3h(1− 4y)2
C0
(
m2h,m
2,m2
)
+
(xh(8y − 1)− 2y)
x3h(1− 4y)2
[
x2h(2y − 1)
+ 8xhy
2 − 2y2
]
C0
(
m2,m2h,m
2
h
)
+ χ
{
8
q2(1− 4y)
[
B0
(
q2,m2h,m
2
h
)− B0 (m2,m2,m2h)
]
− 4(xh + 2y − 8xhy)
xh(1− 4y) C0
(
m2,m2h,m
2
h
)}
. (5.20)
5.5.3 The Z gauge boson contribution
Coming to the form factors for the Z boson contribution, which are part of Tˆ µνZ , these are given in terms
of the variables q2, y = m2/q2 and xZ ≡ m2/m2Z , with the parameters v and a denoting the vector and
axial-vector Z-fermion couplings. In particular we have
v = I3 − 2s2WQ , a = I3 , c2 = v2 + a2 , (5.21)
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where I3 and Q are, respectively, the third component of isospin and the electric charge of the external
fermions, while sW is the sine of the weak angle.
In this case, the structure of the Ward identity is more involved than the previous cases, being Tˆ µνZ
expanded on a more complicated tensor basis, Eq.(5.10). We obtain two relations among the form factors
that we have tested on our explicit computation, which are given by
fZ2 = f
Z
1 + q
2fZ6 +
1
4
[
ΣRZ (m
2)− ΣLZ(m2)
]
, (5.22)
fZ3 = −q2fZ5 −
1
2
[
ΣLZ(m
2) + ΣRZ(m
2) + 2ΣSZ(m
2)
]
. (5.23)
Also in this case we have a dependence of the result on the parameter χ, which appears in fZ5 and hence
in fZ3 . As for the Higgs field, also the gravitational coupling of the Z Goldstone boson acquires a new
contribution coming from the term of improvement TI , shown by the Feynman diagram in Fig.5.1(b).
Here we present a list of the explicit expressions of fZ1 , f
Z
4 , f
Z
5 and f
Z
6 while f
Z
2 and f
Z
3 can be
obtained using the Ward identity constraints of Eq.(5.22) and Eq.(5.23). We obtain
fZ1 (q
2) =
q2y
3(4y − 1)x2Z
[
xZ
(−4y (5a2 + 5av + 7v2)+ a2(4y − 3)xZ + 6(a+ v)2)+ 4y(a+ v)2
]
+
4y
3(1− 4y)xZ
(
2a2xZ + a
2 − av + v2) [A0 (m2Z)−A0 (m2)
]
+
q2y
6(1− 4y)2x3Z
[
xZ
(
(4y − 1)xZ
(−4y (8a2 + 4av + 11v2)+ 2a2(4y − 1)xZ + 17(a + v)2)
+ 6y
(
4y
(
5a2 + 8av + 7v2
)− 7(a+ v)2))− 24y2(a+ v)2]B0 (q2,m2,m2)
+
2q2y
3(1− 4y)2x3Z
[
xZ
(
xZ
(−2y (15a2 + 20av + v2)+ a2(8y + 1)xZ + 64a2y2 + 2(a+ v)2)
+ y
(
7(a+ v)2 − 4y (10a2 + 8av + 13v2)))+ 6y2(a+ v)2]B0 (q2,m2Z , m2Z)
+
q2y
(1− 4y)2x2Z
[
2xZ
(−4y2 (a2 − 4av − 4v2)− y (a2 + 4av + 10v2)− 4a2yxZ + (a+ v)2)
+ y
(
4y
(
3a2 − 4av + 3v2)+ a2 + 6av + v2) ]B0 (m2,m2,m2Z)
+
4q4y2
(1− 4y)2x4Z
[
xZ
(
xZ
(
xZ
(
a2xZ − a2 − 2vy(4a+ v) + v2
)− y (4a2(4y − 1)− 6av
+ v2(8y + 1)
))
+ y
(
2y
(
4a2 + 4av + 5v2
)− (a+ v)2))− y2(a+ v)2]C0 (m2,m2Z ,m2Z)
+
q4y
(1− 4y)2x4Z
[
xZ
(
(4y − 1)xZ
(
(4y − 1)xZ
(
2y
(
a2 + v2
)− (a+ v)2)− 2y2 (7a2 + 8av10v2)
+ 6y(a+ v)2
)
+ y2
(
4y
(
7a2 + 12av + 9v2
)− 9(a+ v)2))− 4y3(a+ v)2]C0 (m2Z ,m2,m2) ,
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fZ4 (q
2) = − 8y
3x2Z (1− 4y)2
[
a2xZ ((2y − 3)xZ − 14y + 6) − 5c2y (xZ − 1)
]
+
4(2y − 3) (2a2xZ + c2)
3q2(1− 4y)2xZ
[
A0
(
m2
)−A0 (m2Z)
]
+
4y
3(4y − 1)3x3Z
[
xZ ((4y − 1)xZ
× (a2(1− 4y)xZ + 6a2(8y − 3) + c2(4y − 1))+ 3y (4a2(3− 7y) + 7c2(1− 4y)))+ 30c2y2
]
× B0(q2,m2,m2) + 4y
3(4y − 1)3x3Z
[
xZ
(
y
(
12a2(7y − 3) + c2(68y + 13))− xZ (a2(16y + 11)xZ
+ 2a2
(
64y2 − 34y − 3)+ c2(26y + 1)))− 30c2y2]B0 (q2,m2Z ,m2Z)
+
4y
(4y − 1)3x2Z
[
2a2xZ
(
(6y + 1)xZ − 8y2 + 4y − 3
)− c2(8(y − 2)y + 1) (xZ − 1)
]
× B0(m2,m2,m2Z)− 4q
2y
(4y − 1)3x4Z
[
a2xZ
(
(6y + 1)x3Z + 6y(2y − 3)x2Z + 2y((17− 40y)y + 2)xZ
+ 4y2(7y − 3))− c2y (xZ (xZ (−4(y + 1)xZ + 2y(8y + 11) + 1)− 6y(6y + 1)) + 10y2)
]
× C0
(
m2,m2Z , m
2
Z
)
+
4q2y
(4y − 1)3x4Z
[
xZ
(
(4y − 1)xZ
(
3y
(
2a2(5y − 2) + c2(4y − 1))
− 2a2(y(12y − 7) + 1)xZ
)
+ 4y2
(
a2(3− 7y) + 3c2(1− 4y)))+ 10c2y3]C0 (m2Z , m2,m2) ,
fZ5 (q
2) =
2y
(
2a2xZ ((8y − 3)xZ − 44y + 12) + c2 ((32y − 9)xZ + 4y)
)
3(1− 4y)x2Z
+
2(8y − 3) (2a2xZ + c2)
3q2(1− 4y)xZ
[
A0
(
m2Z
)−A0 (m2)
]
+
2y
3(1− 4y)2x3Z
[
xZ ((4y − 1)xZ
× (4a2(1− 4y)xZ + 12a2(3y − 1) + 5c2(1− 4y))+ 24a2(1− 3y)y)+ 12c2y2
]
B0(q2,m2,m2)
+
4y
3(1− 4y)2x3Z
[
a2xZ (xZ ((16y − 7)xZ + 4y(8y − 5) + 6) + 12y(3y − 1)) + c2 ((4y + 5)yxZ
+ (1− 10y)x2Z − 6y2
) ]B0 (q2,m2Z ,m2Z)+ 2y
(xZ − 4yxZ)2
[
2a2xZ ((2− 4y)xZ + 2(7− 12y)y
− 3) + c2 (2y (y (8xZ + 4)− 5) + 1)
]
B0
(
m2,m2,m2Z
)− 4q2y
(1− 4y)2x4Z
[
a2xZ (xZ ((2y − 1)xZ
× (6y − xZ) + 6(3− 8y)y2
)
+ 4(3y − 1)y2)+ c2y (xZ (xZ (4yxZ + 2y(8y − 7) + 1)
+ 2y(2y + 1))− 2y2) ]C0 (m2,m2Z ,m2Z)
+
4q2y2
(1− 4y)2x4Z
((4y − 1)xZ − y)
[
xZ
(
4a2(3y − 1) + c2(1− 4y))− 2c2y]C0 (m2Z ,m2,m2)
+ χ
32a2y
1− 4y
{
B0
(
q2,m2Z ,m
2
Z
)− B0 (m2, m2,m2Z)− q2(2y − xZ)2xZ C0
(
m2,m2Z ,m
2
Z
)}
,
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fZ6 (q
2) =
2 a v y
3(4y − 1)x2Z
((8y − 9)xZ − 8y) + 2 a v(8y − 3)
3q2(1− 4y)xZ
[
A0
(
m2
)−A0 (m2Z)
]
+
2 a v y
3(1− 4y)2x3Z
[
6(7− 16y)yxZ + (4y − 1)(8y − 17)x2Z + 24y2
]
B0
(
q2,m2,m2
)
+
8 a v y
3(1− 4y)2x3Z
[
(16y − 7)yxZ + (20y − 2)x2Z − 6y2
]
B0
(
q2,m2Z ,m
2
Z
)
− 2 a v y
(1− 4y)2x2Z
[
(8y + 2)xZ − 2y + 1
]
B0
(
m2,m2,m2Z
)
+
16 a v q2 y3
(1− 4y)2x4Z
[
xZ (xZ (4xZ − 3) − 4y + 1) + y
]
C0
(
m2,m2Z ,m
2
Z
)
+
4 a v q2 y
(1− 4y)2x4Z
((4y − 1)xZ − y)
[
(8y − 5)yxZ + (4y − 1)x2Z − 4y2
]
C0(m2Z, m2,m2) . (5.24)
5.5.4 The W gauge boson contribution
Finally we collect here the results for the Tˆ µνW matrix element. They are expressed in terms of scalar
integrals and of the kinematic invariants q2, y = m2/q2, xW = m
2/m2W and xf = m
2/m2f , where mf is
the mass of the fermion of flavor f running in the loop.
As in the Z boson case the conservation equation for the EMT implies the following relations among the
form factors
fW2 = f
W
1 + q
2fW6 +
1
4
[
ΣRW (m
2)− ΣLW (m2)
]
, (5.25)
fW3 = −q2fW5 −
1
2
[
ΣLW (m
2) + ΣRW (m
2) + 2ΣSW (m
2)
]
, (5.26)
which we have tested explicitly. Also in this case, as for the form factors with the exchange of a Z boson,
fW5 , and hence f
W
3 , depends on the parameter χ.
We recall that the OµνC3−6 operators are characterized by a linear mass suppression in the limit of small
external fermion masses, while OµνC2, even if not explicitly shown, has a quadratic suppression, which is
present only in theW case. Therefore, the leading contribution, in the limit of external massless fermions,
is then given by the first form factor fW1 alone.
We present the explicit results for the FW1 and F
W
4 to F
W
6 in Appendix A.10, while F
W
2 and F
W
3 can
be computed using the Ward identities of Eq.(5.25) and (5.26). The form factors fWk are obtained from
FWk multiplying by the CKM matrix elements and then summing over the fermion flavors, as explained
in Eq.(5.11).
5.6 Infrared singularities and soft bremsstrahlung
Here we provide a simple proof of the infrared safety of the Tff¯ vertex against soft radiative corrections
and emissions of massless gauge bosons.
An infrared divergence comes from the topology diagram depicted in Fig.5.1(a) with a virtual massless
gauge boson exchanged between the two fermion lines and it is contained in the three-point scalar integral
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Figure 5.2: Real emission diagrams of a massless gauge boson with momentum k.
C0(0,m2,m2). If we regularize the infrared singularity with a small photon (or gluon) mass λ the divergent
part of the scalar integral becomes
C0(0,m2,m2) = xs
m2(1− x2s)
{
− 2 log λ
m
log xs + . . .
}
(5.27)
where the dots stand for the finite terms not proportional to log λm , and xs = − 1−β1+β with β =
√
1− 4m2/q2.
In the photon case the infrared singular part of the matrix element is then given by
Tˆ µνγ = i
α
4π
Q2
[
− 1
y
(2y − 1) xs
1− x2s
log
λ
m
log xs
]
u¯(p2)O
µν
V 1u(p1) + . . .
=
α
4π
Q2
[
− 4
y
(2y − 1) xs
1− x2s
log
λ
m
log xs
]
Tˆ µν0 + . . . , (5.28)
which is manifestly proportional to the tree level vertex. On the other hand, the gluon contribution is
easily obtained from the previous equation by replacing αQ2 with αsC2(N).
For the massless gauge boson contributions there is another infrared divergence coming from the
renormalization counterterm. Its origin is in the field renormalization constants of charged particles
arising from photonic or gluonic corrections to the fermion self energies. For example, in the photon case
we have
δZL
∣∣∣∣IR
γ
= δZR
∣∣∣∣IR
γ
= − α
4π
Q2
{
4 log
λ
m
+ . . .
}
. (5.29)
However the processes described by the Tˆ µν matrix element alone are not of direct physical relevance,
since they cannot be distinguished experimentally from those involving the emission of soft massless gauge
bosons. Adding incoherently the cross sections of all the different processes with arbitrary numbers of
emitted soft photons (or gluons) all the infrared divergences are expected to cancel, as in an ordinary gauge
theory [120, 121, 122]. This cancellation takes place between the virtual and the real bremsstrahlung
corrections, and is valid to all orders in perturbation theory. In our case one has to consider only radiation
of a single massless gauge boson with energy k0 < ∆E, smaller than a given cutoff parameter.
For definiteness we consider the emission of a photon from the two external fermion legs. The gluon
case, as already mentioned, is easily obtained from the final result with the replacement αQ2 → αs C2(N).
In the soft photon approximation the real emission matrix element, corresponding to the sum of the two
diagrams depicted in Fig. 5.2 is given by
Msoft =M0 (eQ)
[
ǫ(k) · p1
k · p1 −
ǫ(k) · p2
k · p2
]
, (5.30)
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where k and ǫ(k) are the photon momentum and polarization vector respectively, while the sign difference
between the two eikonal factors in the square brackets is due to the different fermion charge flow of the
diagrams. HereM0 is the Born amplitude which factorizes, in our case, as
M0 = Aµν Tˆ µν0 , (5.31)
where Tˆ µν0 is the tree level graviton vertex defined in Eq.(5.2) and Aµν is the remaining amplitude which
does not participate to the soft photon emissions.
The cancellation of the infrared singularities occurs at the cross section level, therefore we have to
square the soft photon matrix element, sum over the photon polarization and integrate over the soft
photon phase space
dσsoft = −dσ0 α
2π2
Q2
∫
|~k|≤∆E
d2k
2k0
[
p21
(k · p1)2 +
p21
(k · p1)2 − 2
p1 · p2
k · p1 k · p2
]
(5.32)
where the infrared divergence is regularized by the photon mass λ which appears through the photon
energy k0 =
√
|~k|+ λ2.
The generic soft integral
Iij =
∫
|~k|≤∆E
d2k
2k0
2pi · pj
k · pi k · pj (5.33)
has been worked out explicitly in [123], here we give only the infrared divergent parts needed in our case
I11 = I22 = 4π log
∆E
λ
+ . . . ,
I12 = −8π
(
1− q
2
2m2
)
xs
1− x2s
log
∆E
λ
log xs + . . . , (5.34)
with xs = − 1−β1+β and β =
√
1− 4m2/q2.
Using the previous results we obtain the infrared singular part of the soft cross section
dσsoft = −dσ0 α
4π
Q2
{
8 log
∆E
λ
+
8
y
(2y − 1) xs
1− x2s
log
∆E
λ
log xs + . . .
}
, (5.35)
where dots stand for finite terms.
Exploiting the fact that the infrared divergences in the one-loop corrections and in the counterterm
diagram multiply the tree level graviton vertex Tˆ µν0 , so that they contribute only with a term proportional
to the Born cross section, we obtain
dσvirt + dσCT + dσsoft = dσ0
α
4π
Q2
[
1 +
1
y
(2y − 1) xs
1− x2s
log xs
]
8 log
m
∆E
+ . . . , (5.36)
for the photon case and an analog result for the gluon contribution. The sum of the renormalized virtual
corrections with the real emission contributions is then finite in the limit λ→ 0.
5.7 Conclusions
We have computed the one-loop electroweak and strong corrections to the flavor diagonal graviton-fermion
vertices in the Standard Model. The work presented in this chapter is an extension, to the flavor diagonal
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case, of previous related study in which only the flavor-changing fermion graviton interactions had been
investigated. The result of our computation has been expressed in terms of a certain numbers of on-shell
form factors, which have been given at leading order in the electroweak expansion and by retaining the
exact dependence on the fermion masses. We have also included in our analysis the contribution of a
non-minimally coupled Higgs sector, with an arbitrary value of the coupling parameter. All these results
can be easily extended to theories with fermion couplings to massive graviton, graviscalar and dilaton
fields.
Moreover, we proved the infrared safety of the fermion-graviton vertices against radiative corrections
of soft photons and gluons, where the ordinary cancellation mechanism between the virtual and real
bremsstrahlung corrections have been generalized to the fermion-graviton interactions.
There are several phenomenological implications of this study that one could consider. Beside the
possible applications to models with a low gravity scale, which would make the corrections discussed here
far more sizeable, one could consider, for instance, the specialization of our results to the neutrino sector,
a definitely appealing argument on the cosmological side. Another possible extension would be to include,
as a gravitational background, also a dilaton field, generated, for instance, from metric compactifications.

Chapter 6
Standard Model corrections to
flavor-changing fermion-graviton
vertices
6.1 Introduction
In the previous chapter, following [115], we have discussed the structure of the perturbative corrections
to the graviton-fermion-antifermion (Tff¯) vertex in the Standard Model (SM), focusing our attention on
the flavor diagonal sector. These studies address the structure of the interactions between the fermions
of the Standard Model and gravity, beyond leading order in the weak coupling, which have never been
presented before in their exact expressions. The choice of an external (classical) gravitational background
allows to simplify the treatment of such interactions where the coupling is obtained by the insertion of
the symmetric and improved energy-momentum tensor (EMT) into ordinary correlators of the Standard
Model.
We have addressed some of the main features of the perturbative structure of these corrections,
presenting their explicit form, parameterized in terms of a certain set of form factors. We have also
discussed some of their radiative properties in regard to their infrared finiteness and renormalizability,
the latter being inherited directly from the Standard Model, when the coupling of the Higgs to the
gravitational background is conformal.
In general, one expects that such corrections are small, although they could become more sizeable in
theories with a low gravity scale [22, 23, 24, 25, 113, 114]. In particular, one can consider the possibility of
including, in these constructions, backgrounds which are of dilaton type, with dilaton fields produced by
metric compactifications. The same vertices characterize the interaction of a dilaton of a spontaneously
broken dilatation symmetry with the ordinary fields of the Standard Model [33, 124, 119, 125]. This
second possibility is particularly interesting, in view of the recent discovery of a Higgs-like scalar at the
LHC and it will be addressed in the next chapter.
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Perturbative studies of these vertices have their specific difficulties due to the proliferation of form
factors, and the results have to be secured by consistency checks using some relevant Ward identities.
These need to be derived from scratch using the full Lagrangian of the Standard Model, as discussed
in chapter 4. In this study we are going to reconsider the gravitational form factor of a Standard
Model fermion in the presence of a background graviton in the off-diagonal flavor case, which had been
discussed before [115], extending that analysis. One of the goals of this re-analysis is to include all
the mass corrections to the related form factors, which had not been given before. These corrections are
important in order to proceed with a systematic phenomenological study. In this respect, mass corrections
are important in order to extract the exact behaviour of these form factors in the infrared and ultraviolet
limits, which may be of experimental interest. We have compared our new results against the previous
ones given in [115] in the limit of massless external fermions and found complete agreement.
6.2 The perturbative expansion
The interaction of one graviton with two fermions of different flavor is summarized by the vertex function
Tˆ µν ≡ i〈fi, pi|T µν(0)|pj , fj〉 (6.1)
that we intend to study. Here pj (fj) and pi (fi) indicate the momenta (flavor) of initial and final
fermions respectively. We will restrict to the case of flavor-changing transitions, namely fi 6= fj . In order
to simplify the results we will also use the combinations of momenta p = pi + pj and q = pj − pi. The
external states are taken on their mass shell, p2i = m
2
i and p
2
j = m
2
j and can be either leptons or quarks.
From now on, we will assume that mi 6= mj . In the last case, since the EMT is diagonal in color space,
the color structure is rather trivial and therefore we omit it.
At tree level the flavor-changing gravitational interaction is absent so that the leading order contri-
bution comes from the quantum corrections. At one loop level, instead, we decompose the Tˆ µν matrix
element as
Tˆ µν = Tˆ µνW + Tˆ
µν
CT (6.2)
where the first term on the r.h.s represents the pure vertex corrections induced by the W± gauge boson
and its Goldstone φ± exchanges, while the last term, Tˆ µνCT , includes the usual counterterms (CT) coming
from the wave-function renormalization insertions on the external legs. The inclusion of this last term
Tˆ µνCT is needed in order to get finite results for the matrix element Tˆ
µν, as it will be extensively discussed
in section 6.3. The finiteness of the result is just a consequence of the non-renormalization theorem of
conserved currents, when applied to the case of a conserved EMT.
We choose to work in the Rξ gauge where every massive gauge field is always accompanied by its
unphysical longitudinal part. The diagrammatic expansion of Tˆ µνW is depicted in Fig.6.1 and is made
of one contribution of triangle topology plus contact terms (see Fig. 6.1 (c) and (d)) with a fermion
and a graviton pinched on the same external point. The Feynman rules are listed in Appendix A.2.
The computation of these diagrams has been performed in dimensional regularization using the on-shell
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Figure 6.1: Diagrams of one-loop SM corrections to the flavor-changing graviton fermion vertex, where
fi,j and pi,j specify the fermion flavors and corresponding momenta respectively, with fi 6= fj .
renormalization scheme. To check the correctness of our results the Ward identity of the conservation of
the EMT, which will presented in section 6.4, has been verified explicitly.
Due to the chiral V-A nature of the W interactions, we expand the flavor changing matrix element in
terms of invariant amplitudes fi and tensor operators Oi as
Tˆ µν = i
GF
16π2
√
2
12∑
k=1
fk(p, q) u¯i(pi)O
µν
k uj(pj) (6.3)
with the tensor operators given by
Oµν1 = (γ
µpν + γνpµ)PL O
µν
7 = η
µν M−
Oµν2 = (γ
µqν + γνqµ)PL O
µν
8 = p
µpν M−
Oµν3 = η
µν M+ O
µν
9 = q
µqν M−
Oµν4 = p
µpν M+ O
µν
10 = (p
µqν + qµpν)M−
Oµν5 = q
µqν M+ O
µν
11 =
mimj
m2
W
(γµpν + γνpµ)PR
Oµν6 = (p
µqν + qµpν) M+ O
µν
12 =
mimj
m2W
(γµqν + γνqµ)PR
(6.4)
where PL,R = (1∓γ5)/2 and M± ≡ mjPR±miPL, and ui,j(pi,j) are the corresponding fermion bi-spinor
amplitudes in momentum space.
This is the most general rank-2 tensor basis that can be built out of two momenta, p and q, a metric
tensor and Dirac matrices γµ and γ5. Its expression has been given in [115].
For the form factors appearing in Eq.(6.3) we use the following notation
fk(p, q) =
∑
f
λf Fk(p, q,mf ) , (6.5)
where we have factorized the term λf ≡ VfiV ∗fj (the external fermions are assumed here to be quarks of
down type), with Vij the corresponding CKM matrix element.
6.3 Renormalization
The Tˆ µνW matrix element corresponding to the vertex corrections is ultraviolet divergent and, due to the
non-renormalization theorem of the conserved EMT, it is made finite by adding the contributions from
the wave-function renormalization on the external legs, namely Tˆ µνCT . In order to define the counterterm,
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as ilustrated in the previous chapter, we promote the counterterm SM Lagrangian to a curved background
and then extract in the usual way the appropriate renormalized Feynman rules for single insertions of
the EMT on the fields of the Standard Model. The metric is taken to be flat after all the functional
differentiations. Then, for the off-diagonal flavor contributions (i 6= j) to Tˆ µνCT we have
Tˆ µνCT = i〈pi, fi|T µνCT (0)|pj , fj〉 =
i
4
u¯i(pi)
{
(γµpν + γνpµ)
(
CL+ij PL + C
R+
ij PR
)
+2 ηµν
[
CL−ij (miPL −mjPR) + CR−ij (miPR −mjPL)
]}
uj(pj) , (6.6)
where
CL±ij =
1
2
(
δZLij ± δZL†ij
)
, CR±ij =
1
2
(
δZRij ± δZR†ij
)
, (6.7)
with δZL,Rij being the fermion wave function renormalization constants. In the on-shell renormalization
scheme, which we have chosen for our computation, the renormalization conditions are fixed in terms of
the physical parameters of the Standard Model to all orders in the perturbative expansion. In particular
for the fermion wave function renormalization constants with i 6= j one obtains
δZLij =
2
m2i −m2j
R˜e
{
m2j Σ
L
ij(m
2
j) +mimj Σ
R
ij(m
2
j ) +
(
m2i +m
2
j
)
ΣSij(m
2
j)
}
,
δZRij =
2
m2i −m2j
R˜e
{
m2j Σ
R
ij(m
2
j) +mimj Σ
L
ij(m
2
j ) + 2mimj Σ
S
ij(m
2
j )
}
. (6.8)
The symbol R˜e gives the real part of the scalar integrals in the self-energies but it has no effect on the
CKM matrix elements. Its presence yields δZ†ij = δZij
(
m2i ↔ m2j
)
. Remember also that if the mixing
matrix is real R˜e can obviously be replaced with Re.
For completeness we give the Standard Model flavor changing self-energies (i 6= j)
ΣLij(p
2) = − GF
4π2
√
2
∑
f
VifV
†
fj
[ (
m2f + 2m
2
W
)B1(p2,m2f ,m2W ) +m2W ] ,
ΣRij(p
2) = − GF
4π2
√
2
mimj
∑
f
VifV
†
fj B1(p2,m2f ,m2W ) ,
ΣSij(p
2) = − GF
4π2
√
2
∑
f
VifV
†
fjm
2
f B0(p2,m2f ,m2W ) , (6.9)
where
B1(p2,m20,m21) =
m21 −m20
2p2
[
B0(p2,m20,m21)− B0(0,m20,m21)
]
− 1
2
B0(p2,m20,m21) . (6.10)
We have explicitly checked that the counterterm in Eq.(6.6) is indeed sufficient to remove all the ultraviolet
divergences of the Tˆ µνW matrix element so that Tˆ
µν is finite, as expected.
6.4 The Ward identity from the conservation of the EMT
The conservation of the energy-momentum tensor constraints the Tˆ µν matrix element reducing the 12
form factors defined above to a smaller subset of 6 independent contributions. We can derive the Ward
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identity by imposing the invariance of the 1-particle irreducible generating functional - which depends on
the external gravitational metric - under a diffeomorphism transformation and then functional differenti-
ating with respect to the fermion fields. We omit the details of this procedure, which has been discussed
extensively in chapters 4 and 5 for the TV V ′ and the Tff¯ vertices respectively. The analysis, in this
new case, follows similar steps. In momentum space, for the unrenormalized matrix element we obtain
the Ward identity
qµTˆ
µν
W = u¯i(pi)
{
pνi Γij(pi)− pνjΓij(pj) +
qµ
2
(Γij(pi)σ
µν − σµνΓij(pj))
}
uj(pj) , (6.11)
where σµν = [γµ, γν ]/4 and Γij(p) is the fermion two-point function which is given by
Γij(p) = i
[
ΣLij(p
2) p/ PL +Σ
R
ij(p
2) p/ PR +Σ
S
ij(p
2) (mi PL +mj PR)
]
. (6.12)
The off-diagonal (in flavor space) two-point form factors ΣL,R,S(p2) are explicitly given in Eq.(6.9).
The renormalized Ward identity is instead much simpler than Eq.(6.11) being just qµTˆ
µν = 0. It implies
a set of homogeneous equations [115] for the renormalized form factors fk(p, q)
p · q f1(p, q) + q2f2(p, q) = 0 ,
f3(p, q) + q
2f5(p, q) + p · q f6(p, q) + p · q
2m2W
f12(p, q) = 0 ,
p · q f4(p, q) + q2f6(p, q) + p · q
2m2W
f11(p, q) = 0 ,
f2(p, q) + f7(p, q) + q
2f9(p, q) + p · q f10(p, q)− p
2 + q2
4m2W
f12(p, q) = 0 ,
f1(p, q) + p · q f8(p, q) + q2f10(p, q)− p
2 + q2
4m2W
f11(p, q) = 0 ,
p · q f11(p, q) + q2f12(p, q) = 0 , (6.13)
which provide a strong test on the correctness of our results and allow to reduce the number of independent
contributions to the Tˆ µν matrix element.
6.5 Flavor-changing form factors
In this section we present the explicit expressions of the renormalized form factors Fk defined above.
They have been computed in the on-shell case retaining the full dependence on the internal (mf ,mW )
and external masses (mi,mj) and on the virtuality, q
2, of the graviton line. They are expressed in terms
of the dimensionless ratios xS = (m
2
i +m
2
j)/q
2, xD = (m
2
j −m2i )/q2, xf = m2f/q2, xW = m2W /q2 and of
the combination λ = x2D − 2xS + 1. We recall that mf is the mass of the fermion of flavor f running in
the loop.
Due to their complexity we expand our results onto a basis of massive one-, two- and three-point scalar
integrals as
Fk(p, q,mf ) =
7∑
l=0
Clk Il (6.14)
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where
I0 = 1 , I4 = B0(q2,m2f ,m2f ) ,
I1 = A0(m2f )−A0(m2W ) , I5 = B0(q2,m2W ,m2W ) ,
I2 = B0(m2j ,m2f ,m2W ) , I6 = C0(m2j , q2,m2i ,m2f ,m2W ,m2W ) ,
I3 = B0(m2i ,m2f ,m2W ) , I7 = C0(m2j , q2,m2i ,m2W ,m2f ,m2f ) .
(6.15)
We give the explicit results for the renormalized form factors F1, F3, F4, F7, F8 and F11 while the
remaining six can be obtained exploiting the Ward identities derived in the previous section
F2 = −xD F1 ,
F5 = − 1
q2
F3 + x
2
D F4 +
x2D
m2W
F11 ,
F6 = −xD F4 − xD
2m2W
F11 ,
F9 = 2
xD
q2
F1 − 1
q2
F7 + x
2
D F8 −
xS xD
m2W
F11 ,
F10 = − 1
q2
F1 − xD F8 + xS
2m2W
F11 ,
F12 = −xD F11 . (6.16)
The coefficients Clk defining Fk in Eq.(6.14) are given by in the Appendix. A.11.
Finally we remark that the F3, F5, F7 and F9 form factors depend also from the parameter χ which appears
in the gravitational coupling of the φ± Goldstone bosons through the improved energy-momentum tensor.
6.6 Conclusions
We have presented the computation of the structure of the gravitational form factors of the Standard
Model fermions in the off-diagonal flavor sector. The analysis has been developed according to the
previous computation described in chapter 5 where we have discussed the electroweak corrections in the
flavor conserving case. The work presented in this chapter extends a previous investigation [115] of the
same flavor-changing vertex in which the external mass dependence had not been included.
Chapter 7
An effective dilaton from a scale
invariant extension of the Standard
Model
This chapter contains an extension of the analysis of the TV V vertices of the Standard Model to the
case of the JDV V correlator, where JD denotes the dilatation current. In particular we show that the
anomaly poles extracted from the correlators involving the energy-momentum tensor insertions are also
part of the JDV V vertices. It is natural to wonder what they mean. While in a gravitational context
such poles describe effective degrees of freedom of gravity which are present in the anomaly action, a
similar interpretation is also natural in the case of the dilatation current of the Standard Model. It
does not require a large extrapolation to note that in this case these effective degrees of freedom can
be identified with an effective dilaton. As we clarify, dilatons appear in certain field theories whenever
we spontaneously break an underlying dilatation symmetry but they can also be part of gravity in the
case of theories with extra dimensions. It is, in general, expected that the breaking of a dilatation
symmetry due to quantum effects should be associated with a Nambu-Goldstone mode that couples to
the divergence of the current of the broken symmetry. Our perturbative analysis, which borrows from
the previous chapters, shows that the signature of the anomalous breaking of the dilatation symmetry is
in the emergence of an anomaly pole in the JDV V vertex, interpreted as the exchange of a composite
state. We discuss the possible phenomenological implications of this result, which is the perturbative
manifestation of an anomalous coupling. This causes a strong enhancement of certain decay channels of
the associated resonance. We then proceed by showing how a mixing between this state and the Higgs
of the Standard Model may take place. We also briefly investigate the difference between the Higgs and
the dilaton couplings to the neutral currents in the various realization of the scale invariant extensions
of the Standard Model Lagrangian, in particular if these are based on the notion either of a classical or
of a quantum dilatation symmetry.
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7.1 Introduction
Dilatons are part of the low energy effective action of several different types of theories, from string
theory to theories with compactified extra dimensions, but they may appear also in appropriate bottom-
up constructions. For instance, in scale invariant extensions of the Standard Model, the introduction of
a dilaton field allows to recover scale invariance, which is violated by the Higgs potential, by introducing
a new, enlarged, Lagrangian. This is characterized both by a spontaneous breaking of the conformal and
of the electroweak symmetries.
In this case, one can formulate simple scale invariant extensions of the potential which can accomodate,
via spontaneous breakings, two separate scales: the electroweak scale (v), related to the vev of the Higgs
field, and the conformal breaking scale (Λ), related to the vev of a new field Σ = Λ+ ρ, with ρ being the
dilaton. The second scale can be fine-tuned in order to proceed with a direct phenomenological analysis
and is, therefore, of outmost relevance in the search for new physics at the LHC.
In a bottom-up approach, and this will be one of the main points that we will address in our analysis,
the dilaton of the effective scale invariant Lagrangian can also be interpreted as a composite scalar,
with the dilatation current taking the role of an operator which interpolates between this state and the
vacuum. We will relate this intepretation to the appearance of an anomaly pole in the correlation function
involving the dilatation current (JD) and two neutral currents (V, V
′) of the Standard Model, providing
evidence, in the ordinary perturbative picture, in favour of such a statement.
One of the main issues which sets a difference between the various types of dilatons is, indeed, the
contribution coming from the anomaly, which is expected to be quite large. Dilatons obtained from
compactifications with large extra dimensions and a low gravity scale, for instance, carry this coupling,
which is phenomenologically relevant. The same coupling is present in the case of an effective dilaton,
appearing as a Goldstone mode of the dilatation current, with some differences that we will specify in
a second part of our work. The analysis will be carried out in analogy to the pion case, which in a
perturbative picture is associated with the appearance of an anomaly pole in the AV V diagram.
This chapter is organized as follows. In a first part we will characterize the leading one-loop in-
teractions of a dilaton derived from a Kaluza-Klein compactification of the gravitational metric. The
setup is analogous to that presented in [26, 28] for a compactified theory with large extra dimensions
and it involves all the neutral currents of the Standard Model. We present also a discussion of the same
interaction in the QCD case for off-shell gluons.
These interactions are obtained by tracing the TV V ′ vertex, given in the previous chapters, with T
denoting the (symmetric and conserved) energy-momentum tensor (EMT) of the Standard Model. This
study is accompanied by an explicit proof of the renormalizability of these interactions in the case of a
conformally coupled Higgs scalar.
In a second part then we turn our discussion towards models in which dilatons are introduced from
the ground up, starting with simple examples which should clarify - at least up to operators of dimension
4 - how one can proceed with the formulation of scale invariant extensions of the Standard Model. We
illustrate the nature of the coupling of the dilaton to the mass dependent terms of the corresponding
Lagrangian. The goal is to clarify that a fundamental (i.e. not a composite) dilaton, in a classical scale
7.1 Introduction 121
invariant extension of a given Lagrangian, does not necessarily couple to the anomaly, but only to massive
states, exactly as in the Higgs case. For an effective dilaton, instead, the Lagrangian, derived at tree level
on the basis of classical scale invariance, as for a fundamental dilaton, which needs to be modified with
the addition of an anomalous contribution, due to the composite nature of the scalar, in close analogy to
the pion case.
As we are going to show, if the dilaton is a composite state, identified with the anomaly pole of the
JDV V correlator, an infrared coupling of this pole (i.e. a nonzero residue) is necessary in order to claim
the presence of an anomaly enhancement in the V V decay channel, with the V V denoting on-shell physical
asymptotic states, in a typical S-matrix approach. Here our reasoning follows quite closely the chiral
anomaly case, where the anomaly pole of the AV V diagram, which describes the pion exchange between
the axial vector (A) and the vector currents, is infrared coupled only if V denote physical asymptotic
states.
Clearly, our argument relies on a perturbative picture and is, in this respect, admittedly limited,
forcing this issue to be resolved at experimental level, as in the pion case. We recall that in the pion the
enhancement is present in the di-photon channel and not in the 2-gluon decay channel.
Perturbation theory, in any case, allows to link the enhancement of a certain dilaton production/decay
channel, to the virtuality of the gauge currents in the initial or the final state.
7.1.1 The energy momentum tensor
We start with a brief summary of the structure of the Standard Model interactions with a 4D gravitational
background, which is convenient in order to describe both the coupling of the dilaton, coming from
the compactification of extra dimensions, and of a graviton at tree level and at higher orders. In the
background metric gµν the action takes the form
S = SG + SSM + SI = − 1
κ2
∫
d4x
√−g R +
∫
d4x
√−gLSM + χ
∫
d4x
√−g RH†H , (7.1)
where κ2 = 16πGN , with GN being the four dimensional Newton’s constant and H is the Higgs doublet.
We use the convention ηµν = (1,−1,−1,−1) for the metric in flat spacetime, parameterizing its deviations
from the flat case as
gµν(x) ≡ ηµν + κhµν(x) , (7.2)
with the symmetric rank-2 tensor hµν(x) accounting for its fluctuations. In this limit, the coupling of
the Lagrangian to gravity is given by the term
Lgrav(x) = −κ
2
T µν(x)hµν (x). (7.3)
In the case of theories with extra spacetime dimensions the structure of the corresponding Lagrangian
can be found in [26, 28]. For instance, in the case of a compactification over a S1 circle of a 5-dimensional
theory to 4D, equation (7.3) is modified in the form
Lgrav(x) = −κ
2
T µν(x) (hµν(x) + ρ(x) ηµν ) (7.4)
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which is sufficient in order to describe dilaton (ρ) interactions with the fields of the Standard Model at
leading order in κ, as in our case. In this case the graviscalar field ρ is related to the g55 component of
the 5D metric and describes its massless Kaluza-Klein mode. The compactification generates an off-shell
coupling of ρ to the trace of the symmetric EMT.
The derivation of the complete dilaton/gauge/gauge vertex in the Standard Model requires the com-
putation of the trace of the EMT T µµ (for the tree-level contributions), and of a large set of 1-loop
3-point functions. These are diagrams characterized by the insertion of the trace into 2-point functions
of gauge currents. The full EMT is given by a minimal tensor T µνMin (without improvement) and by a
term of improvement, T µνI , originating from SI . We refer to chapter 4 for the details.
7.2 One loop electroweak corrections to dilaton-gauge-gauge ver-
tices
In this section we will present results for the structure of the radiative corrections to the dilaton-gauge-
gauge vertices in the case of two photons, photon/Z and ZZ gauge currents. The list of the relevant tree
level interactions extracted from the SM Lagrangian, which have been used in the computation of these
corrections, can be obtained from the vertices included in Appendix A.2 upon contraction with the metric
tensor and with the replacement κ/2→ 1/Λ. We identify three classes of contributions, denoted as A, Σ
and ∆, with the A-term coming from the conformal anomaly while the Σ and ∆ terms are related to the
exchange of fermions, gauge bosons and scalars (Higgs/goldstones). The separation between the anomaly
part and the remaining terms is typical of the TV V ′ interaction. In particular one can check that in a
mass-independent regularization scheme, such as Dimensional Regularization with minimal subtraction,
this separation can be verified at least at one loop level and provides a realization of the (anomalous)
conformal Ward identity
Γαβ(z, x, y) ≡ ηµν
〈
T µν(z)V α(x)V β(y)
〉
=
δ2A(z)
δAα(x)δAβ(y)
+
〈
T µµ(z)V
α(x)V β(y)
〉
, (7.5)
where we have denoted by A(z) the anomaly and Aα the gauge sources coupled to the current V α.
Notice that in the expression above Γαβ denotes a generic dilaton/gauge/gauge vertex, which is obtained
form the TV V ′ vertex by tracing the spacetime indices µν. A simple way to test the validity of (7.5)
is to compute the renormalized vertex 〈T µνV αV ′β〉 (i.e. the graviton/gauge/gauge vertex) and perform
afterwards its 4-dimensional trace. This allows to identify the left-hand-side of this equation. On the
other hand, the insertion of the trace of T µν (i.e. T µµ )into a two point function V V
′, allows to identify
the second term on the right-hand-side of (7.5), 〈T µµ (z)V α(x)V β(y)〉. The difference between the two
terms so computed can be checked to correspond to the A-term, obtained by two differentiations of the
anomaly functional A. We recall that, in general, when scalars are conformally coupled, this takes the
form
A(z) =
∑
i
βi
2gi
Fαβi (z)F
i
αβ(z) + ... , (7.6)
where βi are clearly the mass-independent β functions of the gauge fields and gi the corresponding coupling
constants, while the ellipsis refer to curvature-dependent terms.We present explicit results starting for
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the ρV V ′ vertices (V, V ′ = γ, Z), denoted as ΓαβV V ′ , which are decomposed in momentum space in the
form
ΓαβV V ′(k, p, q) = (2 π)
4 δ(k − p− q) i
Λ
(Aαβ(p, q) + Σαβ(p, q) + ∆αβ(p, q)) , (7.7)
where
Aαβ(p, q) =
∫
d4x d4y eip·x+iq·y
δ2A(0)
δAα(x)δAβ(y)
(7.8)
and
Σαβ(p, q) + ∆αβ(p, q) =
∫
d4x d4y eip·x+iq·y
〈
T µµ(0)V
α(x)V β(y)
〉
. (7.9)
We have denoted with Σαβ the cut vertex contribution to ΓαβρV V ′ , while ∆
αβ includes the dilaton-Higgs
mixing on the dilaton line, as shown in Fig. 7.3. Notice that Σαβ and ∆αβ take contributions in two
cases, specifically if the theory has an explicit (mass dependent) breaking and/or if the scalar - which
in this case is the Higgs field - is not conformally coupled. The Aαβ(p, q) term represents the conformal
anomaly while Λ is dilaton interaction scale.
7.2.1 The ργγ vertex
The interaction between a dilaton and two photons is identified by the diagrams in Figs. 7.1,7.2,7.3 and
is summarized by the expression
Γαβγγ (p, q) =
i
Λ
[
Aαβ(p, q) + Σαβ(p, q) + ∆αβ(p, q)
]
, (7.10)
with the anomaly contribution given by
Aαβ = α
π
[
− 2
3
∑
f
Q2f +
5
2
+ 6χ
]
uαβ(p, q)
χ→ 1
6= −2 βe
e
uαβ(p, q) , (7.11)
where
uαβ(p, q) = (p · q)ηαβ − qαpβ , (7.12)
and the explicit scale-breaking term Σαβ which splits into
Σαβ(p, q) = ΣαβF (p, q) + Σ
αβ
B (p, q) + Σ
αβ
I (p, q) . (7.13)
We obtain for the on-shell photon case (p2 = q2 = 0)
ΣαβF (p, q) =
α
π
∑
f
Q2fm
2
f
[
4
s
+ 2
(
4m2f
s
− 1
)
C0
(
s, 0, 0,m2f ,m
2
f ,m
2
f
)]
uαβ(p, q) ,
ΣαβB (p, q) =
α
π
[
6M2W
(
1− 2M
2
W
s
)
C0(s, 0, 0,M2W ,M2W ,M2W )− 6
M2W
s
− 1
]
uαβ(p, q) ,
ΣαβI (p, q) =
α
π
6χ
[
2M2WC0
(
s, 0, 0,M2W ,M
2
W ,M
2
W
)
uαβ(p, q)
− M2W
s
2
C0(s, 0, 0,M2W ,M2W ,M2W ) ηαβ
]
, (7.14)
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while the mixing contributions are given by
∆αβ(p, q) =
α
π(s−M2H)
6χ
{
2
∑
f
Q2fm
2
f
[
2 + (4m2f − s)C0(s, 0, 0,m2f ,m2f ,m2f )
]
+ M2H + 6M
2
W + 2M
2
W (M
2
H + 6M
2
W − 4s)C0(s, 0, 0,M2W ,M2W ,M2W )
}
uαβ(p, q)
+
α
π
3χsM2W C0(s, 0, 0,M2W ,M2W ,M2W )ηαβ , (7.15)
with α the fine structure constant. The scalar integrals are defined in Appendix A.3. The Σ’s and ∆ terms
are the contributions obtained from the insertion on the photon 2-point function of the trace of the EMT,
T µµ. Notice that ΣI includes all the trace insertions which originate from the terms of improvement TI
except for those which are bilinear in the Higgs-dilaton fields and which have been collected in ∆. The
analysis of the Ward and Slavnov-Taylor identities for the graviton-vector-vector correlators shows that
these can be consistently solved only if we include the graviton-Higgs mixing on the graviton line.
We have included contributions proportional both to fermions (F ) and boson (B) loops, beside the ΣI .
A conformal limit on these contributions can be performed by sending to zero all the mass terms, which
is equivalent to sending the vev v to zero and requiring a conformal coupling of the Higgs (χ = 1/6). In
the v → 0 limit, but for a generic parameter χ, we obtain
lim
v→0
(
Σαβ +∆αβ
)
= lim
v→0
(
ΣαβB +Σ
αβ
I
)
=
α
π
(6χ− 1)uαβ(p, q), (7.16)
which, in general, is non-vanishing. Notice that, among the various contributions, only the exchange of
a boson or the term of improvement contribute in this limit and their sum vanishes only if the Higgs is
conformally coupled (χ = 16 ).
Finally, we give the decay rate of the dilaton into two on-shell photons in the simplified case in which
we remove the term of improvement by sending χ→ 0
Γ(ρ→ γγ) = α
2m3ρ
256Λ2 π3
∣∣∣∣β2 + βY − [2 + 3 xW + 3 xW (2− xW ) f(xW )] + 83 xt [1 + (1− xt) f(xt)]
∣∣∣∣2 ,
(7.17)
where the contributions to the decay, beside the anomaly term, come from the W and the fermion (top)
loops and β2(= 19/6) and βY (= −41/6) are the SU(2) and U(1) β functions respectively. Here, as well
as in the other decay rates evaluated all through this chapter, the xi are defined as
xi =
4m2i
m2ρ
, (7.18)
with the index ”i” labelling the corresponding massive particle, and xt denoting the contribution from
the top quark, which is the only massive fermion running in the loop. The function f(x) is given by
f(x) =
arcsin
2( 1√
x
) , if x ≥ 1
− 14
[
ln 1+
√
1−x
1−√1−x − i π
]2
, if x < 1.
(7.19)
which originates from the scalar three-point master integral through the relation
C0(s, 0, 0,m
2,m2,m2) = −2
s
f(
4m2
s
) . (7.20)
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7.2.2 The ργZ vertex
The interaction between a dilaton, a photon and a Z boson is described by the ΓαβγZ correlation function
(Figs. 7.1,7.2,7.3). In the on-shell case, with the kinematic defined by
p2 = 0 q2 =M2Z k
2 = (p+ q)2 = s , (7.21)
the vertex ΓαβγZ is expanded as
ΓαβγZ =
i
Λ
[
Aαβ(p, q) + Σαβ(p, q) + ∆αβ(p, q)
]
=
i
Λ
{ [
1
2
(
s−M2Z
)
ηαβ − qα pβ
]
(AγZ +ΦγZ(p, q)) + ηαβ ΞγZ(p, q)
}
. (7.22)
The anomaly contribution is
AγZ = α
π swcw
−1
3
∑
f
Cfv Qf +
1
12
(37− 30s2w) + 3χ (c2w − s2w)
 , (7.23)
where sw and cw to denote the sine and cosine of the θ-Weinberg angle. Here ∆
αβ is the external leg
correction on the dilaton line and the form factors Φ(p, q) and Ξ(p, q) are introduced to simplify the
computation of the decay rate and decomposed as
ΦγZ(p, q) = Φ
Σ
γZ(p, q) + Φ
∆
γZ(p, q) ,
ΞγZ(p, q) = Ξ
Σ
γZ(p, q) + Ξ
∆
γZ(p, q) , (7.24)
in order to distinguish the contributions to the external leg corrections (∆) from those to the cut vertex
(Σ). They are given by
ΦΣγZ(p, q) =
α
π sw cw
{∑
f
Cfv Qf
[
2m2f
s−M2Z
+
2m2f M
2
Z
(s−M2Z)2
D0(s,M2Z ,m2f ,m2f )
−m2f
(
1− 4m
2
f
s−M2Z
)
C0(s, 0,M2Z,m2f ,m2f ,m2f )
]
−
[
M2Z
2 (s−M2Z)
(12 s4w − 24 s2w + 11)
M2Z
2 (s−M2Z)2
[
2M2Z
(
6 s4w − 11 s2w + 5
)
− 2 s2w s+ s
]
D0(s,M2Z ,M2W ,M2W )
+
M2Z c
2
w
s−M2Z
[
2M2Z
(
6 s4w − 15 s2w + 8
)
+ s
(
6 s2w − 5
) ] C0(s, 0,M2Z ,M2W ,M2W ,M2W )
]
+
3χ (c2w − s2w)
s−M2Z
[
M2Z + s
(
2M2W C0(s, 0,M2Z ,M2W ,M2W ,M2W ) +
M2Z
s−M2Z
D0(s,M2Z ,M2W ,M2W )
)]}
,
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ΞΣγZ(p, q) =
α
π
{
− cwM
2
Z
sw
B0(0,M2W ,M2W ) + 3 s χ s2wM2Z C0(s, 0,M2Z ,M2W ,M2W ,M2W )
}
,
Φ∆γZ(p, q) =
3α sχ
πswcw(s−M2H)(s−M2Z)
{
2
∑
f
m2fC
f
vQf
[
2 + 2
M2Z
s−M2Z
D0(s,M2Z ,m2f ,m2f )
+(4m2f +M
2
Z − s)C0(s, 0,M2Z,m2f ,m2f ,m2f )
]
+M2H(1− 2s2w) + 2M2Z(6s4w − 11s2w + 5)
+
M2Z
s−M2Z
(M2H(1− 2s2w) + 2M2Z(6s4w − 11s2w + 5))D0(s,M2Z ,M2W ,M2W )
+2M2WC0(s, 0,M2Z ,M2W ,M2W ,M2W )(M2H(1− 2s2w) + 2M2Z(6s4w − 15s2w + 8) + 2s(4s2w − 3))
}
Ξ∆γZ(p, q) =
3αsχ cw
π sw
M2Z
{
2
s−M2H
B0(0,M2W ,M2W )− s2wC0(s, 0,M2Z ,M2W ,M2W ,M2W )
}
. (7.25)
As for the previous case, we give the decay rate in the simplified limit χ→ 0 which is easily found to
be
Γ(ρ→ γZ) = 9m
3
ρ
1024Λ2 π
√
1− xZ
(
|ΦΣγZ |2(p, q)m4ρ (xZ − 4)2
+ 48Re
{
ΦΣγZ(p, q) Ξ
Σ ∗
γZ (p, q)m
2
ρ (xZ − 4)
}− 192 |ΞΣγZ|2(p, q)) , (7.26)
where Re is the symbol for the real part.
7.2.3 The ρZZ vertex
The expression for the ΓαβZZ vertex (Figs. 7.1,7.2,7.3) defining the ρZZ interaction is presented here in the
kinematical limit given by k2 = (p+ q)2 = s, p2 = q2 =M2Z with two on-shell Z bosons. The completely
cut correlator takes contributions from a fermion sector, aW gauge boson sector, a Z−H sector together
with a term of improvement. There is also an external leg correction ∆αβ on the dilaton line which is
much more involved than in the previous cases because there are contributions coming from the minimal
EMT and from the improved EMT .
At one loop order we have
ΓαβZZ(p, q) ≡
i
Λ
[Aαβ(p, q) + Σαβ(p, q) + ∆αβ(p, q)]
=
i
Λ
{[(s
2
−M2Z
)
ηαβ − qα pβ
] (AZZ +ΦΣZZ(p, q) + Φ∆ZZ(p, q))+ ηαβ (ΞΣZZ(p, q) + Ξ∆ZZ(p, q))
}
,
(7.27)
where again Σ stands for the completely cut vertex and ∆ for the external leg corrections and we have
introduced for convenience the separation
ΦΣZZ(p, q) = Φ
F
ZZ(p, q) + Φ
W
ZZ(p, q) + Φ
ZH
ZZ (p, q) + Φ
I
ZZ(p, q) ,
ΞΣZZ(p, q) = Ξ
F
ZZ(p, q) + Ξ
W
ZZ(p, q) + Ξ
ZH
ZZ (p, q) + Ξ
I
ZZ(p, q) . (7.28)
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Figure 7.1: Amplitudes of triangle topology contributing to the ργγ, ργZ and ρZZ interactions. They
include fermion (F ), gauge bosons (B) and contributions from the term of improvement (I). Diagrams
(a)-(g) contribute to all the three channels while (h)-(k) only in the ρZZ case.
The form factors are given in [119], while here we report only the purely anomalous contribution
AZZ = α
6πc2ws
2
w
−∑
f
(
Cfa
2
+ Cfv
2
)
+
60 s6w − 148 s2w + 81
4
− 7
4
+ 18χ
[
1− 2 s2w c2w
] . (7.29)
Finally, we give the decay rate expression for the ρ→ ZZ process. At leading order it can be computed
from the tree level amplitude
Mαβ(ρ→ ZZ) = 2
Λ
M2Z η
αβ , (7.30)
and it is given by
Γ(ρ→ ZZ) = m
3
ρ
32 πΛ2
(1− xZ)1/2
[
1− xZ + 3
4
x2Z
]
. (7.31)
Including the one-loop corrections defined in Eq.(7.27), one gets the decay rate at next-to-leading order
Γ(ρ→ ZZ) = m
3
ρ
32 πΛ2
√
1− xZ
{
1− xZ + 3
4
x2Z +
3
xZ
[
4Re {ΦΣZZ(p, q)}(1− xZ +
3
4
x2Z)
− Re {ΞΣZZ(p, q)}m2ρ
(
3
4
x3Z −
3
2
x2Z
)]}
. (7.32)
7.2.4 Renormalization of dilaton interactions in the broken electroweak phase
In this section we address the renormalization properties of the correlation functions given above. Al-
though the proof is quite cumbersome, one can check, from our previous results, that the 1-loop renor-
malization of the Standard Model Lagrangian is sufficient to cancel all the singularities in the cut vertices
independently of whether the Higgs is conformally coupled or not. Concerning the uncut vertices, in-
stead, the term of improvement plays a significant role in the determination of Green functions which are
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Figure 7.2: Bubble and tadpole-like diagrams for ργγ ργZ and ρZZ. Amplitudes (l)-(q) contribute only
in the ρZZ channel.
ultraviolet finite. In particular such a term has to appear with χ = 1/6 in order to guarantee the can-
cellation of a singularity present in the one-loop two-point function describing the Higgs dilaton mixing
(ΣρH). The problem arises only in the Γ
αβ
ZZ correlator, where the Σρ,H two-point function is present as
an external leg correction on the dilaton line.
The finite parts of the counterterms are determined in the on-shell renormalization scheme which is
widely used in the electroweak theory. From the counterterm Lagrangian we compute the corresponding
counterterm to the trace of the EMT. As we have already mentioned, one can also verify from the explicit
computation that the terms of improvement, in the conformally coupled case, are necessary to renormalize
the vertices containing an intermediate scalar with an external bilinear mixing (dilaton/Higgs). The
counterterm vertices for the correlators with a dilaton insertion are
δ[ργγ]αβ = 0 (7.33)
δ[ργZ]αβ = − i
Λ
δZZγ M
2
Z η
αβ , (7.34)
δ[ρZZ]αβ = −2 i
Λ
(M2Z δZZZ + δM
2
Z) η
αβ , (7.35)
where the counterterm coefficients are defined in terms of the 2-point functions of the fundamental fields
as
δZZγ = 2
ΣγZT (0)
M2Z
, δZZZ = −Re∂Σ
ZZ
T (k
2)
∂k2
∣∣∣∣
k2=M2
Z
, δM2Z = ReΣ
ZZ
T (M
2
Z) , (7.36)
and are defined in Appendix A.8.1. It follows then that the ργγ interaction must be finite, as one can
find by a direct inspection of the Γαβγγ vertex, while the others require the subtraction of their divergences.
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Figure 7.3: External leg corrections. Diagrams (b) and (c) appear only in the ρZZ sector.
These counterterms are sufficient to remove the divergences of the completely cut graphs which do
not contain a bilinear mixing, once we set on-shell the external gauge lines. This occurs both for those
diagrams which do not involve the terms of improvement and for those involving TI . Regarding those
contributions which involve the bilinear mixing on the external dilaton line we encounter two different
situations.
In the ργZ vertex the insertion of the bilinear mixing ρH generates a reducible diagram of the form
Higgs/photon/Z whose renormalization is guaranteed, within the Standard Model, by the use of the
Higgs/photon/Z counterterm
δ[HγZ]αβ =
eMZ
2swcw
δZZγ η
αβ . (7.37)
As a last case, we discuss the contribution to ρZZ coming from the bilinear mixing, already mentioned
above. The corrections on the dilaton line involve the dilaton/Higgs mixing ΣρH , the Higgs self-energy
ΣHH and the term of improvement ∆
αβ
I ,HZZ , which introduces the Higgs/Z/Z vertex (or HZZ) of the
Standard Model. The Higgs self-energy and the HZZ vertex, in the Standard Model, are renormalized
with the usual counterterms
δ[HH ](k2) = (δZH k
2 −M2HδZH − δM2H) , (7.38)
δ[HZZ]αβ =
eMZ
sw cw
[
1 + δZe +
2s2w − c2w
c2w
δsw
sw
+
1
2
δM2W
M2W
+
1
2
δZH + δZZZ
]
ηαβ , (7.39)
where
δZH = −Re∂ΣHH(k
2)
∂k2
∣∣∣∣
k2=M2
H
, δM2H = ReΣHH(M
2
H) , δZe = −
1
2
δZγγ +
sw
2cw
δZZγ ,
δsw = − c
2
w
2sw
(
δM2W
M2W
− δM
2
Z
M2Z
)
, δM2W = ReΣ
WW
T (M
2
W ) , δZγγ = −
∂ΣγγT (k
2)
∂k2
∣∣∣∣
k2=0
. (7.40)
The self-energy ΣρH is defined by the minimal contribution generated by TMin
µ
µ and by a second term
derived from TI
µ
µ. This second term, with the conformal coupling χ =
1
6 , is necessary in order to
ensure the renormalizability of the dilaton/Higgs mixing. In fact, the use of the minimal EMT in the
computation of this self-energy involves a divergence of the form
δ[ρH ]Min = −4 i
Λ
δt , (7.41)
with δt fixed by the condition of cancellation of the Higgs tadpole Tad (δt+ Tad = 0). A simple analysis
of the divergences in ΣMin, ρH shows that the counterterm given in Eq. (7.41) is not sufficient to remove
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Figure 7.4: QCD vertices at next-to-leading order. In the on-shell gluon case only diagram (a)contributes.
all the singularities of this correlator unless we also include the renormalization originating from the term
of improvement which is given by
δ[ρH ]I(k) = − i
Λ
6χ v
[
δv +
1
2
δZH
]
k2 , with χ =
1
6
, (7.42)
and
δv = v
(
1
2
δM2W
M2W
+
δsw
sw
− δZe
)
. (7.43)
One can show explicitly that this counterterm indeed ensures the finiteness of ΣρH .
7.3 The off-shell dilaton-gluon-gluon vertex in QCD
After a discussion of the leading corrections to the vertices involving one dilaton and two electroweak
currents we investigate the interaction of a dilaton and two gluons beyond leading order, giving the
expression of the full off-shell vertex. The corresponding interaction with two on-shell gluons has been
computed in [28] and is simply given by the contribution of the anomaly and of the quark loop.
We show in Fig. 7.4 a list of the NLO QCD contributions to dilaton interactions. As we have just
mentioned, in the two-gluon on-shell case one can show by an explicit computation that each of these
contributions vanishes, except for diagram (a), which is nonzero when a massive fermion runs in the loop.
For this specific reason, in the parton model, the production of the dilaton in pp collisions at the LHC is
mediated by the diagram of gluon fusion, which involves a top quark in a loop.
We find convenient to express the result of the off-shell Γαβgg vertex in the form
Γαβgg (p, q) =
i
Λ
{
A00(p, q)ηαβ +A11(p, q)pαpβ +A22(p, q)qαqβ + A12(p, q)pαqβ +A21(p, q)qαpβ
}
, (7.44)
where Aij(p, q) = Aijg (p, q) +A
ij
q (p, q) which are diagonal (∝ δab) in color space.
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After an explicit computation, we find
A00g (p, q) = −δab
g2NC
16π2
{
2
(
p2 + q2 +
11
3
p · q
)
+ (p2 − q2)
[
B0(p2, 0, 0)− B0(q2, 0, 0)
]
+
(
p4 + q4 − 2(p2 + q2)p · q − 6p2q2) C0((p+ q)2, p2, q2, 0, 0, 0)} ,
A11g (p, q) = A
22
g (q, p) = δab
g2NC
16 π2
{
2 +
1
p · q2 − p2 q2
[
(p+ q)2 p · qB0((p+ q)2, 0, 0)
−p2 (q2 + p · q)B0(p2, 0, 0)− (2p · q2 − p2 q2 + p · q q2)B0(q2, 0, 0)
+
(
p2 q2(5q2 − p2) + 2p · q2(p2 + p · q − 2 q2)) C0((p+ q)2, p2, q2, 0, 0, 0)]} ,
A12g (p, q) = δab
g2NC
4π2
p · q C0((p+ q)2, p2, q2, 0, 0, 0) ,
A21g (p, q) = δab
g2NC
24 π2
{
11 +
3
2
1
p · q2 − p2 q2 (p
2 + q2)
[
(p2 + p · q)B0(p2, 0, 0)
+(q2 + p · q)B0(q2, 0, 0)− (p+ q)2B0((p+ q)2, 0, 0)
− (p · q(p2 + 4p · q + q2)− 2 p2 q2) C0((p+ q)2, p2, q2, 0, 0, 0)]} ,
A00q (p, q) = δab
g2
8π2
nf∑
i=1
{
2
3
p · q − 2m2i +
m2i
p · q2 − p2q2
[
p2
(
p · q + q2)B0(p2,m2i ,m2i )
+ q2
(
p2 + p · q)B0(q2,m2i ,m2i )− (p2 (p · q + 2q2)+ p · q q2)B0((p+ q)2,m2i ,m2i )
− (p2q2 (p2 + q2 − 4m2i )+ 4m2i p · q2 + 4p2 q2 p · q − 2 p · q3) C0((p+ q)2, p2, q2,m2i ,m2i ,m2i )]},
A11q (p, q) = A
22
q (q, p) = δab
g2
8 π2
nf∑
i=1
2m2i q
2
p · q2 − p2q2
{
− 2 + 1
p · q2 − p2q2
[ (
q2
(
p2 + 3 p · q)
+ 2 p · q2)B0(q2,m2i ,m2i ) + (p2 (3 p · q + q2)+ 2p · q2)B0(p2,m2i ,m2i )
− (p2 (3 p · q + 2q2)+ p · q (4 p · q + 3q2))B0((p+ q)2,m2i ,m2i )
− (2 p · q2 (2m2i + p2 + q2)+ p2q2 (p2 + q2 − 4m2i ) )
+ 4p2q2 p · q + 2 p · q3)C0((p+ q)2, p2, q2,m2i ,m2i ,m2i )]},
A12q (p, q) = δab
g2
8 π2
nf∑
i=1
2m2i p · q2
p · q2 − p2q2
{
2 +
1
p · q2 − p2q2
[
− (q2 (p2 + 3 p · q)+ 2 p · q2)B0(q2,m2i ,m2i )
− (p2 (3 p · q + q2)+ 2 p · q2)B0(p2,m2i ,m2i ) + (p2 (3 p · q + 2q2)+ p · q (4 p · q + 3q2))
× B0((p+ q)2,m2i ,m2i ) +
(
2 p · q2 (2m2i + p2 + q2)+ p2q2 (p2 + q2 − 4m2i )
+ 4 p2 q2 p · q + 2 p · q3) C0((p+ q)2, p2, q2,m2i ,m2i ,m2i )]},
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A21q (p, q) = δab
g2
8 π2
nf∑
i=1
{
− 2
3
+
2m2i p · q
p · q − p2q2 +
m2i
(p · q − p2q2)2
[
− p2 (q2 (2p2 + 3 p · q)+ p · q2)
× B0(p2,m2i ,m2i )− q2
(
p2
(
3 p · q + 2q2)+ p · q2)B0(q2,m2i ,m2i ) + (2p4q2 + p2 (6 p · q q2
+ p · q2 + 2q4)+ p · q2q2)B0((p+ q)2,m2i ,m2i ) + p · q (p2q2 (3p2 + 3q2 − 4m2i )
+ 4m2i p · q2 + 8p2 q2 p · q − 2 p · q3
) C0((p+ q)2, p2, q2,m2i ,m2i ,m2i )]}, (7.45)
where NC is the number the color, nf is the number of flavor and mi the mass of the quark. In the
on-shell gluon case, Eq.(7.44) reproduces the same interaction responsible for Higgs production at LHC
augmented by an anomaly term. This is given by
Γαβgg (p, q) =
i
Λ
Φ(s)uαβ(p, q) , (7.46)
with uαβ(p, q) defined in Eq.(7.12), and with the gluon/quark contributions included in the Φ(s) form
factor (s = k2 = (p+ q)2)
Φ(s) = −δab g
2
24 π2
{
(11NC − 2nf ) + 12
nf∑
i=1
m2i
[
1
s
− 1
2
C0(s, 0, 0,m2i ,m2i ,m2i )
(
1− 4m
2
i
s
)]}
, (7.47)
where the first mass independent terms represent the contribution of the anomaly, while the others are
the explicit mass corrections.
The decay rate of a dilaton in two gluons can be evaluated from the on-shell limit in Eq.(7.46) and it is
given by
Γ(ρ→ gg) = α
2
sm
3
ρ
32 π3Λ2
∣∣∣∣βQCD + xt [1 + (1− xt) f(xt)] ∣∣∣∣2 , (7.48)
where we have taken the top quark as the only massive fermion and xi and f(xi) are defined in Eq. (7.18)
and Eq. (7.19) respectively. Moreover we have set βQCD = 11NC/3− 2nf/3 for the QCD β function.
7.4 Non-gravitational dilatons from scale invariant extensions
of the Standard Model
As we have pointed out in the introduction, a dilaton may appear in the spectrum of different extensions
of the Standard Model not only as a result of the compactification of extra spacetime dimensions, but
also as an effective state, related to the breaking of a dilatation symmetry. In this respect, notice that in
its actual formulation the Standard Model is not scale invariant, but can be such, at classical level, if we
slightly modify the scalar potential with the introduction of a dynamical field Σ that allows to restore
this symmetry and acquires a vacuum expectation value. This task is accomplished by the replacement
of every dimensionfull parameter m according to m → mΣΛ , where Λ is the classical conformal breaking
scale. In the case of the Standard Model, classical scale invariance can be easily accomodated with a
simple change of the scalar potential.
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This is defined, obviously, modulo a constant, therefore we may consider, for instance, two equivalent
choices
V1(H,H
†) = −µ2H†H + λ(H†H)2 = λ
(
H†H − µ
2
2λ
)2
− µ
4
4λ
V2(H,H
†) = λ
(
H†H − µ
2
2λ
)2
(7.49)
which gives two different scale invariant extensions
V1(H,H
†,Σ) = −µ
2Σ2
Λ2
H†H + λ(H†H)2
V2(H,H
†,Σ) = λ
(
H†H − µ
2Σ2
2λΛ2
)2
, (7.50)
where H is the Higgs doublet, λ is its dimensionless coupling constant, while µ has the dimension of
a mass and, therefore, is the only term involved in the scale invariant extension. More details of this
analysis can be found in the following section.
The invariance of the potential under the addition of constant terms, typical of any Lagrangian, is
lifted once we require the presence of a dilatation symmetry. Only the second choice (V2) guarantees
the existence of a stable ground state characterized by a spontaneously broken phase. In V2 we have
parameterized the Higgs, as usual, around the electroweak vev v as in Eq.(4.17), we have indicated with
Λ the vev of the dilaton field Σ = Λ + ρ, and we have set φ+ = φ = 0 in the unitary gauge.
The potential V2 has a massless mode due to the existence of a flat direction. Performing a diagonalization
of the mass matrix we define the two mass eigenstates ρ0 and h0, which are given by(
ρ0
h0
)
=
(
cosα sinα
− sinα cosα
)(
ρ
h
)
(7.51)
with
cosα =
1√
1 + v2/Λ2
sinα =
1√
1 + Λ2/v2
. (7.52)
We denote with ρ0 the massless dilaton generated by this potential, while h0 will describe a massive
scalar, interpreted as a new Higgs field, whose mass is given by
m2h0 = 2λv
2
(
1 +
v2
Λ2
)
with v2 =
µ2
λ
, (7.53)
and with m2h = 2λv
2 being the mass of the Standard Model Higgs. The Higgs mass, in this case, is
corrected by the new scale of the spontaneous breaking of the dilatation symmetry (Λ), which remains a
free parameter.
The vacuum degeneracy of the scale invariant model can be lifted by the introduction of extra (explicit
breaking) terms which give a small mass to the dilaton field Σ. To remove such degeneracy, one can
introduce, for instance, the term
Lbreak = 1
2
m2ρρ
2 +
1
3!
m2ρ
ρ3
Λ
+ . . . , (7.54)
where mρ represents the dilaton mass.
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It is clear that in this approach the coupling of the dilaton to the anomaly has to be added by hand.
The obvious question to address, at this point, is if one can identify in the effective action of the Standard
Model an effective state which may interpolate between the dilatation current of the same model and the
final state with two neutral currents, for example with two photons. The role of the following sections
will be to show rigorously that such a state can be identified in ordinary perturbation theory in the form
of an anomaly pole.
We will interpret this scalar exchange as a composite state whose interactions with the rest of the
Standard Model are defined by the conditions of scale and gauge invariance. In this respect, the Standard
Model Lagrangian, enlarged by the introduction of a potential of the form V2(H,H
†,Σ), which is expected
to capture the dynamics of this pseudo-Goldstone mode, could take the role of a workable model useful for
a phenomenological analysis. We will show rigorously that this state couples to the conformal anomaly
by a direct analysis of the JDV V correlator, in the form of an anomaly pole, with JD and V being the
dilatation and a vector current respectively. Usual polology arguments support the fact that a pole in
a correlation function is there to indicate that a specific state can be created by a field operator in the
Lagrangian of the theory, or, alternatively, as a composite particle of the same elementary fields.
Obviously, a perturbative hint of the existence of such intermediate state does not correspond to a
complete description of the state, in the same way as the discovery of an anomaly pole in the AV V
correlator of QCD (with A being the axial current) is not equivalent to a proof of the existence of the
pion. Nevertheless, massless poles extracted from the perturbative effective action do not appear for no
reasons, and their infrared couplings should trigger further phenomenological interest.
7.4.1 A classical scale invariant Lagrangian with a dilaton field
In this section we give an example in order to describe the construction of a scale invariant theory and
to clarify some of the issues concerning the coupling of a dilaton. In particular, the example has the goal
to illustrate that in a classical scale invariant extension of a given theory, the dilaton couples only to
operators which are mass dependent, and thus scale breaking, before the extension. We take the case of
a fundamental dilaton field (not a composite) introduced in this type of extensions.
A scale invariant extension of a given Lagrangian can be obtained if we promote all the dimensionfull
constants to dynamical fields. We illustrate this point in the case of a simple interacting scalar field
theory incorporating the Higgs mechanism. At a second stage we will derive the structure of the dilaton
interaction at order 1/Λ, where Λ is the scale characterizing the spontaneous breaking of the dilatation
symmetry.
Our toy model consists in a real singlet scalar with a potential of the kind of V2(φ) introduced in the
previous section,
L = 1
2
(∂φ)2 − V2(φ) = 1
2
(∂φ)2 +
µ2
2
φ2 − λ φ
4
4
− µ
4
4λ
, (7.55)
obeying the classical equation of motion
φ = µ2 φ− λφ3 . (7.56)
Obviously this theory is not scale invariant due to the appearance of the mass term µ. This feature is
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reflected in the trace of the EMT. Indeed the canonical EMT of such a theory and its trace are
T µνc (φ) = ∂
µφ∂νφ− 1
2
ηµν
[
(∂φ)2 + µ2 φ2 − λ φ
4
2
− µ
4
2λ
]
,
T µc µ(φ) = −(∂φ)2 − 2µ2 φ2 + λφ4 +
µ4
λ
. (7.57)
It is well known that the EMT of a scalar field can be improved in such a way as to make its trace
proportional only to the scale breaking parameter, i.e. the mass µ. This can be done by adding an extra
contribution T µνI (φ, χ) which is symmetric and conserved
T µνI (φ, χ) = χ
(
ηµνφ2 − ∂µ∂νφ2) , (7.58)
where the χ parameter is conveniently choosen. The combination of the canonical plus the improvement
EMT, T µν ≡ T µνc + T µνI has the off-shell trace
T µµ(φ, χ) = (∂φ)
2 (6χ− 1)− 2µ2 φ2 + λφ4 + µ
4
λ
+ 6χφφ . (7.59)
Using the equation of motion (7.56) and chosing χ = 1/6 the trace relation given above becomes propor-
tional uniquely to the scale breaking term µ
T µµ(φ, 1/6) = −µ2φ2 + µ
4
λ
. (7.60)
The scale invariant extension of the Lagrangian given in Eq.(7.55) is achieved by promoting the mass
terms to dynamical fields by the replacement
µ→ µ
Λ
Σ, (7.61)
obtaining
L = 1
2
(∂φ)2 +
1
2
(∂Σ)2 +
µ2
2Λ2
Σ2 φ2 − λφ
4
4
− µ
4
4λΛ4
Σ4 (7.62)
where we have used Eq.(7.61) and introduced a kinetic term for the dilaton Σ. Obviously, the new
Lagrangian is dilatation invariant, as one can see from the trace of the improved EMT
T µµ(φ,Σ, χ, χ
′) = (6χ− 1) (∂φ)2+(6χ′ − 1) (∂Σ)2+6χφφ+6χ′ΣΣ−2 µ
2
Λ2
Σ2 φ2+λφ4+
1
λ
µ4
Λ4
Σ4 ,
(7.63)
which vanishes upon using the equations of motion for the Σ and φ fields,
φ =
µ2
Λ2
Σ2 φ− λφ3 ,
Σ =
µ2
Λ2
Σφ2 − 1
λ
µ4
Λ4
Σ3 , (7.64)
and setting the χ, χ′ parameters at the special value χ = χ′ = 1/6.
As we have already discussed in section 7.4, the scalar potential V2 allows to perform the spontaneous
breaking of the scale symmetry around a stable minimum point, giving the dilaton and the scalar field
the vacuum expectation values Λ and v respectively
Σ = Λ + ρ , φ = v + h . (7.65)
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For our present purposes, it is enough to expand the Lagrangian (7.62) around the vev for the dilaton
field, as we are interested in the structure of the couplings of its fluctuation ρ
L = 1
2
(∂φ)2 +
1
2
(∂ρ)2 +
µ2
2
φ2 − λ φ
4
4
− µ
4
4λ
− ρ
Λ
(
−µ2 φ2 + µ
4
λ
)
+ . . . , (7.66)
where the ellipsis refer to terms that are higher order in 1/Λ. It is clear, from (7.60) and (7.66), that one
can write an dilaton Lagrangian at order 1/Λ, as
Lρ = (∂ρ)2 − ρ
Λ
T µµ(φ, 1/6) + . . . , (7.67)
where the equations of motion have been used in the trace of the energy momentum tensor. Expanding the
scalar field around v would render the previous equation more complicated and we omit it for definiteness.
We only have to mention that a mixing term ∼ ρ h shows up and it has to be removed diagonalizing
the mass matrix, switching from interaction to mass eigenstates exactly in the way we discussed in the
previous section.
It is clear, from this simple analysis, that a dilaton, in general, does not couple to the anomaly, but
only to the sources of explicit breaking of scale invariance, i.e. to the mass terms. The coupling of a
dilaton to an anomaly is, on the other hand, necessary, if the state is interpreted as a composite pseudo
Nambu-Goldstone mode of the dilatation symmetry. Thus, this coupling has to be introduced by hand,
in strict analogy with the chiral case.
7.4.2 The JDV V and TV V vertices
This effective degree of freedom emerges both from the spectral analysis of the TV V [12, 13], as we have
illustrated in the previous chapters, and, as we are now going to show, of the JDV V correlators, being
the two vertices closely related. We recall that the dilatation current can be defined as
JµD(z) = zνT
µν(z) with ∂ · JD = T µµ. (7.68)
The T µν has to be symmetric and on-shell traceless for a classical scale invariant theory, while includes,
at quantum level, the contribution from the trace anomaly together with the additional terms describing
the explicit breaking of the dilatation symmetry. The separation between the anomalous and the explicit
contributions to the breaking of dilatation symmetry is present in all the analysis that we have performed
on the TV V vertex in dimensional regularization. In this respect, the analogy between these types of
correlators and the AV V diagram of the chiral anomaly goes quite far, since in the AV V case such a
separation has been shown to hold in the Longitudinal/Transverse (L/T) solution of the anomalous Ward
identities [55, 126, 53]. This has been verified in perturbation theory in the same scheme.
We recall that the U(1)A current is characterized by an anomaly pole which describes the interaction
between the Nambu-Goldstone mode, generated by the breaking of the chiral symmetry, and the gauge
currents. In momentum space this corresponds to the nonlocal vertex
V λµνanom(k, p, q) =
kλ
k2
ǫµναβpαqβ + ... (7.69)
with k being the momentum of the axial-vector current and p and q the momenta of the two photons. In
the equation above, the ellipsis refer to terms which are suppressed at large energy. In this regime, this
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allows to distinguish the operator accounting for the chiral anomaly (i.e. −1 in coordinate space) from
the contributions due to mass corrections. Polology arguments can be used to relate the appearance of
such a pole to the pion state around the scale of chiral symmetry breaking.
To identify the corresponding pole in the dilatation current of the JDV V correlator at zero momentum
transfer, one can follow the analysis of [78], where it is shown that the appearance of the trace anomaly is
related to the presence of a superconvergent sum rule in the spectral density of this correlator. At nonzero
momentum transfer the derivation of a similar behaviour can be obtained by an explicit computation
of the spectral density of the TV V vertex [12] or of the entire correlator, as illustrated in the previous
chapters.
Using the relation between JµD and the EMT T
µν we introduce the JDV V correlator
ΓµαβD (k, p) ≡
∫
d4z d4x e−ik·z+ip·x
〈
JµD(z)V
α(x)V β(0)
〉
(7.70)
which can be related to the TV V correlator
Γµναβ(k, p) ≡
∫
d4z d4x e−ik·z+ip·x
〈
T µν(z)V α(x)V β(0)
〉
(7.71)
according to
ΓµαβD (k, p) = i
∂
∂kν
Γµναβ(k, p) . (7.72)
As we have already mentioned, this equation allows us to identify a pole term in the JDV V diagram
from the corresponding pole structure in the TV V vertex. In the following we recall the emergence of
the anomaly poles in the QED case. The same reasonings apply as well in all the gauge invariant sector
of the Standard Model.
7.4.3 The dilaton anomaly pole in the QED case
For definiteness, it is convenient to briefly review the characterization of the TV V vertex in the QED
case with a massive fermion which has been extensively discussed in chapter 2.
We recall that the first form factor, which introduces the anomalous trace contribution, for two on-shell
final state photons (s1 = s2 = 0) and a massive fermion, is given by
F1(s; 0, 0, m
2) = F1 pole +
e2m2
3 π2 s2
− e
2m2
3 π2 s
C0(s, 0, 0,m2,m2,m2)
[
1
2
− 2m
2
s
]
, (7.73)
where
F1 pole = − e
2
18 π2s
. (7.74)
In the massless fermion case two properties of this expansion are noteworthy: 1) the trace anomaly takes
contribution only from a single tensor structure (t1) and invariant amplitude (F1) which coincides with
the pole term; 2) the residue of this pole as s → 0 is nonzero, showing that the pole is coupled in the
infrared. Notice that the form factor F2, which in general gives a nonzero contribution to the trace in the
presence of mass terms, is multiplied by a tensor structure (t2) which vanishes when the two photons are
on-shell. Therefore, similarly to the case of the chiral anomaly, also in this case the anomaly is entirely
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Figure 7.5: Exchange of a dilaton pole mediated by the JDV V correlator.
given by the appearance of an anomaly pole. We stress that this result is found to be exact in dimensional
regularization, which is a mass independent scheme: at perturbative level, the anomalous breaking of
the dilatation symmetry, related to an anomaly pole in the spectrum of all the gauge-ivariant correlators
studied in this work, is separated from the sources of explicit breaking. The latter are related to the mass
parameters and/or to the gauge bosons virtualities p2 and q2.
To analyze the implications of the pole behaviour discussed so far for the TV V vertex and its connec-
tion with the JDV V correlator, we limit our attention on the anomalous contribution (F1 t
µναβ
1 ), which
we rewrite in the form
Γµναβpole (k, p) ≡ −
e2
18π2
1
k2
(
ηµνk2 − kµkν)uαβ(p, q) , q = k − p . (7.75)
This implies that the JDV V correlator acquires a pole as well
ΓµαβD pole = −i
e2
18π2
∂
∂kν
[
1
k2
(
ηµνk2 − kµkν)uαβ(p, k − p)] (7.76)
and acting with the derivative on the right hand side we finally obtain
ΓµαβD pole(k, p) = i
e2
6π2
kµ
k2
uαβ(p, k − p)− i e
2
18π2
1
k2
(
ηµνk2 − kµkν) ∂
∂kν
uαβ(p, k − p). (7.77)
Notice that the first contribution on the right hand side of the previous equation corresponds to an
anomaly pole, shown pictorially in Fig. 7.5. In fact, by taking a derivative of the dilatation current only
this term will contribute to the corresponding Ward identity
kµ Γ
µαβ
D (k, p) = i
e2
6π2
uαβ(p, k − p), (7.78)
which is the expression in momentum space of the usual relation ∂JD ∼ FF , while the second term
trivially vanishes. Notice that the pole in (7.78) has disappeared, and we are left just with its residue on
the r.h.s., or, equivalently, the pole is removed in Eq. (7.75) if we trace the two indices (µ, ν).
7.4.4 Mass corrections to the dilaton pole
The discussion of the mass corrections to the massless dilaton can follow quite closely the strategy adopted
in the pion case using partially conserved axial currents (PCAC) techniques. Also in this case, as for
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PCAC in the past, one can assume a partially conserved dilaton current (PCDC) in order to relate the
decay amplitude of the dilaton fρ to its mass mρ and to the vacuum energy.
For this goal we define the one-particle transition amplitudes for the dilatation current and the EMT
between the vacuum and a dilaton state with momentum pµ
〈0|JµD(x)|ρ, p〉 = −i fρ pµ e−ip·x
〈0|T µν(x)|ρ, p〉 = fρ
3
(
pµpν − ηµν p2) e−ip·x, (7.79)
both of them giving
∂µ〈0|JµD(x)|ρ, p〉 = ηµν〈0|T µν(x)|ρ, p〉 = −fρm2ρ e−ip·x. (7.80)
We introduce the dilaton interpolating field ρ(x) via a PCDC relation
∂µJ
µ
D(x) = −fρm2ρ ρ(x) (7.81)
with
〈0|ρ(x)|ρ, p〉 = e−ip·x (7.82)
and the matrix element
Aµ(q) =
∫
d4x eiq·x 〈0|T {JµD(x)Tαα(0)}|0〉, (7.83)
where T {. . .} denotes the time ordered product.
Using dilaton pole dominance we can rewrite the contraction of qµ with this correlator as
lim
qµ→0
qµAµ(q) = fρ 〈ρ, q = 0|Tαα(0)|0〉 , (7.84)
where the soft limit qµ → 0 with q2 ≫ m2ρ ∼ 0 has been taken.
At the same time the dilatation Ward identity on the amplitude Aµ(q) in Eq.(7.83) gives
qµAµ(q) = i
∫
d4x eiq·x
∂
∂xµ
〈0 |T {JµD(x)Tαα(0)}| 0〉
= i
∫
d4x eiq·x 〈0 |T {∂µJµD(x)Tαα(0)}| 0〉+ i
∫
d4x eiq·x δ(x0)
〈
0
∣∣[J0D(x), Tαα(0)]∣∣ 0〉 .
(7.85)
The commutator of the time component of the dilatation charge density and the trace of the EMT can
be rewritten as [
J0D(0,x), T
α
α(0)
]
= −iδ3(x) (dT + x · ∂)Tαα(0) (7.86)
where dT is the canonical dimension of the EMT (dT = 4). Inserting Eq.(7.86) in the Ward identity
(7.85) and neglecting the first term due to the nearly conserved dilatation current (mρ ∼ 0), we are left
with
qµAµ(q) = dT 〈0|Tαα(0)|0〉 . (7.87)
In the soft limit, with q2 ≫ m2ρ, comparing Eq.(7.84) and Eq.(7.87) we obtain
lim
qµ→0
qµAµ = fρ 〈ρ, q = 0|Tαα(0)|0〉 = dT 〈0|Tαα(0)|0〉 . (7.88)
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Introducing the vacuum energy density ǫvac =
〈
0|T 00 |0
〉
= 14 〈0|Tαα (0)|0〉 and using the relation in Eq.(7.80)
we have
〈ρ, p = 0|T µµ|0〉 = −fρm2ρ =
dT
fρ
ǫvac (7.89)
from which we finally obtain (dT = 4)
f2ρm
2
ρ = −16 ǫvac. (7.90)
This equation fixes the decay amplitude of the dilaton in terms of its mass and the vacuum energy. Notice
that ǫvac can be related both to the anomaly and possibly to explicit contributions of the breaking of the
dilatation symmetry since
ǫvac =
1
4
〈
0
∣∣∣∣β(g)2g FµνFµν
∣∣∣∣ 0〉+ ... (7.91)
where the ellipsis saturate the anomaly equation with extra mass-dependent contributions. In (7.91) we
have assumed, for simplicity, the coupling of the pole to a single gauge field, with a beta function β(g),
but obviously, it can be generalized to several gauge fields.
7.5 The infrared coupling of an anomaly pole and the anomaly
enhancement
It is easy to figure out from the results of the previous sections that the coupling of a (graviscalar) dilaton
to the anomaly causes a large enhancement of its 2-photons and 2-gluons decays. One of the features of
the graviscalar interaction is that its coupling includes anomalous contributions which are part both of
the two-photon and of the two-gluon cross sections. For this reason, if an enhancement respect to the
Standard Model rates is found only in one of these two channels and it is associated to the exchange of
a spin zero intermediate state, this result could be used to rule out the exchange of a graviscalar.
On the other hand, for an effective dilaton, identified by an anomaly pole in the JDV V correlator
of the Standard Model, the case is more subtle, since the coupling of this effective state to the anomaly
has to be introduced by hand. This state should be identified, in the perturbative picture, with the
corresponding anomaly pole. The situation, here, is closely similar to the pion case, where the anomalous
contribution to the pion-photon-photon vertex is added - a posteriori - to a Lagrangian which is otherwise
chirally symmetric. Also in the pion case the anomaly enhancement can be justified, in a perturbative
approach, by the infrared coupling of the anomaly pole of the AV V diagram.
In general, in the case of an effective dilaton, one is allowed to write down a Lagrangian which is
assumed to be scale invariant and, at a second stage, introduce the direct coupling of this state to the
trace anomaly. The possibility of coupling such a state to the photon and to the gluons or just to the
photons, for instance, is a delicate issue for which a simple perturbative approach is unable to offer a
definitive answer. For instance, if we insist that confinement does not allow us to have, in any case,
on-shell final state gluons, the two-gluon coupling of an effective dilaton, identified in the corresponding
JDV V correlator, should not be anomaly enhanced. In fact, with one or two off-shell final state gluons,
the residue of the anomaly pole in this correlator is zero. More comments on this issue can be found in
chapter 2 where the decoupling properties of the anomaly poles have been analyzed in detail.
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We feel, however, that a simple perturbative analysis may not be completely sufficient to decide
whether or not the coupling of such a state to the gluon anomaly takes place. On the other hand, there is
no doubt, by the same reason, that such a coupling should occur in the 2-photon case, being the photons
massless asymptotic states. In this case the corresponding anomaly pole of the JDγγ vertex is infrared
coupled.
Similar enhancements are present in the case of quantum scale invariant extensions of the Standard
Model [33], where one assumes that the spectrum of the theory is extended with new massive states
in order to set the β functions of the gauge couplings to vanish. In a quantum scale invariant theory
such as the one discussed in [33], the dilaton couples only to massive states, but the heavy mass limit
and the condition of the vanishing of the complete β functions, leave at low energy a dilaton interaction
proportional only to the β functions of the massless low energy states. We have commented on this
point in the following section. The ”remnant” low energy interaction is mass-independent and coincides
with that due to a typical anomalous coupling, although its origin is of different nature, since anomalous
contributions are genuinely mass-independent.
For this reason, the decays of a dilaton produced by such extensions carries ”anomaly like” enhance-
ments as in the graviscalar case. Obviously, such enhancements to the low energy states of the Standard
Model would also be typical of the decay of a Higgs field, which couples proportionally to the mass of
an intermediate state, if quantum scale invariance is combined with the decoupling of a heavy sector.
This, in general, causes an enhancement of the Higgs decay rates into photons and gluons. A partial
enhancement only of the di-photon channel could be accomplished, in this approach, by limiting the
above quantum scale invariant arguments only to the electroweak sector.
7.5.1 Quantum conformal invariance and dilaton couplings at low energy
We consider the situation in which all the SM fields are embedded in a (quantum) Conformal Field
Theory (CFT) extension [33] and we discuss the (loop-induced) couplings of the dilaton to the massless
gauge bosons. At tree level the dilaton of [33] couples to the SM fields only through their masses, as
the fundamental dilaton which we have discussed previously, and, in this respect, it behaves like the SM
Higgs, without scale anomaly contributions. For this reason the dilaton interaction with the massless
gauge bosons is induced by quantum effects mediated by heavy particles running in the loops (in this
context heavier or lighter is referred to the dilaton mass), and not by anomalous terms. When the mass
mi of the particle running in the loop is much greater than the dilaton mass, the coupling to the massless
gauge bosons becomes
Lρ = αs
8π
∑
i
big
ρ
Λ
(F ag µν)
2 +
αem
8π
∑
i
biem
ρ
Λ
(Fγ µν)
2 , (7.92)
where biem and b
i
g are the contributions of the heavy field i to the one-loop β function (computed in the
MS scheme) for the electromagnetic and strong coupling constants respectively. The β functions are
normalized as
βi =
g3
16π2
bi . (7.93)
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Note that this result is independent from the heavy mass mi as one can prove by analyzing the structure
of the mass corrections of the dilaton coupling, which reads as
ΓρV V ∼ g
2
π2Λ
m2i
[
1
s
− 1
2
C0(s, 0, 0,m2i ,m2i ,m2i )
(
1− 4m
2
i
s
)]
∼ g
2
π2Λ
1
6
+O
(
s
m2i
)
(7.94)
where s = m2ρ is fixed at the dilaton mass and we have performed the large mass limit of the amplitude
using
C0(s, 0, 0,m2i ,m2i ,m2i ) ∼ −
1
2m2i
(
1 +
1
12
s
m2i
+O(
s2
m4i
)
)
(7.95)
valid for m2i ≫ s = m2ρ. This shows that in the case of heavy fermions, the dependence on the fermion
mass cancels. Obviously, this limit generates an effective coupling which is proportional to the β function
related to the heavy flavours. The same reasonings can be employed to the Higgs case as well. It clear
that this coupling to the massless gauge bosons is dependent from new heavy states and, therefore, from
the UV completion of the SM. This is certainly the case for the Standard Model Higgs whose double
photon decay is one of the most important decay channel for new physics discoveries.
For the dilaton case the situation is slightly different. Surely we do not understand the details of the CFT
extension, nor its particle spectrum, but nevertheless we know that the conformal symmetry is realized
at the quantum level. Therefore the complete β functions, including the contribution from all states,
must vanish
β =
g3
16π2
[∑
i
bi +
∑
j
bj
]
= 0 , (7.96)
where i and j run over the heavy and light states respectively. Exploiting the consequence of the quantum
conformal symmetry, the dilaton couplings to the massless gauge bosons become
Lρ = −αs
8π
∑
j
bjg
ρ
Λ
(F ag µν)
2 − αem
8π
∑
j
bjem
ρ
Λ
(Fγ µν)
2 , (7.97)
in which the dependence from the β functions of the light states is now explicit. We emphasize that the
appearance of the light states contributions to the β functions is a consequence of the vanishing of the
complete β, and, therefore, of the CFT extension and not the result of a direct coupling of the dilaton
to the anomaly.
7.6 Conclusions
We have presented a general discussion of dilaton interactions with the neutral currents sector of the
Standard Model. In the case of a fundamental graviscalar as a dilaton, we have presented the complete
electroweak corrections to the corresponding interactions and we have discussed the renormalization
properties of the same vertices. In particular, we have shown that the renormalizability of the dilaton
vertices is inherited directly from that of the Standard Model only if the Higgs sector is characterized by
a conformal coupling (χ) fixed at the value 1/6.
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Then we have moved to an analysis of the analytic structure of the JDV V correlator, showing that it
supports an anomaly pole as an interpolating state, which indicates that such a state can be interpreted
as the Nambu-Goldstone (effective dilaton) mode of the anomalous breaking of the dilatation symmetry.
In fact, the trace anomaly seems to bring in some important information concerning the dynamics
of the Standard Model, aspects that we have tried to elucidate. For this reason, we have extended a
previous analysis of ours of the TV V vertex, performed in the broken electroweak phase and in QCD,
in order to characterize the dynamical behaviour of the analogous JDV V correlator. The latter carries
relevant information on the anomalous breaking of the dilatation symmetry in the Standard Model. In
fact, as we move to high energy, far above the electroweak scale, the Lagrangian of the Standard Model
becomes approximately scale invariant. This approximate dilatation symmetry is broken by a quantum
anomaly and its signature, as we have shown in our analysis, is in the appearance of an anomaly pole
in the JDV V correlator. The same pole might appear in correlators with multiple insertions of JD, but
the proof of their existence is far more involved and requires further investigations. This pole is clearly
massless in the perturbative picture, and accounts for the anomalous breaking of this approximate scale
invariance.

Chapter 8
Conclusions and perspectives
We have presented a detailed analysis of the quantum gravitational effective action in the Standard Model
at one-loop order in perturbation theory, focusing on the contributions responsible for the appearance of
the conformal anomaly. One of the main motivations of our work is to provide a more complete theoretical
description of the interactions between gravity and the Standard Model spectrum. In this respect we
have studied the correlation functions characterized by a single insertion of an energy momentum tensor
(EMT) operator, describing the coupling of gravity with the QED, QCD and electroweak neutral gauge
currents and with fermions in the diagonal and off-diagonal sectors of flavor space.
Much attention has been given to the derivation of a suitable set of Ward identities which exploit the
invariance under diffeomorphism and BRST transformations. They have been an unavoidable tool to
unambiguously define the correlators and to secure the correctness of our computation. Moreover, the
renormalization properties of the same vertex functions have been discussed together with a complete
determination of the one-loop renormalization counterterms.
One of the main features of the conformal anomalous correlators, which have been extensively studied
in this thesis, is the emergence of anomaly poles in each gauge invariant sector of the Standard Model.
In [12] this pole structure was identified for the first time in the TJJ correlator in QED. As we have
mentioned above, we have extended the analysis of [12] to the Standard Model and we have commented on
the similarities with the chiral anomaly case. Indeed anomaly poles are the common signatures of chiral
and conformal anomalies, sharing, for instance, the structure of the effective action and the decoupling
property which we have discussed in this thesis.
The pole behaviour characterizing the anomalous correlators is clearly the signature of an effective degree
of freedom interpolating between two external gauge fields and the anomalous current, the axial current
or the energy momentum tensor for the chiral and the conformal anomalies, respectively. Concerning
the conformal anomaly case, although the identification under general kinematical configurations of this
pole structure is unambiguous, its interpretation is still open and may lead to an infrared modification
of gravity and to macroscopic effects as discussed in [88].
We recall that the energy momentum tensor, besides its role in the definition of the interaction between the
gravitational and the matter fields, has also an important meaning in flat theories with no gravity, being
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connected to the Noether’s current of the dilatation symmetry. In fact, the pole term found in the TJJ
correlator is inherited by the dilatation current. Following the analogy with the chiral anomalous AV V
diagram of the strong interactions and the corresponding appearance of the pion particle as a Nambu
Goldstone boson of the spontaneously broken chiral symmetry, we have speculated on the existence of a
scalar mode, the dilaton, associated instead with the breaking of the scale symmetry. This interpretation
is in agreement with a number of recently proposed low-energy effective models [33, 34] in which the
breaking of the conformal and electroweak symmetries are simultaneously implemented.
Other possible applications of these studies concern the analysis of the anomaly supermultiplet in
super Yang Mills theories. Our results clearly imply that two of three components of the Ferrara Zumino
supermultiplet are saturated by anomaly poles. This suggests that an analogous pole should also appear
in the gamma-trace of the third component, the supersymmetric current. These issues are relevant for a
consistent definition of a mechanism of anomaly cancellation in supergravity.
Finally, we mention the important role played by correlators with the energy momentum tensor in CFT’s,
especially in the analyses of the irreversibility of the renormalization group flow [3, 4, 5, 6], which has
recently received a wide attention. We refer to [9] for more details concerning the momentum space de-
scription of conformal correlators and their mapping from coordinate space, in the presence of anomalies.
Part two
Holographic non-gaussianities and applications
of conformal field theory methods in momentum space
In this second part of the thesis we discuss some applications of the methodology presented in the
first part to two selected problems. The first concerns the use of conformal field theory techniques in the
definition of scalar three-point functions, exploiting the constraints that come from this symmetry. The
analysis is formulated in momentum space in which the constraints that characterize these correlators take
the form of partial differential equations. We show the connection between their invariance under special
conformal transformations and the appearance of a certain class of generalized hypergeometric functions.
Moreover, the method is applied to the calculation of a specific type of integrals which appear in higher-
order perturbation theory, also called master integrals. They are the key elements in the computation
of the radiative corrections to the perturbative expansion of massless theories. These integrals, whose
calculation is usually based on Mellin Barnes techniques, is regained in an independent way using the
corresponding conformal constraints.
In the second contribution we discuss the computation of correlators involving multiple insertions of
the energy momentum tensor, for some quantum field theories in D = 3 spacetime dimensions. They
play an important role in the characterization of the spectrum of the cosmological non-gaussianities
in some specific cosmological models based on holographic dualities. This approach allows to relate
the gravitational perturbations of the metric in a pre-inflationary phase of the early universe to the
computation of a certain set of dual correlators in D = 3. The model has been developed in a series of
papers [44, 45, 46, 47] to which we refer for additional information.
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Chapter 9
Implications of conformal invariance
in momentum space
9.1 Introduction
Conformal invariance plays an important role in constraining the structure of correlation functions of
conformal field theories in any dimensions. It allows to fix the form of correlators - up to three-point
functions - modulo a set of constants which are also given, once the field content of the underlying
conformal field theory is selected [7, 8]. The approach, which is largely followed in this case, is naturally
formulated in position space, while the same conformal requirements, in momentum space, have been far
less explored [9].
Conformal three-point functions have been intensively studied in the past, and a classification of their
possible structures, in the presence of conformal anomalies, is available. Conformal anomalies emerge due
to the inclusion of the energy momentum tensor in a certain correlator and, in some cases, find specific
realizations in free field theories of scalars, vectors and fermions [7, 8]. Typical correlators which have
been studied are those involving the TT, TOO, TV V , and TTT , where T denotes the energy momentum
tensor, V a vector and O a generic scalar operator of arbitrary dimension.
The conformal constraints in position space, in this case, are combined with the Ward identities
derived from the conservation of the energy momentum tensor and its tracelessness condition, valid at
separate coordinate points, to fix the structure of each correlator. These solutions are obtained for
generic conformal theories, with no reference to their Lagrangian realization which, in general, may not
even exist. The solutions of the conformal constraints are then extended to include the contributions
from the coincidence regions, where all the external points collapse to the same point.
Free field theory realizations of these correlators (for fermions, scalars and vectors) allow to perform a
direct test of these results both in position and in momentum space, at least in some important cases,
such as the TV V or the TTT (this latter only for d = 4) [9], but obviously do not exhaust all possibilities.
Recently interest in the momentum space form of conformal correlators has arisen in the context of the
study of anomalous conformal Ward identities, massless poles and scalar degrees of freedom associated
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with the trace anomaly [12, 127, 13, 91, 14, 103, 15], and because of their possible role in determining
the form of conformal invariance in the non-Gaussian features of the Cosmic Microwave Background
[128, 129], or in inflation [130, 131]. The possibility of retrieving information on conformal correlators
in momentum space seems to be related, in one way or another, to the previous knowledge of the same
correlators in configuration space, where the conformal constraints are easier to implement and solve.
One question that can be naturally raised is if we are able to bypass the study of conformal correlators
in position space, by fixing their structure directly in momentum space and with no further input. This
approach defines an independent path which, as we are going to show, can be successful in some specific
cases. We will illustrate the direct construction of the solution bringing the example of the scalar three-
point correlator. The analysis in momentum space should not be viewed though as an unnecessary
complication. In fact, the solution in the same space, if found, is explicit in the momentum variables
and can be immediately compared with the integral representation of the position space solution, given
by a generalized Feynman integral. As a corollary of this approach, in the case of three-point functions,
we are able to determine the complete structure of such an integral, which is characterized by three free
parameters related to the scaling dimensions of the original scalar operators, in an entirely new way. It is
therefore obvious that this approach allows to determine the explicit form of an entire family of master
integrals.
In the scalar case we are able to show that the conformal conditions are equivalent to partial differential
equations (PDE’s) of generalized hypergeometric type, solved by functions of two variables, x and y, which
take the form of ratios of the external momenta. The general solution is expressed as a generic linear
combination of four generalized hypergeometric functions of the same variables, or Appell’s functions.
Three out of the four constants of the linear combination can be fixed by the momentum symmetry. This
allows to write down the general form of the scalar correlator in terms of a single multiplicative constant,
which classifies all the possible conformal realizations of the scalar three-point function.
In the final part of this chapter we go back to the analysis of the conformal master integrals, the
Fourier transform of the scalar three-point correlators in position space. We show that the usual rules of
integration by parts satisfied by these integrals are nothing else but the requirement of scale invariance.
Specifically, dilatation symmetry relates the master integral J(ν1, ν2, ν3), labelled by the powers of the
Feynman propagators (ν1, ν2, ν3) - with ν1 + ν2 + ν3 = κ - to those of the first neighboring plane (κ →
κ+1). On the other hand, special conformal constraints relate the integrals of second neighboring planes
(κ→ κ+ 2).
9.2 Conformal transformations
In order to render our treatment self-contained, we present a brief review of the conformal transformations
in d > 2 dimensions which identify, in Minkowski space, the conformal group SO(2, d).
These may be defined as the transformations xµ → x′µ(x) that preserve the infinitesimal length up to a
local factor
dxµdx
µ → dx′µdx′µ = Ω(x)−2dxµdxµ . (9.1)
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In the infinitesimal form, for d > 2, the conformal transformations are given by
x′µ(x) = xµ + aµ + ωµ
νxν + λxµ + bµx
2 − 2xµb · x (9.2)
with
Ω(x) = 1− σ(x) and σ(x) = λ− 2b · x . (9.3)
The transformation in Eq.(9.2) is defined by translations (aµ), rotations (ωµν = −ωνµ), dilatations (λ)
and special conformal transformations (bµ). The first two define the Poincare´ subgroup which leaves
invariant the infinitesimal length (Ω(x) = 1).
If we also consider the inversion
xµ → x′µ =
xµ
x2
, Ω(x) = x2 , (9.4)
we can enlarge the conformal group to O(2, d). Special conformal transformations can be realized by a
translation preceded and followed by an inversion.
Having specified the elements of the conformal group, we can define a quasi primary field Oi(x), where
the index i runs over a representation of the group O(1, d − 1) to which the field belongs, through the
transformation property under a conformal transformation g
Oi(x) g→ O′i(x′) = Ω(x)ηDij(g)Oj(x) , (9.5)
where η is the scaling dimension of the field and Dij(g) denotes the representation of O(1, d− 1). In the
infinitesimal form we have
δgOi(x) = −(LgO)i(x) , with Lg = v · ∂ + η σ + 1
2
∂[µvν]Σ
µν , (9.6)
where the vector vµ is the infinitesimal coordinate variation vµ = δgxµ = x
′
µ(x)− xµ and (Σµν)ij are the
generators of O(1, d − 1) in the representation of the field Oi. The explicit form of the operator Lg can
be obtained from Eq.(9.2) and Eq.(9.3) and is given by
translations: Lg = a
µ∂µ ,
rotations: Lg =
ωµν
2
[xν∂µ − xµ∂ν − Σµν ] ,
scale transformations : Lg = λ [x · ∂ + η] ,
special conformal transformations. : Lg = b
µ
[
x2∂µ − 2xµ x · ∂ − 2η xµ − 2xνΣµν
]
. (9.7)
Conformal invariant correlation functions of quasi primary fields can be defined by requiring that
n∑
r=1
〈Oi11 (x1) . . . δgOirr (xr) . . .Oinn (xn)〉 = 0 . (9.8)
In particular, the invariance under scale and special conformal transformations, in which we are mainly
interested, reads as
n∑
r=1
(xr · ∂xr + ηr) 〈Oi11 (x1) . . .Oirr (xr) . . .Oinn (xn)〉 = 0 ,
n∑
r=1
(
x2r∂
xr
µ − 2xr µ xr · ∂xr − 2ηr xr µ − 2xr ν(Σ(r)µ
ν
)irjr
)
〈Oi11 (x1) . . .Ojrr (xr) . . .Oinn (xn)〉 = 0 .
(9.9)
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The constraints provided by conformal invariance have been solved in coordinate space and for arbitrary
space-time dimension. One can show, for instance, that the two and three-point functions are completely
determined by conformal symmetry up to a small number of independent constants [132, 7] .
Exploiting the same constraints in momentum space is somewhat more involved. In the following we
assume invariance under the Poincare´ group and we focus our attention on dilatations and special con-
formal transformations.
For this purpose we define the Fourier transform of a n point correlation function as
(2π)d δ(d)(p1 + . . .+ pn) 〈Oi11 (p1) . . .Oinn (pn)〉
=
∫
ddx1 . . . d
dxn 〈Oi11 (x1) . . .Oinn (xn)〉eip1·x1+...+ipn·xn , (9.10)
where the correlation function in momentum space is understood to depend only on n− 1 momenta, as
the n-th one is removed using momentum conservation.
The momentum space differential equations describing the invariance under dilatations and special con-
formal transformations are obtained Fourier-transforming Eq.(9.9). It is worth noting that some care
must be taken, due to the appearance of derivatives on the delta function. As pointed out in [130], these
terms can be discarded and we are left with the two equations
[
−
n−1∑
r=1
(
pr µ
∂
∂pr µ
+ d
)
+
n∑
r=1
ηr
]
〈Oi11 (p1) . . .Oirr (pr) . . .Oinn (pn)〉 = 0 ,
n−1∑
r=1
(
pr µ
∂2
∂pνr∂pr ν
− 2 pr ν ∂
2
∂pµr∂pr ν
+ 2(ηr − d) ∂
∂pµr
+ 2(Σ(r)µν )
ir
jr
∂
∂pr ν
)
×〈Oi11 (p1) . . .Ojrr (pr) . . .Oinn (pn)〉 = 0 , (9.11)
which define an arbitrary conformal invariant correlation function in d dimensions. Note that we are
dealing with a first and a second order partial differential equations in n− 1 independent momenta. The
choice of the momentum which is eliminated in the two equations given above is arbitrary.
Despite the apparent asymmetry in the definition of the special conformal constraint, due to the absence of
the n-th scaling dimension ηn and the n-th spin matrix (Σ
(n)
µν )
in
jn
, the second of Eq.(9.11) does not depend
on the specific momentum which is eliminated. We could have similarly chosen to express Eq.(9.11) in
terms of the momenta (p1 . . . pk−1, pk+1, . . . pn), with pk removed using the momentum conservation, and
we would have obtained an equivalent relation. We have left to an appendix the formal proof of this
point. We have then explicitly verified the correctness of our assertion on the vector and tensor two-
point correlators which have been discussed in the following section. In both cases, whatever momentum
parameterization is chosen for Eq.(9.11), we have checked that special conformal constraints imply the
equality of the scaling dimensions of the two (vector or tensor) operators, accordingly to the well-known
result obtained in coordinate space.
We recall, anyway, that, apart from the following section, in which vector and tensor two-point functions
are reviewed, the main results of this work, being focused on scalar operators, are free from all the
complications arising from the presence of the spin matrices in the special conformal constraints.
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9.3 Two-point functions from momentum space and anomalies
9.3.1 General solutions of the scale and special conformal identities
We start exploring the implications of these constraints on two-point functions. In particular, the quasi
primary fields taken into account are scalar (O), conserved vector (Vµ) and conserved and traceless (Tµν)
operators.
For the two-point functions the differential equations in Eq.(9.11) simplify considerably, being ex-
pressed in terms of just one independent momentum p, and take the form(
−pµ ∂
∂pµ
+ η1 + η2 − d
)
Gij(p) = 0 ,(
pµ
∂2
∂pν∂pν
− 2 pν ∂
2
∂pµ∂pν
+ 2(η1 − d) ∂
∂pµ
+ 2(Σµν)
i
k
∂
∂pν
)
Gkj(p) = 0 , (9.12)
where we have defined Gij(p) ≡ 〈Oi1(p)Oj2(−p)〉. The first of Eq.(9.12) dictates the scaling behavior of
the correlation function, while special conformal invariance allows a non zero result only for equal scale
dimensions of the two operators η1 = η2, as we know from the corresponding analysis in coordinate space.
We start by illustrating this point.
For the correlation function GS(p) of two scalar quasi primary fields the invariance under the Poincare´
group obviously implies that GS(p) ≡ GS(p2), so that the derivatives with respect to the momentum pµ
can be easily recast in terms of the variable p2.
The invariance under scale transformations implies that GS(p
2) is a homogeneous function of degree
α = 12 (η1 + η2 − d). At the same time, it is easy to show that the second equation in (9.12) can be
satisfied only if η1 = η2. Therefore conformal symmetry fixes the structure of the scalar two-point
function up to an arbitrary overall constant C as
GS(p
2) = 〈O1(p)O2(−p)〉 = δη1η2 C (p2)η1−d/2 . (9.13)
If we redefine
C = cS12
πd/2
4η1−d/2
Γ(d/2− η1)
Γ(η1)
(9.14)
in terms of the new integration constant cS12, the two-point function reads as
GS(p
2) = δη1η2 cS12
πd/2
4η1−d/2
Γ(d/2− η1)
Γ(η1)
(p2)η1−d/2 , (9.15)
and after a Fourier transformation in coordinate space takes the familiar form
〈O1(x1)O2(x2)〉 ≡ F .T .
[
GS(p
2)
]
= δη1η2 cS12
1
(x212)
η1
, (9.16)
where x12 = x1−x2. The ratio of the two Gamma functions relating the two integration constants C and
cS12 correctly reproduces the ultraviolet singular behavior of the correlation function and plays a role in
the discussion of the origin of the scale anomaly.
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Now we turn to the vector case where we define GαβV (p) ≡ 〈V α1 (p)V β2 (−p)〉. If the vector current
is conserved, then the tensor structure of the two-point correlation function is entirely fixed by the
transversality condition, ∂µVµ = 0, as
GαβV (p) = π
αβ(p) fV (p
2) , with παβ(p) = ηαβ − p
αpβ
p2
(9.17)
where fV is a function of the invariant square p
2 whose form, as in the scalar case, is determined by the
conformal constraints. Following the same reasonings discussed previously we find that
GαβV (p) = δη1η2 cV 12
πd/2
4η1−d/2
Γ(d/2− η1)
Γ(η1)
(
ηαβ − p
αpβ
p2
)
(p2)η1−d/2 , (9.18)
with cV 12 being an arbitrary constant. We recall that the second equation in (9.12) gives consistent
results for the two-point function in Eq.(9.18) only when the scale dimension η1 = d − 1. We refer to
appendix B.2 for more details.
To complete this short excursus, we present the solution of the conformal constraints for the two-point
function built out of two energy momentum tensor operators which are symmetric, conserved and traceless
Tµν = Tνµ , ∂
µTµν = 0 , Tµ
µ = 0 . (9.19)
Exploiting the conditions defined in Eq.(9.19) we can unambiguously define the tensor structure of the
correlation function GαβµνT (p) = Π
αβµν
d (p) fT (p
2) with
Παβµνd (p) =
1
2
[
παµ(p)πβν(p) + παν(p)πβµ(p)
]
− 1
d− 1π
αβ(p)πµν(p) , (9.20)
and the scalar function fT (p
2) determined as usual, up to a multiplicative constant, by requiring the
invariance under dilatations and special conformal transformations. We obtain
GαβµνT (p) = δη1η2 cT12
πd/2
4η1−d/2
Γ(d/2− η1)
Γ(η1)
Παβµνd (p) (p
2)η1−d/2 . (9.21)
As for the conserved vector currents, also for the energy momentum tensor the scaling dimension is fixed
by the second of Eq.(9.12) and it is given by η1 = d. This particular value ensures that ∂
µTµν is also a
quasi primary (vector) field. We have left to the appendix B.2 the details of the characterization of the
vector and tensor two-point functions.
These formulae agree with those in the literature [133], and in particular those in Sec. 8 of Ref. [129] for
the gravitational wave spectrum of the CMB.
9.3.2 Divergences and anomalous breaking of scale identities
The expressions obtained so far for the two-point functions in Eq.(9.15),(9.18) and (9.21), allow to discuss
very easily the question of the divergences and of the corresponding violations that these induce in the
scale identities. We can naturally see this noting that the Gamma function has simple poles for non
positive integer arguments, which occur, in our case, when η = d/2 + n with n = 0, 1, 2, . . ..
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Working in dimensional regularization, we can parametrize the divergence through an analytic continua-
tion of the space-time dimension, d→ d− 2ǫ, and, then, expand the product Γ(d/2− η) (p2)η−d/2, which
appears in every two-point function, in a Laurent series around d/2− η = −n. We obtain
Γ (d/2− η) (p2)η−d/2 = (−1)
n
n!
(
−1
ǫ
+ ψ(n+ 1) +O(ǫ)
)
(p2)n+ǫ , (9.22)
where ψ(z) is the logarithmic derivative of the Gamma function, and ǫ takes into account the divergence
of the two-point correlator for particular values of the scale dimension η and of the space-time dimension
d.
The singular behavior described in Eq.(9.22) is responsible for the anomalous violation of scale in-
variance [134], providing an extra contribution to the differential equation (9.12) obtained from the
conformal symmetry constraints. Indeed, when η = d/2 + n, employing dimensional regularization, the
first of Eq.(9.12) becomes(
p2
∂
∂p2
− n− ǫ
)
Gij(p2) = 0 , with η1 = η2 ≡ η (9.23)
which is the Euler equation for a function Gij which behaves like (p2)n+ǫ. Due to the appearance of a
divergence in 1/ǫ in the correlation function, Eq.(9.23) acquires an anomalous finite term in the limit
ǫ→ 0 and we obtain (
p2
∂
∂p2
− n
)
Gij(p2) = Gijsing(p
2) , (9.24)
where Gijsing(p
2) corresponds to the singular contribution in the correlation function, which we have
decomposed according to
Gij(p2) =
1
ǫ
Gijsing(p
2) +Gijfinite(p
2) . (9.25)
As one can see from the r.h.s. of Eq.(9.24), the coefficient of the divergence, Gijsing(p
2), of the two-point
function provides the source for its anomalous scaling.
We illustrate the points discussed so far with some examples. Consider, for instance, the scalar
correlator in Eq.(9.15) with scaling dimension η1 = η2 ≡ η = d/2. Due to the appearance of a pole in
the Gamma function, the two-point correlator develops a divergence and becomes
GS(p
2) = − cS12 π
d/2
Γ (d/2)
[
1
ǫ¯
+ log p2
]
, (9.26)
where we have defined for convenience
1
ǫ¯
=
1
ǫ
+ γ − log(4π) , (9.27)
with γ being the Euler-Mascheroni constant. It is implicitly understood that the argument of the log-
arithm in Eq.(9.26) is made dimensionless, in dimensional regularization, by the insertion of a massive
parameter.
As one can easily verify, the scalar two-point function given in Eq.(9.26) satisfies the anomalous scaling
equation (9.24) with a constant source term
GS,sing(p
2) = − cS12 π
d/2
Γ (d/2)
(9.28)
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determined by the coefficient of the singularity. Note that the anomalous scaling behavior in Eq.(9.24)
is reproduced by the logarithmic contribution in Eq.(9.26).
Now we turn to the discussion of a correlation function with two vector currents. As already men-
tioned, the scaling dimension of the conserved vector operator is fixed at the value η = d− 1. In this case
the divergences occur at d = 2n+ 2 with n = 0, 1, . . . , so that, for d > 2, the first singularity appears at
d = 4. Therefore the vector two-point function for d = 4 is
GαβV (p
2) = cV 12
π2
8
p2
[
1
ǫ¯
− 1 + log p2
]
παβ(p) , (9.29)
with ǫ¯ defined in Eq.(9.27). As for the previous case, it is manifest that the two-point function in Eq.(9.29)
satisfies the identity given in Eq.(9.24), with the logarithm accounting for the source of the anomalous
scaling behavior.
Finally, we illustrate the case of the correlation function built with two (symmetric, conserved and
traceless) energy momentum tensors with scale dimension η = d, which is slightly more involved, as
we have to pay attention to the fact that Παβµνd (p) itself depends on the space-time dimension d. The
singularities are generated when d = 2n with n = 0, 1, . . . , namely for even values of the space-time
dimension. For instance, the two-point function in d = 4 is found to be given by
GαβµνT (p) = −cT12
π2
192
(p2)2
{[
1
ǫ¯
− 3
2
+ log p2
]
Παβµν4 (p)−
2
9
παβ(p)πµν(p)
}
. (9.30)
As we have already discussed previously, the appearance of the singularity in the correlation function
develops an anomalous term in the scale identity. Correspondingly, being the energy momentum tensor
related to the dilatation current, JµD = xνT
µν, it acquires an anomalous trace reflecting the violation
of the scale symmetry. In this respect, the two-point function in Eq.(9.30) is characterized by a non
vanishing trace
ηµν G
αβµν
T (p) = cT12
π2
288
(p2)2 παβ(p) , (9.31)
generated by the last term in Eq.(9.30) which, on the other hand, arises from the explicit dependence of
the Παβµνd (p) tensor on the space-time dimension. The non-zero trace of Eq.(9.31) is the signature of a
conformal or trace anomaly, whose coefficients are known for free fields [85, 135].
9.4 Three-point functions for scalar operators
In this section we turn to the momentum space analysis of conformal invariant three-point functions,
by solving the constraints emerging from the invariance under the conformal group. We consider scalar
quasi primary fields Oi with scale dimensions ηi and define the three-point function
G123(p1, p2) = 〈O1(p1)O2(p2)O3(−p1 − p2)〉 . (9.32)
The three-point correlator is a function of the two independent momenta p1 and p2, from which one can
construct three independent scalar quantities, namely p21, p
2
2 and p1 · p2. We trade the last invariant for
p23 in order to manifest the symmetry properties of G123 under the exchange of any couple of operators.
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We observe that scale invariance, the first equation in Eq.(9.11), implies that G123 is a homogeneous
function of degree α = −d+ 12 (η1 + η2 + η3). Therefore it can be written in the form
G123(p
2
1, p
2
2, p
2
3) = (p
2
3)
−d+ 1
2
(η1+η2+η3) Φ(x, y) with x =
p21
p23
, y =
p22
p23
, (9.33)
where we have introduced the dimensionless ratios x and y, which must not be confused with coordinate
points. The dilatation equation only fixes the scaling behavior of the three-point correlator giving no
further information on the dimensionless function Φ(x, y).
The last equation of (9.11), which describes the invariance under special conformal transformations,
is the most predictive one and, as we shall see, completely determines Φ(x, y) up to a multiplicative
constant.
To show this, we start by rewriting Eq.(9.11) in a more useful form by introducing a change of variables
from (p21, p
2
2, p
2
3) to (x, y, p
2
3). The derivatives respect to the momentum components are re-expressed in
terms of derivatives of the momentum invariants and their ratios as
∂
∂pµ1
= 2(p1µ + p2µ)
∂
∂p23
+
2
p23
((1 − x)p1µ − x p2µ) ∂
∂x
− 2(p1µ + p2µ) y
p23
∂
∂y
,
∂
∂pµ2
= 2(p1µ + p2µ)
∂
∂p23
− 2(p1µ + p2µ) x
p23
∂
∂x
+
2
p23
((1− y)p2µ − y p1µ) ∂
∂y
. (9.34)
Similar but lengthier formulas hold for second derivatives. Also notice that the derivatives with respect
to p23 can be removed using the solution of the dilatation constraint in Eq.(9.33). Therefore we are left
with a differential equation in the two dimensionless variables x and y.
Due to the vector nature of the special conformal transformations, Eq.(9.11) can be projected out on the
two independent momenta p1 and p2, obtaining a system of two coupled second order partial differential
equations (PDE) for the function Φ(x, y). After several non trivial manipulations, these can be recast in
the simple form
[
x(1 − x) ∂2∂x2 − y2 ∂
2
∂y2 − 2 x y ∂
2
∂x∂y + [γ − (α+ β + 1)x] ∂∂x
−(α+ β + 1)y ∂∂y − αβ
]
Φ(x, y) = 0 ,[
y(1− y) ∂2∂y2 − x2 ∂
2
∂x2 − 2 x y ∂
2
∂x∂y + [γ
′ − (α+ β + 1)y] ∂∂y
−(α+ β + 1)x ∂∂x − αβ
]
Φ(x, y) = 0 ,
(9.35)
with the parameters α, β, γ, γ′ defined in terms of the scale dimensions of the three scalar operators as
α =
d
2
− η1 + η2 − η3
2
, γ =
d
2
− η1 + 1 ,
β = d− η1 + η2 + η3
2
, γ′ =
d
2
− η2 + 1 . (9.36)
It is interesting to observe that the system of equations in (9.35), coming from the invariance under
special conformal transformations, is exactly the system of partial differential equations defining the
hypergeometric Appell’s function of two variables, F4(α, β; γ, γ
′;x, y), with coefficients given in Eq.(9.36).
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The Appell’s function F4 is defined as the double series (see, e.g., [136, 137, 138] for thorough discussions
of the hypergeometric functions and their properties)
F4(α, β; γ, γ
′;x, y) =
∞∑
i=0
∞∑
j=0
(α)i+j (β)i+j
(γ)i (γ′)j
xi
i!
yj
j!
(9.37)
where (α)i = Γ(α+ i)/Γ(α) is the Pochhammer symbol.
It is known that the system of partial differential equations (9.35), besides the hypergeometric function
introduced in Eq.(9.37), has three other independent solutions given by
S2(α, β; γ, γ
′;x, y) = x1−γ F4(α − γ + 1, β − γ + 1; 2− γ, γ′;x, y) ,
S3(α, β; γ, γ
′;x, y) = y1−γ
′
F4(α− γ′ + 1, β − γ′ + 1; γ, 2− γ′;x, y) ,
S4(α, β; γ, γ
′;x, y) = x1−γ y1−γ
′
F4(α− γ − γ′ + 2, β − γ − γ′ + 2; 2− γ, 2− γ′;x, y) .
(9.38)
Therefore the function Φ(x, y), solution of (9.35), is a linear combination of the four independent hyper-
geometric functions, i.e.
G123(p
2
1, p
2
2, p
2
3) = (p
2
3)
−d+ 1
2
(η1+η2+η3) Φ(x, y)
= (p23)
−d+ 1
2
(η1+η2+η3)
4∑
i=1
ci(η1, η2, η3)Si(α, β; γ, γ
′;x, y) , (9.39)
where we have denoted with S1 the Appell’s function F4 given in Eq.(9.37), while the parameters α, β, γ, γ
′
are defined in Eq.(9.36). The ci(η1, η2, η3) appearing in the linear combination, are the arbitrary coeffi-
cients which may depend on the scale dimensions ηi of the quasi primary fields and on the space-time
dimension d.
The coefficients ci(η1, η2, η3) can be determined, up to an overall multiplicative constant, by exploit-
ing the symmetry of the correlation function under the interchange of two of the three scalar operators
present in the correlator, which consists of the simultaneous exchange of momenta and scale dimensions
(p2i , ηi)↔ (p2j , ηj).
Consider, for instance, the invariance of the three-point function under the exchange O2(p2)↔ O3(−p1−
p2), which is achieved by (p
2
2, η2)↔ (p23, η3). Then Eq.(9.39) becomes
G132(p
2
1, p
2
3, p
2
2) = (p
2
2)
−d+ 1
2
(η1+η2+η3)
4∑
i=1
ci(η1, η3, η2)Si(α˜, β˜; γ˜, γ˜
′;
x
y
,
1
y
) , (9.40)
where
α˜ = α(η2 ↔ η3) = d
2
− η1 + η3 − η2
2
, γ˜ = γ(η2 ↔ η3) = d
2
− η1 + 1 = γ ,
β˜ = β(η2 ↔ η3) = d− η1 + η2 + η3
2
= β , γ˜′ = γ′(η2 ↔ η3) = d
2
− η3 + 1 . (9.41)
Note that the hypergeometric functions are now evaluated in x/y and 1/y. To reintroduce the dependence
from x and y, in order to exploit more easily the symmetry relation
G123(p
2
1, p
2
2, p
2
3) = G132(p
2
1, p
2
3, p
2
2) , (9.42)
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we make use of the transformation property of F4 [136]
F4(α, β; γ, γ
′;x, y) =
Γ(γ′)Γ(β − α)
Γ(γ′ − α)Γ(β) (−y)
−α F4(α, α− γ′ + 1; γ, α− β + 1; x
y
,
1
y
)
+
Γ(γ′)Γ(α− β)
Γ(γ′ − β)Γ(α) (−y)
−β F4(β − γ′ + 1, β; γ, β − α+ 1; x
y
,
1
y
) . (9.43)
After some algebraic manipulations, and repeating the procedure described so far for the other operator
interchanges, the ratios between the coefficients ci take the simplified form
c1(η1, η2, η3)
c3(η1, η2, η3)
=
Γ
(
η2 − d2
)
Γ
(
d− η12 − η22 − η32
)
Γ
(
d
2 − η12 − η22 + η32
)
Γ
(
d
2 − η2
)
Γ
(− η12 + η22 + η32 )Γ (d2 − η12 + η22 − η32 ) ,
c2(η1, η2, η3)
c4(η1, η2, η3)
=
Γ
(
η2 − d2
)
Γ
(
η1
2 − η22 + η32
)
Γ
(
d
2 +
η1
2 − η22 − η32
)
Γ
(
d
2 − η2
)
Γ
(
η1
2 +
η2
2 − η32
)
Γ
(− d2 + η12 + η22 + η32 ) ,
c1(η1, η2, η3)
c4(η1, η2, η3)
=
Γ
(
η1 − d2
)
Γ
(
η2 − d2
)
Γ
(
d− η12 − η22 − η32
)
Γ
(
d
2 − η12 − η22 + η32
)
Γ
(
d
2 − η1
)
Γ
(
d
2 − η2
)
Γ
(
η1
2 +
η2
2 − η32
)
Γ
(− d2 + η12 + η22 + η32 ) , (9.44)
and define G123(p
2
1, p
2
2, p
2
3) up to a multiplicative arbitrary constant c123 ≡ c123(η1, η2, η3). This depends
on the space-time dimension d, on the scale dimensions ηi of the quasi primary fields and on their
normalization.
The conformal invariant correlation function of three scalar quasi primary fields with arbitrary scale
dimensions is then given by
G123(p
2
1, p
2
2, p
2
3) =
c123 π
d 4d−
1
2
(η1+η2+η3) (p23)
−d+ 1
2
(η1+η2+η3)
Γ
(
η1
2
+ η2
2
− η3
2
)
Γ
(
η1
2
− η2
2
+ η3
2
)
Γ
(− η1
2
+ η2
2
+ η3
2
)
Γ
(− d
2
+ η1
2
+ η2
2
+ η3
2
){
Γ
(
η1 − d
2
)
Γ
(
η2 − d
2
)
Γ
(
d− η1
2
− η2
2
− η3
2
)
Γ
(
d
2
− η1
2
− η2
2
+
η3
2
)
×F4
(
d
2
− η1 + η2 − η3
2
, d− η1 + η2 + η3
2
;
d
2
− η1 + 1, d
2
− η2 + 1; x, y
)
+Γ
(
d
2
− η1
)
Γ
(
η2 − d
2
)
Γ
(η1
2
− η2
2
+
η3
2
)
Γ
(
d
2
+
η1
2
− η2
2
− η3
2
)
× xη1− d2 F4
(
d
2
− η2 + η3 − η1
2
,
η1 + η3 − η2
2
;−d
2
+ η1 + 1,
d
2
− η2 + 1;x, y
)
+Γ
(
η1 − d
2
)
Γ
(
d
2
− η2
)
Γ
(
−η1
2
+
η2
2
+
η3
2
)
Γ
(
d
2
− η1
2
+
η2
2
− η3
2
)
× yη2− d2 F4
(
d
2
− η1 + η3 − η2
2
,
η2 + η3 − η1
2
;
d
2
− η1 + 1,−d
2
+ η2 + 1;x, y
)
+Γ
(
d
2
− η1
)
Γ
(
d
2
− η2
)
Γ
(η1
2
+
η2
2
− η3
2
)
Γ
(
−d
2
+
η1
2
+
η2
2
+
η3
2
)
× xη1− d2 yη2− d2 F4
(
−d
2
+
η1 + η2 + η3
2
,
η1 + η2 − η3
2
;−d
2
+ η1 + 1,−d
2
+ η2 + 1; x, y
)}
.
(9.45)
The convenient normalization employed in Eq.(9.45) for the three-point function reproduces, through the
operator product expansion, as we are going to show next, the normalization of the two-point functions
which we have chosen in Eq.(9.15).
As we shall identify the three-point correlator discussed in this section with specific Feynman ampli-
tudes, this will fix the arbitrary constant c123 using some information coming from the same operator
160 Implications of conformal invariance in momentum space
product expansion analysis. This topic will be presented in section 9.5. Indeed, the solution of the
momentum space version of the conformal constraints provides an alternative computational tool for
correlation functions with conformal symmetry.
It is worth to emphasize the connection between the invariance under special conformal transforma-
tions and appearance of the Appell’s functions. Indeed we have shown how the constraints provided by
the conformal group translate, in momentum space, in the well-known system of partial differential equa-
tions defining the hypergeometric series F4. We have analyzed this connection in the case of a conformally
invariant three-point function built with scalar operators in some detail. A similar correspondence should
also hold for more complicated vector and tensor correlators.
9.4.1 The Operator Product Expansion analysis
In this section we show the consistency of our result with the operator product expansion (OPE) in
conformal field theories in which the structure of the Wilson’s coefficients is entirely fixed by the scaling
dimensions of the two operators.
Considering, for instance, the coincidence limit in the scalar case, one has
Oi(x1)Oj(x2) ∼
∑
k
cijk
(x212)
1
2
(ηi+ηj−ηk)Ok(x2) for x1 → x2 , (9.46)
where x12 = x1 − x2. It is worth noting that the coefficients cijk are the same structure constants
appearing in the three-point functions.
For the correlation function of three scalar operators the OPE implies the singular behavior
〈O1(x1)O2(x2)O3(x3)〉 x3→x2∼ c123
(x223)
1
2
(η2+η3−η1) 〈O1(x1)O2(x2)〉 , (9.47)
with analogous formulae for the other coincidence limits. For the sake of simplicity, we choose a diagonal
basis of quasi primary operators normalized as
〈Oi(x1)Oj(x2)〉 = δij
(x212)
ηi
. (9.48)
The momentum space version of the OPE in Eq.(9.47) reads
〈O1(p1)O2(p2)O3(−p1 − p2)〉
∼ π
d/2
4
1
2
(η2+η3−η1)− d2
Γ(d2 − η2+η3−η12 )
Γ(η2+η3−η12 )
c123
(p23)
d
2
− 1
2
(η2+η3−η1)
〈O1(p1)O2(−p1)〉 , (9.49)
where the scalar two-point function is normalized as in Eq.(9.15) with cS12 = 1. In the previous equation
the symbol ∼ stands for the momentum space counterpart of the short distance limit x3 → x2 which is
achieved by the p23, p
2
2 →∞ limit with p22/p23 → 1.
The result for the scalar three-point function given in Eq.(9.45) is indeed in agreement, as expected, with
the OPE analysis. This can be shown from Eq.(9.45) by a suitable expansion of the corresponding Appell’s
functions. In particular, in order to reproduce the momentum space singular behavior of Eq.(9.49), we
need the hypergeometric leading expansion in the limit x = p21/p
2
3 → 0 and y = p22/p23 → 1, which reads
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as [136]
F4(α, β; γ, γ
′;x, y) ∼ Γ(γ
′)Γ(γ′ − α− β)
Γ(γ′ − α)Γ(γ′ − β) for x→ 0 , y → 1 . (9.50)
In the previous equation we have retained only the terms with the correct power-law scaling in the p23
variable, as dictated by the OPE analysis. In this case these contributions come from the terms of
Eq.(9.45) which are proportional to the S2 and S4 solutions defined in Eq.(9.38). Analogously, in the
limit p23, p
2
1 → ∞, with p21/p23 → 1, which is described in coordinate space by x3 → x1, the leading
behavior is extracted from S3 and S4.
The remaining coincidence limit x1 → x2, corresponding to p21, p22 → ∞ with p21/p22 → 1, is more
subtle due to the apparent asymmetry in the momentum invariants p21, p
2
2, p
2
3 of the three-point scalar
correlator, as given in Eq.(9.45). In this case both x and y grow to infinity while their ratio x/y → 1.
Therefore it is necessary to apply the transformation defined in Eq.(9.43) to each hypergeometric function
appearing in Eq.(9.45). This can be viewed as an analytic continuation outside the domain of convergence
|√x| + |√y| < 1, where the Appell’s function is strictly defined as a double series. The hypergeometric
functions are then expanded according to
F4(α, β; γ, γ
′;x, y) ∼ (−y)−α Γ(γ)Γ(γ
′)Γ(β − α)Γ(γ + γ′ − 2α− 1)
Γ(β)Γ(γ − α)Γ(γ′ − α)Γ(γ + γ′ − α− 1)
+ (−y)−β Γ(γ)Γ(γ
′)Γ(α − β)Γ(γ + γ′ − 2β − 1)
Γ(α)Γ(γ′ − β)Γ(γ − β)Γ(γ + γ′ − β − 1) ,
for x, y →∞ , x
y
→ 1 . (9.51)
This completes the analysis of the OPE on the three-point scalar function in the three different coincidence
limits.
9.5 Feynman integral representation of the momentum space
solution
We have seen in the previous sections that we can fix the explicit structure of the generic three-point
scalar correlator in momentum space by solving the conformal constraints, which are mapped to a system
of two hypergeometric differential equations of two variables. These variables take the form of two ratios
of the external momenta. In particular we find that in any d dimensional conformal field theory the
solution of this system of PDE’s is characterized by a single integration constant which depends on the
specific conformal realization, as expected.
In this section we want to point out the relationship between the scalar three-point functions studied
so far and a certain class of Feynman master integrals. These can be obtained by a Fourier transformation
of the corresponding solution of the conformal constraints in coordinate space, which is well known to be
〈O1(x1)O2(x2)O3(x3)〉 = c123
(x212)
1
2
(η1+η2−η3) (x223)
1
2
(η2+η3−η1) (x231)
1
2
(η3+η1−η2) . (9.52)
Transforming to momentum space, we find an integral representation, which necessarily has to coincide,
up to an unconstrained overall constant, with the explicit solution found in the previous section, and
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reads as
J(ν1, ν2, ν3) =
∫
ddl
(2π)d
1
(l2)ν3((l + p1)2)ν2((l − p2)2)ν1 , (9.53)
with external momenta p1, p2 and p3 constrained by momentum conservation p1 + p2 + p3 = 0 and the
scale dimensions ηi related to the indices νi as
η1 = d− ν2 − ν3 , η2 = d− ν1 − ν3 , η3 = d− ν1 − ν2 . (9.54)
This expression describes a family of master integrals which has been studied in [139, 140], whose explicit
relation with Eq.(9.52) is given by∫
ddp1
(2π)d
ddp2
(2π)d
ddp3
(2π)d
(2π)dδ(d)(p1 + p2 + p3)J(ν1, ν2, ν3)e
−ip1·x1−ip2·x2−ip3·x3
=
1
4ν1+ν2+ν3π3d/2
Γ(d/2− ν1)Γ(d/2− ν2)Γ(d/2− ν3)
Γ(ν1)Γ(ν2)Γ(ν3)
1
(x212)
d/2−ν3(x223)d/2−ν1(x
2
31)
d/2−ν2 ,
(9.55)
The integral in Eq.(9.53) satisfies the system of PDE’s (9.35). Therefore, it can be expressed in terms
of the general solution given in Eq.(9.45) which involves a linear combination of four Appell’s functions,
with the relative coefficients fixed by the symmetry conditions on the dependence from the external
momenta. Then Eq.(9.45) identifies J(ν1, ν2, ν3) except for an overall constant c123 which we are now
going to determine. This task can be accomplished, for instance, by exploiting some boundary conditions.
As for the OPE analysis discussed in the previous section, we may consider the large momentum limit
in which the three-point integral collapses into a two-point function topology. Taking, for instance, the
p22, p
2
3 →∞ limit with p22/p23 → 1 we have
J(ν1, ν2, ν3) ∼ 1
(p22)
ν1
∫
ddl
(2π)d
1
(l2)ν3((l + p1)2)ν2
=
1
(p22)
ν1
i1−d
(4π)d/2
G(ν2, ν3) (p
2
1)
d/2−ν2−ν3 , (9.56)
where
G(ν, ν′) =
Γ(d/2− ν)Γ(d/2− ν′)Γ(ν + ν′ − d/2)
Γ(ν)Γ(ν′)Γ(d− ν − ν′) . (9.57)
Eq.(9.56) must be compared with the same limit taken on the explicit solution in Eq.(9.45), where the
scale dimensions ηi are replaced by νi through Eq.(9.54). This completely determines the multiplicative
constant c123 and the correct normalization of the three-point master integral, which is obtained by
choosing
c123 =
i1−d
4ν1+ν2+ν3π3d/2
Γ(d/2− ν1)Γ(d/2− ν2)Γ(d/2− ν3)
Γ(ν1)Γ(ν2)Γ(ν3)
. (9.58)
Therefore the scalar master integral is given by
J(ν1, ν2, ν3) = G123(p
2
1, p
2
2, p
2
3) (9.59)
with scaling dimensions defined in Eq.(9.54) and the coefficient c123 in Eq.(9.58). Notice that this
method allows us to bypass completely the Mellin-Barnes techniques which has been used previously in
the analysis of the same integral.
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9.5.1 Recurrence relations from conformal invariance
Having established the conformal invariance of the generalized three-point master integral J(ν1, ν2, ν3),
we can study the implications of the conformal constraints on the integral representation of Eq.(9.53).
These are automatically satisfied by the explicit solution given in Eq.(9.45), but once that they are applied
on J(ν1, ν2, ν3), generate recursion relations among the indices of this family of integrals. Specifically,
they relate integrals with ν1+ ν2+ ν3 = κ to those with ν1+ ν2+ ν3 = κ+1 and ν1+ ν2+ ν3 = κ+2. For
instance, differentiating Eq.(9.53) under the integration sign according to the first of Eq.(9.11), which is
the condition of scale invariance, we easily obtain the recursion relation
ν2 p
2
1 J(ν1, ν2 + 1, ν3) + ν1 p
2
2 J(ν1 + 1, ν2, ν3) = (ν1 + ν2 + 2 ν3 − d) J(ν1, ν2, ν3)
+ ν2 J(ν1, ν2 + 1, ν3 − 1) + ν1 J(ν1 + 1, ν2, ν3 − 1) , (9.60)
together with the corresponding symmetric relations obtained interchanging (p21, ν1)↔ (p23, ν3) or (p22, ν2)↔
(p23, ν3). These equations link scalar integrals on two contiguous planes, as mentioned above. The recur-
rence relations obtained from scale invariance exactly correspond to those presented in [140] and following
from the usual integration-by-parts technique, which in this case is derived from the divergence theorem
in dimensional regularization∫
ddl
(2π)d
∂
∂lµ
{
lµ
(l2)ν3((l + p1)2)ν2((l − p2)2)ν1
}
= 0. (9.61)
We can easily show the equivalence between Eq.(9.61) and the first of Eq.(9.11) which is the constraint
of scale invariance. In fact, the scale transformation acts on J(ν1, ν2, ν3) in the form[
d− 2 (ν1 + ν2 + ν3)− p1 · ∂
∂p1
− p2 · ∂
∂p2
] ∫
ddl
1
(l2)ν3 ((l + p1)2)ν2 ((l − p2)2)ν1 = 0 . (9.62)
Now we just invoke Euler’s theorem on homogeneous functions on the integrand, which is of degree
−2 (ν1 + ν2 + ν3) in the momenta p1, p2 and l and obtain the relation[
p1 · ∂
∂p1
+ p2 · ∂
∂p2
+ l · ∂
∂l
]
1
(l2)ν3 ((l + p1)2)ν2 ((l − p2)2)ν1
=
−2(ν1 + ν2 + ν3)
(l2)ν3 ((l + p1)2)ν2 ((l − p2)2)ν1 .(9.63)
At this point, if we combine Eqs.(9.62) and (9.63) and rewrite d as ∂∂l · l, we easily obtain the equivalence
with Eq.(9.61).
Other recursive relations can be found requiring Eq.(9.53) to satisfy the constraint of special conformal
invariance which, from the second equation in Eq.(9.11), takes the form{
p1µ
∂2
∂p1 · ∂p1 − 2 p1ν
∂2
∂pµ1∂p1 ν
− 2 (ν2 + ν3) ∂
∂pµ1
+ (1↔ 2)
}
J(ν1, ν2, ν3) = 0 . (9.64)
This is a vector condition which involves some tensor integrals of the same J(ν1, ν2, ν3) family. Differen-
tiating the integral J(ν1, ν2, ν3) as in Eq.(9.64) and performing some standard manipulations one arrives
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at the implicit formula
ν2 p1µ
[
(1 + ν2 + ν3 − d/2) J(ν1, ν2 + 1, ν3) + (ν2 + 1)
(
J(ν1, ν2 + 2, ν3 − 1)− p21 J(ν1, ν2 + 2, ν3)
) ]
+ ν1 p2µ
[
(1 + ν1 + ν3 − d/2) J(ν1 + 1, ν2, ν3) + (ν1 + 1)
(
J(ν1 + 2, ν2, ν3 − 1)− p22 J(ν1 + 2, ν2, ν3)
) ]
+ ν2
[
(ν3 − 1) Jµ(ν1, ν2 + 1, ν3) + (ν2 + 1)
(
Jµ(ν1, ν2 + 2, ν3 − 1)− p21 Jµ(ν1, ν2 + 2, ν3)
) ]
− ν1
[
(ν3 − 1) Jµ(ν1 + 1, ν2, ν3) + (ν1 + 1)
(
Jµ(ν1 + 2, ν2, ν3 − 1)− p22 Jµ(ν1 + 2, ν2, ν3)
) ]
= 0 , (9.65)
where the rank-1 tensor integral is defined as
Jµ(ν1, ν2, ν3) =
∫
ddl
(2π)d
lµ
(l2)ν3((l + p1)2)ν2((l − p2)2)ν1 = C1(ν1, ν2, ν3) p1µ − C2(ν1, ν2, ν3) p2µ , (9.66)
with the coefficients given by
C1(ν1, ν2, ν3) =
1
(p23 − p21 − p22)2 − 4 p21 p22
{
(p21 + p
2
2 − p23)J(ν1 − 1, ν2, ν3)
−2 p22 J(ν1, ν2 − 1, ν3) +
(−p21 + p22 + p23) J(ν1, ν2, ν3 − 1) + p22 (p21 − p22 + p23) J(ν1, ν2, ν3)}
C2(ν1, ν2, ν3) =
1
(p23 − p21 − p22)2 − 4 p21 p22
{
(p21 + p
2
2 − p23)J(ν1, ν2 − 1, ν3)
−2 p21 J(ν1 − 1, ν2, ν3) +
(
p21 − p22 + p23
)
J(ν1, ν2, ν3 − 1) + p21
(−p21 + p22 + p23) J(ν1, ν2, ν3)} .
(9.67)
Using the momentum expansion of the tensor integral defined above, we extract from Eq.(9.65) the
relation
ν2 (ν3 − 1)C1(ν1, ν2 + 1, ν3) + ν2 (ν2 + 1)
(
C1(ν1, ν2 + 2, ν3 − 1)− p21 C1(ν1, ν2 + 2, ν3)
)
−ν1 (ν3 − 1)C1(ν1 + 1, ν2, ν3)− ν1 (ν1 + 1)
(
C1(ν1 + 2, ν2, ν3 − 1) − p22 C1(ν1 + 2, ν2, ν3)
)
+ ν2
[
(ν2 + 1)
(
J(ν1, ν2 + 2, ν3 − 1)− p21 J(ν1, ν2 + 2, ν3)
)
+ (1 + ν2 + ν3 − d/2) J(ν1, ν2 + 1, ν3)
]
= 0 ,
(9.68)
together with the corresponding symmetric equation obtained interchanging (p21, ν1)↔ (p22, ν2).
This result allows to express integrals in the plane ν1+ ν2+ ν3 = κ+2 in terms of those in the two lower
ones. In fact, introducing in Eq.(9.68) and in its symmetric one the explicit expressions for C1 and C2
we get
J(ν1 + 2, ν2, ν3) =
1
ν1 (ν1 + 1) (p21 + p
2
2 − p23) p22 p23
∑
(a,b,c)
C(a,b,c)J(ν1 + a, ν2 + b, ν3 + c) , (9.69)
where the coefficients C(a,b,c) are given by
C(0,0,0) = (ν3 − 1)
(
(ν1 + ν2) p
2
1 − ν2 p23
)
,
C(1,−1,0) = ν1 (ν3 − 1) (p23 − p21) ,
C(−1,1,0) = −ν2 (ν3 − 1) p21 ,
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C(0,1,−1) = ν2
[
(ν2 + 1) p
2
1 − (2 + ν2 − ν3) p23
]
,
C(1,0,−1) = ν1 (p21(ν1 + 1)− p23(ν3 − 1)) ,
C(2,−1,−1) = −ν1 (ν1 + 1) (p21 − p23) ,
C(−1,2,−1) = −ν2 (ν2 + 1) p21 ,
C(2,0,−2) = −ν1 (ν1 + 1) p23 ,
C(0,2,−2) = ν2 (ν2 + 1) p23 ,
C(1,0,0) = ν1
[
(p21)
2
(
d
2
− ν1 − 2
)
− p23 (p22 − p23)
(
d
2
− ν1 − ν3 − 1
)
+ p21
((
1− d
2
)
p22 + p
2
3 (2 ν1 + ν3 + 3− d)
)]
C(0,1,0) = ν2 p21
[
(1− d
2
)
(
p21 − p23
)
+ (
d
2
− 2− ν2) p22
]
,
C(0,2,−1) = −ν2 (ν2 + 1) p21 p23 ,
C(−1,2,0) = ν2 (ν2 + 1) (p21)2 ,
C(2,0,−1) = ν1 (ν1 + 1) p23 (p21 + 2 p22 − p23) ,
C(2,−1,0) = ν1 (ν1 + 1) p22 (p21 − p23) . (9.70)
Analogous results hold for J(ν1, ν2 + 2, ν3) and J(ν1, ν2, ν3 + 2) if we just make the usual exchanges
(p21, ν1)↔ (p22, ν2) and (p21, ν1)↔ (p23, ν3) both in the integrals and in the coefficients C(a,b,c).
9.6 Conclusions
We have shown that the solution of the conformal constraints for a scalar three-point function can be
obtained directly in momentum space by solving the differential equations following from them. This
has been possible having shown that these constraints take the form of a system of two PDE’s of gen-
eralized hypergeometric type. The solution is expressed as a linear combination of four independent
Appell’s functions. The use of the momentum symmetries of the correlator allows to leave free a single
multiplicative integration constant to parameterize the general solution for any conformal field theory.
If this solution is compared with the position space counterpart and its Fourier representation, which is
given by a family of Feynman master integrals, we obtain the explicit expression of the same integrals
in terms of special functions. Our solution coincides with the one found by Boos and Davydychev using
Mellin-Barnes techniques, which in our case are completely bypassed. Having established this link, we
have shown that by applying special conformal constraints on the master integral representation one
obtains new recursion relations.
The momentum space approach discussed in this chapter can be used to treat more complicated corre-
lators. For instance, this method can be employed in the analysis of three-point functions involving the
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vector and the energy momentum tensor operators, like V V V , TOO, TV V and TTT , as well as higher
order ones, such as the scalar four-point function, whose general structure has been known for a long time
[132]. Nevertheless, such a treatment is much more complicated, in the former case due to the tensor
nature of the correlators, which implies a much more involved set of constraints, in the latter because of
the increasing number of independent variables in the partial differential equations.
Chapter 10
Three and four point functions of
stress energy tensors in D = 3
10.1 Introduction
Conformal field theories in D > 2 are significantly less known compared to their D = 2 counterparts,
where exact results stemming from the presence of an underlying infinite dimensional symmetry have
allowed to proceed with their classification. In fact, as one moves to higher spacetime dimensions, the
finite dimensional character of the conformal symmetry allows to fix, modulo some overall constants, only
the structure of 2- and 3-point functions [7, 8]. In 4-D, for instance, free field theory realizations of these
specific correlators allow the identification of their explicit expressions, performing a direct comparison
with their general form, which is predicted by the symmetry [9]. Among these correlators, a special role
is taken by those involving insertions of the energy momentum tensor (EMT), which can be significant
in the context of several phenomenological applications. For instance, in D = 4, correlators involving
insertions of the EMT describe the interaction of a given theory with gravity around the flat spacetime
limit. Their study is quite involved due to the appearance of a trace anomaly [12, 13, 103, 15]. They are
part of the anomalous effective action of gravitons at higher order, but they also find application in the
description of dilaton interactions and of the Higgs-dilaton mixing at the LHC [119, 141].
In D = 3 dimensions their computation simplifies considerably, due to the absence of anomalies,
but it remains quite significant, especially in the context of the AdS/CFT correspondence [142] and
supersymmetry in general [143]. In particular, using a holographic approach, these correlators allow
to describe the curvature gravitational perturbations in a pre-inflationary phase of the early universe
characterized by strong gravity [44, 45, 47, 130]. Their imprints manifest through the non-gaussian
behaviour of the bisprectrum and the trispectrum [35, 36] of scalar and tensor gravitational perturbations.
A qualitative and quantitative estimation of such effects in holographic models brings us to the analysis
of the TTT and TTTT correlators in D = 3. In this chapter we present a detailed computation of these
correlation functions. The possibility of using the perturbative analysis of these types of correlators in
cosmology is what motivates our digression to D = 3.
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In holographic cosmological models the formulation of the correspondence between cosmological ob-
servables, like the correlation functions of gravitational perturbations, is a two-step process. The first
one allows to map, through an analytic continuation, a D = 4 cosmological background to a D = 4
gravitational domain theory in the bulk, while at a second stage, standard gauge/gravity duality defines
the mapping between the D = 4 bulk and the appropriate boundary field theory, which is a D = 3 non-
abelian SU(N) gauge theory in the large N limit. Therefore scalar and tensor cosmological perturbations
are related to correlators involving multiple insertions of the EMT’s computed in the boundary QFT. The
boundary correlation functions associated to the bispectrum of scalar perturbations, of scalar-tensor and
of tensor perturbations are, respectively, the fully-contacted, partially-contracted and fully-uncontracted
TTT . The determination of the trispectrum is, instead, associated to the TTTT correlation function.
In all the cases the calculation these cosmological perturbations involves correlation functions of
EMT’s in field theories including scalars φJ (with J = 1, 2, ...nφ), vectors A
I
µ (with I = 1, 2, ...nA) and
fermions ψL ( with L = 1, 2, ...nψ) in the virtual corrections. All the fields in such theories are in the
adjoint of the gauge group SU(N).
The mapping is described, on the dual field theory side, in terms of an effective (t’Hooft) coupling
constant geff = g
2
YMN/M , with geff << 1, and requires a large−N limit. M is a typical momentum
scale, related to the typical momenta of the correlators, and necessary in order to make geff dimensionless.
This implies that the gauge coupling (gYM/M) has to be very weak, allowing an expansion of the dual
theory in such a variable, which can be arrested to zeroth order, i.e. with free fields.
It has been pointed out in [44, 46] that the small amplitude (O(10−9)) and the nearly scale invariant
characters of the measured power spectrum, wich shows deviations from scale invariance which are of
O(10−3), are indeed predicted by such models. In particular, the large-N limit, which is necessary in
order to predict the small amplitude of the power spectrum, requires N ∼ 104, given that its scales as
1/N2 in holographic models. At the same time, the small violation of scaling invariance in the same
power spectrum is controlled by the t’Hooft coupling geff , therefore requiring that this coupling has to
be small as well.
These considerations allow to simplify drastically the computation of these correlators on the dual
side, as we have mentioned. In particular, we are allowed to deal with simple dual theories in order to
identify the leading behaviour of the perturbative correlators which appear in the holographic formula
for the perturbations.
Henceforth, the non-abelian character of the dual gauge theory becomes unessential if we work at
leading order in gYM , and the vector contributions are proportional to those of a free abelian theory.
This implies that all our computations can be and are performed in simple free field theories of scalars,
abelian vectors and fermions, with the scalars and the fermions taken as gauge singlets. This choice
simplifies the notations and allows us to obtain the correct result, to be used in the holographic mapping,
just by introducing a correction factor, which will be inserted at the end.
The explicit form of the mapping has been given in [46, 47], for the 〈ζζζ〉 (bispectrum) correlator,
with ζ describing the gauge invariant curvature perturbation of the gravitational metric, which is mapped
to the TTT . The same (uncontracted) 3-T correlator determines the bispectrum of more complex 3-point
functions, 〈ζζγ〉, 〈ζγγ〉 and 〈γγγ〉, involving tensor perturbations (γ) [47].
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A similar, though more involved, mapping between the trispectrum correlator 〈ζζζζ〉 and the TTTT
4-point function is expected to hold. The explicit form of this mapping is not yet available, since it
involves a direct extension of the holographic approach developed in [46, 47].
Even in the absence, at least at the moment, of a suitable generalization of the holographic expressions
given in [46, 47], it is clear that a complete determination of the trispectrum in holographic models, given
its complexity, is a two-stage process. This requires 1) the explicit derivation of the holographic relation
which maps the 〈ζζζζ〉 to the 4-T correlator, followed 2) by an explicit computation of these higher point
functions via the dual mapping.
For instance, in the case of the bispectrum (〈ζζζ〉), the holographic analysis has been put forward in
[46], followed later on by an explicit computation of the relevant 3-D correlators TTT given in [47].
Our goal in the work presented in this chapter is to make one step forward in this program and present
the explicit form of the TTTT (fully traced) correlator. The explicit form of the complete - uncontracted
- correlator (which is of rank-8) is computationally very involved due to the higher rank tensor reductions
and it will not be discussed here.
At the same time we will proceed with an independent recomputation of the TTT correlator in D = 3,
which has been investigated in [47, 130]. We anticipate that our analysis is in complete agreement with
the result given in [47] for this correlator, and we will discuss the mapping between our approach and
the one of [47]. This agreement allows to test our methods before coming to their generalization in the
4-T case.
As we have already mentioned, the study of the 4-T correlator in D = 3 is free of the complications
present in their D = 4 counterparts, which are affected by the scale anomaly and require renormalization.
Checks of our computations have been performed at various levels. We secure the consistency of the result
in the 4-T case by verifying the Ward identities which are expected to hold.
The chapter is organized as follows. After a summary section in which we outline our definitions and
conventions, we move to a computation of the general form of the TTT in our approach, followed by a
brief section in which we provide a mapping between our result and those of [47]. The Ward identities
for the 3- and 4-point case, which are essential in order to test the consistency of our computations, are
discussed together in a single section. We then move to the perturbative determination of the 4-T. We
have collected in several appendices some of the technical aspects related to the diagrammatic expansion,
specific to the D = 3 case.
10.2 The search for non-gaussian fluctuations
Clues on the physics of the very early universe come from the analysis of the primordial gravitational
fluctuations, which leave an imprint on the cosmic microwave background (CMB) and on the evolution
of large scale structures (see [35, 36]). So far, the cosmological data have shown to be compatible with
the gaussian character of such fluctuations, which implies that they can be expressed in terms of 2-point
functions. In Fourier space they define the so called ”power spectrum” (∆(k)). In this case 3-point
correlators associated to such fluctuations vanish, together with all the correlators containing an odd
number of these fields.
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Measurements of the power spectra of perturbations are not able to answer questions concerning
the evolution and the interactions of quantum fields which generate such fluctuations in the very early
universe. In fact, inflation models with different fields and interactions can lead to power spectra which
are quite similar. For this reason, there is a justified hope that it will be possible to unveil, through the
identification of a non-gaussian behaviour of such fluctuations, aspects of the physics of inflation which
otherwise would remain obscure [144]. Tests of a possible non-gaussian behaviour of such perturbations
can be performed using several observational probes, including analysis of the CMB, large scale structures
and weak lensing, just to mention a few.
One important result [40] in the study of the non-gaussian behaviour of single field inflation was the
proof that in these models such fluctuations are small and, for this reason, the possible experimental
detection of significant non-gaussianities would allow to rule them out.
10.2.1 Domain-Wall/Cosmology correspondence and gauge/gravity duality
An interesting approach [45, 47, 44] which allows to merge the analysis of fluctuations and of their
quantization with ideas stemming from gauge/gravity duality, has been developed in the last few years.
These formulations allow to define a correspondence between two bulk theories, describing cosmological
and domain wall gravitational backgrounds, and hence between their boundary duals, which are described
by appropriate 3-D field theories. The two bulk metrics are related by an analytic continuation. Once
that a cosmological model is mapped into a 4-D domain wall model, gauge/gravity duality can be used
to infer the structure of the correlators in the bulk using a corresponding field theory on the boundary.
Such a theory can be described by a combination of scalar, fermion and spin-1 sectors, formulated as
simple field theories in flat 3-D backgrounds.
Scalar and tensor fluctuations in domain wall backgrounds can then be described in terms of correlators
involving multiple insertions of EMT’s, computed in ordinary perturbation theory. These result can be
mapped back to describe the correspondence between bulk and boundary in the usual cosmological
context, by an analytic continuation of the boundary correlators.
In this framework, one can derive holographic formulas which allow to describe a primordial phase
of strong gravity just by weakly coupled perturbations in the dual theory. We will present below, to
make our discussion self-contained, the explicit expressions of one of these relations, which are of direct
relevance for our analysis.
We also mention that, in the conformal case, the 3-T and 4-T correlators in scalar and fermion free
field theories provide a realization of the bispectrum and of the trispectrum of gravitational waves in
De Sitter space [130]. Discussions of the conformal properties of 3- and 4-point functions of primordial
fluctuations can be found in [131, 129].
10.3 Field theory realizations
The correlation functions that we intend to study will be computed in four free field theories, namely a
minimally coupled and a conformally coupled scalar, a fermion and a spin 1 abelian gauge field.
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If the classical theory is described by the action S, the energy-momentum tensor (EMT) of the system
is obtained by coupling it to a curved 3-D background metric gµν (with S → S[g]) and functionally
differentiating the action with respect to it. The formalism is similar to the ordinary one in the case of
a 4-D gravitational spacetime
T µν(z) = − 2√
gz
δ S
δgµν(z)
, (10.1)
and for this reason we will be using greek indices, with the understanding that they will run from 1 to 3.
We will also set det gµν(z) ≡ gz for the determinant of the 3-D metric.
In the quantum theory, let W [g] be the euclidean generating functional depending on the classical
background,
W [g] = 1N
∫
DΦ e−S , (10.2)
where N is a normalization factor, and Φ denotes all the quantum fields of the theory except the metric.
W [g] generates both connected and disconnected correlators of EMT’s, which are 1-particle reducible.
For notational simplicity we prefer to use this generating functional of the Green’s function of the theory,
rather than logW and its Legendre transform. It is implicitly understood that, in the perturbative
expansion of the corresponding correlators, we will consider only the connected components. In a 1-loop
analysis the issue of 1-particle reducibility does not play any relevant role, and hence the use of W will
make the manipulations more transparent.
Then it follows from (10.1) that the quantum average of the EMT in the presence of the background
source is given by
< T µν(z) >g=
2√
gz
δW
δ gµν(z)
. (10.3)
where the subscript g indicates the presence of a generic metric background. Otherwise, all the correlators
which do not carry a subscript g, are intended to be written in the flat limit. It is understood that
the metric is generic while performing all the functional derivatives and ordinary differentiations of the
correlators, and that the limit of flat space is taken only at the end.
As we have mentioned above, we focus our analysis on the determination of the complete 3-T correlator
of free (euclidean) field theories of scalar, vector and fermions in 3 space dimensions and on the 4-T fully
traced correlator, which we are now going to introduce.
The actions for the scalar (S) and the chiral fermion field (CF ), are respectively given by
SS = 1
2
∫
d3x
√
g
[
gµν ∇µφ∇νφ− χRφ2
]
, (10.4)
SCF = 1
2
∫
d3xV Va
ρ
[
ψ¯ γa (Dρ ψ)− (Dρ ψ¯) γa ψ
]
. (10.5)
Here χ is the parameter corresponding to the term of improvement obtained by coupling φ2 to the 3-D
scalar curvature R. We will be concerned with two cases for the scalar Lagrangian, the minimally and
the conformally coupled ones. χ = 0 describes a minimally coupled scalar (MS). In three dimensions,
for χ = 1/8 one has a classically conformal invariant theory (i.e. one with an EMT whose trace vanishes
upon use of the equations of motion), which is the second case that we will consider (denoted with
the ”conformal scalar” subscript, or CS). As we have mentioned, the absence of conformal anomalies
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guarantees that for any of these theories, those operators which are classically traceless, remain such also
at quantum level.
The other conformal field theory which we will be concerned with, is the one describing the Lagrangian
of a free chiral fermion (CF ) on a curved metric background 1. Here Va
ρ is the vielbein and V (=
√
g) its
determinant, needed to embed the fermion in such background, with its covariant derivative Dµ defined
as
Dµ = ∂µ + Γµ = ∂µ + 1
2
Σbc Vb
σ∇µ Vcσ . (10.6)
with Σab = 14 [γ
a, γb] in the fermion case. Using the integrability condition of the vielbein
∇µ Vbσ = ∂µ Vbσ − Γλµσ Vbλ = Ωab,µ V aσ , (10.7)
where Ωab,µ is the spin connection, this can be expressed as
Ωab,µ =
1
2
V λa (∂µVbλ − ∂λVbµ)−
1
2
V λb (∂µVaλ − ∂λVaµ) +
1
2
V ρa V
λ
b V
h
µ (∂λVhρ − ∂ρVhλ) . (10.8)
After an expansion we can rewrite (10.5) as
SCF = 1
2
∫
d3xV Va
ρ
[
ψ¯ γa (∂ρ ψ)− (∂ρ ψ¯) γa ψ
]
+
1
16
∫
d3xV Va
ρ ψ¯ {γa, [γb, γc]}ψΩbc,ρ . (10.9)
The functional derivative with respect to the metric appearing in (10.1) is expressed in terms of the
vielbein as
δ
δgµν(z)
=
1
4
(
Va
ν(z)
δ
δVaµ(z)
+ Va
µ(z)
δ
δVaν(z)
)
, (10.10)
so that the EMT for a fermion field is defined by
T µνCF (z)
def≡ − 1
2V (z)
(
V aµ(z)
δ
δV aν(z)
+ V aν(z)
δ
δV aµ(z)
)
SCF . (10.11)
Finally, the action for the gauge field (GF ) is given by
SGF = SM + Sgf + Sgh , (10.12)
where the three contributions are the Maxwell (M), the gauge-fixing and the ghost actions
SM = 1
4
∫
d3x
√
g FαβFαβ , (10.13)
Sgf = 1
2ξ
∫
d3x
√
g (∇αAα)2 , (10.14)
Sgh = −
∫
d3x
√
g ∂αc¯ ∂αc . (10.15)
The EMT’s for the scalar and the fermion are
T µνS = ∇µφ∇νφ−
1
2
gµν gαβ∇αφ∇βφ+ χ
[
gµν−∇µ∇ν + 1
2
gµν R−Rµν
]
φ2 , (10.16)
T µνCF =
1
4
[
gµρ Va
ν + gνρ Va
µ − 2 gµν Vaρ
][
ψ¯ γa (Dρ ψ)−
(Dρ ψ¯) γa ψ] , (10.17)
1 Notice that even if our analysis is euclidean, the 3-D case that we discuss can be mapped straightforwardly to the
analogous Minkowski one in D = 2 + 1 by a simple analytic continuation.
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Figure 10.1: Topologies appearing in the expansion of the TTT correlator. Contributions involving
coincident gravitons correspond to contact terms.
while the energy-momentum tensor for the abelian gauge field is given by the sum
T µνGF = T
µν
M + T
µν
gf + T
µν
gh , (10.18)
with
T µνM = F
µαF να − 1
4
gµνFαβFαβ , (10.19)
T µνgf =
1
ξ
{Aµ∇ν(∇ρAρ) +Aν∇µ(∇ρAρ)− gµν [Aρ∇ρ(∇σAσ) + 1
2
(∇ρAρ)2]} , (10.20)
T µνgh = g
µν∂ρc¯ ∂ρc− ∂µc¯ ∂νc− ∂ν c¯ ∂µc . (10.21)
The explicit expressions for the vertices involving one or more EMT’s, which can be computed by func-
tional differentiating the actions, have been collected in Appendix B.5.
We point out that in our computation of the contributions related to the gauge fields (GF), only the
Maxwell action SM and the corresponding EMT, T µνM , are needed. One can check that there is a can-
cellation between the gauge-fixing and ghost contributions from Tgf and Tgh. For those interested in a
direct check of these results, we remark that the contributions generated from (10.16) and those gener-
ated from (10.21) differ only by an overall sign factor, while the trilinear and quadrilinear vertices for the
gauge-fixing part can be found in [9].
10.4 Conventions and the structure of the correlators
We will be introducing two different notations for correlators involving the EMT’s. The first is defined
in terms of the symmetric n− th order functional derivative of W
< T µ1ν1(x1)...T
µnνn(xn) > =
[
2√
gx1
...
2√
gxn
δnW
δgµnνn(xn) . . . δgµ1ν1(x1)
]∣∣∣∣
gµν=δµν
= 2n
δnW
δgµnνn(xn) . . . δgµ1ν1(x1)
∣∣∣∣
gµν=δµν
. (10.22)
We will refer to this correlator as to a ”symmetric” one. Notice that given the existence of an analytic
continuation between the 3-D euclidean theory and the one in 2+1 dimensional spacetime, we will be
referring to this vertex, for simplicity, as to the ”n-graviton ” vertex.
This definition allows to leave the factor 2/
√
g outside of the actual differentiation in order to obtain
symmetric expressions. We have denoted this correlator with a small angular brackets (< >) since these
correlators include also contact terms. Contact terms are easily identified in perturbation theory for
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bringing together at least two gravitons on the same spacetime point. Such terms are instead absent
in the expression of correlation functions given by the (ordinary) expectation value of the product of n
EMT’s, and which are denoted, in our case, with large angular brackets (〈 〉) as in
〈T µ1ν1(x1) . . . T µnνn(xn)〉 = 1N
∫
DΦT µ1ν1(x1) . . . T µnνn(xn) e−S
∣∣∣∣
gµν=δµν
. (10.23)
This second form of the correlator of EMT’s will be referred to as ”ordinary” or ”genuine” n-point
functions. It will also be useful to introduce the following notation to represent the functional derivative
with respect to the background metric
[f(x)]
µ1ν1µ2ν2...µnνn (x1, x2, . . . , xn) ≡ δ
n f(x)
δgµnνn(xn) . . . δgµ2ν2(x2) δgµ1ν1(x1)
∣∣∣∣
gµν=δµν
(10.24)
and take the flat spacetime limit at the end. For later use we also define the notation with lower indices
as
[f(x)]µ1ν1...µnνn (x1, x2, . . . , xn) ≡
δµ1α1δν1β1 . . . δµnαnδνnβn [f(x)]
α1β1α2β2...αnβn (x1, x2, . . . , xn). (10.25)
With this definition a single functional derivative of the action in a correlation function is always equiv-
alent, modulo a factor, to an insertion of a T µν in the flat limit, since
[S]µ1ν1 (x1) ≡ δS
δgµ1ν1(x1)
∣∣∣∣
gµν=δµν
= −1
2
T µ1ν1(x1) . (10.26)
We can convert the two graviton (greek) indices (µ1, ν1) into a latin index (s1) by contracting with a
polarization vector of generic polarization s1 as in
[S](s1) = −1
2
T (s1) ≡ [S]µ1ν1 ǫ(s1) ∗µ1ν1 , (10.27)
with s1 ≡ ±, being the two helicities, as explained below. Moreover the symbol T will be used, in a
correlator, to denote the trace of the EMT, T ≡ T µµ. We will also stack the two (µ1ν1) indices, one on
top of the other, for simplicity, after a contraction, as in
[S]µ1µ1 ≡ [S]
µ1ν1 δµ1ν1 or [S]µ1µ2µ1µ2 ≡ [S]
µ1ν1µ2ν2 δµ1ν1δµ2ν2 (10.28)
in order to make the tensorial expressions more compact.
With the definition of Eq. (10.22) the expansion of the TT correlator becomes
< T µ1ν1(x1)T
µ2ν2(x2) >= 4
[
〈[S]µ1ν1 (x1) [S]µ2ν2 (x2)〉 − 〈[S]µ1ν1µ2ν2(x1, x2)〉
]
. (10.29)
The last term on the right hand side of the equation above, which is a massless tadpole, is scheme
dependent and can be easily removed by a local finite counterterm. For this reason it can be set to zero
and then the TT correlation function, obtained by differentiation of the generating functional, coincides
with the quantum average of two energy momentum tensors
< T µ1ν1(x1)T
µ2ν2(x2) > = 4〈[S]µ1ν1 (x1) [S]µ2ν2 (x2)〉 = 〈T µ1ν1(x1)T µ2ν2(x2)〉 . (10.30)
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This is not true for higher order correlation functions of n-gravitons, as we are going to show in a while,
where contact terms also appear.
For the TTT correlator the functional expansion is given by
< T µ1ν1(x1)T
µ2ν2(x2)T
µ3ν3(x3) >= 〈T µ1ν1(x1)T µ2ν2(x2)T µ3ν3(x3)〉
− 4
(
〈[S]µ1ν1µ2ν2 (x1, x2)T µ3ν3(x3)〉 + 2perm.
)
− 8 〈[S]µ1ν1µ2ν2µ3ν3 (x1, x2, x3)〉
]
(10.31)
whose right hand side is expressed in terms of ordinary 3-point correlators plus extra contact terms.
The additional terms obtained by permutation are such to render symmetric the right hand side of the
previous equation.
We will present the expression of these contributions in the helicity basis for each sector (scalar,
fermion and gauge field) in the sections below. Notice that the first term on the right hand side of Eq.
(10.31) corresponds to an ordinary (genuine) 3-point function, whose connected component is given, at
1 loop, by the triangle diagram of Fig. 10.1, while the last term is a massless tadpole (see the third
diagram in Fig. 10.1), which can be set to zero
〈[S]µ1ν1µ2ν2µ3ν3 (x1, x2, x3)〉 = 0. (10.32)
In the 3-T case, contact terms have the topology of a bubble, and are generated by correlators containing
insertions of the second functional derivatives of the action respect to the metric (such as in [S]
µ3ν3µ4ν4).
One of them is shown in the second figure of Fig. 10.1, the others can be obtained by a reparameterization
of the external momenta. These bubble terms are characterized by the insertion of two graviton lines on
the same vertex.
Moving to the 4-T case, a similar expansion holds and is given by
< T µ1ν1(x1)T
µ2ν2(x2)T
µ3ν3(x3)T
µ4ν4(x4) > = 〈T µ1ν1(x1)T µ2ν2(x2)T µ3ν3(x3)T µ4ν4(x4)〉
− 4
[
〈[S]µ1ν1µ2ν2 (x1, x2)T µ3ν3(x3)T µ4ν4(x4)〉+ 5perm.
]
+16
[
〈[S]µ1ν1µ2ν2 (x1, x2) [S]µ3ν3µ4ν4 (x3, x4)〉+ 2perm.
]
− 8
[
〈[S]µ1ν1µ2ν2µ3ν3 (x1, x2, x3)T µ4ν4(x4)〉+ 3perm.
]
− 16 〈[S]µ1ν1µ2ν2µ3ν3µ4ν4 (x1, x2, x3, x4)〉 (10.33)
with
〈[S]µ1ν1µ2ν2µ3ν3µ4ν4 (x1, x2, x3, x4)〉 = 0, (10.34)
being a massless tadpole contribution. Notice that the left hand side and the right hand side are both
symmetric amplitudes, as they should. In this case the perturbative expansion in the three fundamental
sectors - scalars, vector and fermion - generates diagrams of box type for the first 4-T correlator on the
right hand side of (10.33), plus triangle, bubble and tadpole diagrams generated by the contact terms.
The analysis of these contributions is more involved compared to the TTT case, and will be performed
in detail in the following sections.
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10.5 Ward identities for the Green functions
We proceed with a derivation of the relevant Ward identities satisfied by the 3- and 4-point functions of
EMT’s.
The diffeomorphism Ward identities are defined from the condition of general covariance on the
generating functional W [g]
∇ν1 < T µ1ν1(x1) >g= ∇ν1
(
2√
gx1
δW [g]
δgµ1ν1(x1)
)
= 0 . (10.35)
The Ward identities we are interested in are obtained by functional differentiation of Eq. (10.35) and are
given by
∂ν1 < T
µ1ν1(x1)T
µ2ν2(x2) > = 0 , (10.36)
which shows that the two-point function is transverse, and by
∂ν1 < T
µ1ν1(x1)T
µ2ν2(x2)T
µ3ν3(x3) > = −2
[
Γµ1κν1(x1)
]µ2ν2
(x2)〈T κν1(x1)T µ3ν3(x3)〉
−2 [Γµ1κν1(x1)]µ3ν3 (x3)〈T κν1(x1)T µ2ν2(x2)〉 , (10.37)
∂ν1 < T
µ1ν1(x1)T
µ2ν2(x2)T
µ3ν3(x3)T
µ4ν4(x4) > =
−2
[ [
Γµ1κν1(x1)
]µ2ν2
(x2) < T
κν1(x1)T
µ3ν3(x3)T
µ4ν4(x4) >
+
(
2↔ 3, 2↔ 4)]− 4 [ [Γµ1κν1(x1)]µ2ν2µ3ν3 (x2, x3)〈T κν1(x1)T µ4ν4(x4)〉+ (2↔ 4, 3↔ 4)] (10.38)
for the 3- and 4-point functions. The functional derivatives of the Christoffel symbol, obtained from the
expansion of the covariant derivative which appear in previous equations, are explicitly given in Appendix
B.5.
Before moving to momentum space, we define the Fourier transform using the following conventions∫
d3x1 d
3x2 . . . d
3xn 〈T µ1ν1(x1)T µ2ν2(x2) . . . T µnνn(xn)〉 e−i(k1·x1+k2·x2+...+kn·xn) =
(2π)3 δ(3)( ~k1 + ~k2 + . . .+ ~kn) 〈T µ1ν1( ~k1)T µ2ν2( ~k2) . . . T µnνn( ~kn)〉 , (10.39)
where all the momenta are incoming. Similar conventions are chosen for the 2-, 3- and 4-point functions
in all the expressions that follow. We will consider Fourier-transformed correlation functions with an
implicit momentum conservation, i.e. we will omit the overall delta function. Tridimensional momenta in
the perturbative expansions will be denoted as ~k with components kµ. The modulus of ~k will be simply
denoted as k.
Going to momentum space the TT correlator satisfies the simple Ward identity
k1 ν1〈T µ1ν1( ~k1)T µ2ν2(− ~k1)〉 = 0 , (10.40)
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while for the TTT three-point function we obtain
k1 ν1 < T
µ1ν1( ~k1)T
µ2ν2( ~k2)T
µ3ν3( ~k3) >= −kµ13 〈T µ3ν3( ~k2)T µ2ν2(− ~k2)〉
−kµ12 〈T µ2ν2( ~k3)T µ3ν3(− ~k3)〉
+k3 ν1
[
δµ1ν3〈T ν1µ3( ~k2)T µ2ν2(− ~k2)〉+ δµ1µ3〈T ν1ν3( ~k2)T µ2ν2(− ~k2)〉
]
+k2 ν1
[
δµ1ν2〈T ν1µ2( ~k3)T µ3ν3(− ~k3)〉+ δµ1µ2〈T ν1ν2( ~k3)T µ3ν3(− ~k3)〉
]
, (10.41)
and finally, for the TTTT
k1 ν1 < T
µ1ν1( ~k1)T
µ2ν2( ~k2)T
µ3ν3( ~k3)T
µ4ν4( ~k4) >
=
[
− kµ12 < T µ2ν2( ~k1 + ~k2)T µ3ν3( ~k3)T µ4ν4( ~k4) >
+ k2 ν1
(
δµ1ν2 < T ν1µ2( ~k1 + ~k2)T
µ3ν3( ~k3)T
µ4ν4( ~k4) >
+ δµ1µ2 < T ν1ν2( ~k1 + ~k2)T
µ3ν3( ~k3)T
µ4ν4( ~k4) >
)
+
(
2↔ 3, 2↔ 4)]
+
[
2 k2 ν1
(
[gµ1µ2 ]µ3ν3 〈T ν1ν2( ~k4)T µ4ν4(− ~k4)〉+ [gµ1ν2 ]µ3ν3 〈T ν1µ2( ~k4)T µ4ν4(− ~k4)〉
)
+ 2 k3 ν1
(
[gµ1µ3 ]
µ2ν2 〈T ν1ν3( ~k4)T µ4ν4(− ~k4)〉+ [gµ1ν3 ]µ2ν2 〈T ν1µ3( ~k4)T µ4ν4(− ~k4)〉
)
+
(
kν32 δ
µ1µ3 + kµ32 δ
µ1ν3
)
〈T µ2ν2( ~k4)T µ3ν3(− ~k4)〉
+
(
kν23 δ
µ1µ2 + kµ23 δ
µ1ν2
)
〈T µ3ν3( ~k4)T µ2ν2(− ~k4)〉+
(
2↔ 4, 3↔ 4)] . (10.42)
The functional derivatives of the metric tensor are computed using Eq. (10.24) and given explicitly in
Appendix B.5.
For any conformal field theory in an odd dimensional spacetime the relation
gµν < T
µν >g=< T
µ
µ >g= 0 (10.43)
describes the invariance under scale transformations. This allows us to derive additional constraints on
the fermion and on the conformally coupled scalar correlators. Differentiating (10.43) with respect to the
metric up to three times and then performing the flat limit we obtain the three Ward identities
< T ( ~k1)T
µ2ν2( ~−k1) >= 0 ,
< T ( ~k1)T
µ2ν2( ~k2)T
µ3ν3( ~k3) >= −2 < T µ2ν2( ~k2)T µ3ν3( ~−k2) > −2 < T µ2ν2( ~k3)T µ3ν3( ~−k3) >
< T ( ~k1)T
µ2ν2( ~k2)T
µ3ν3( ~k3)T
µ4ν4( ~k4) >= −2 < T µ2ν2( ~k2)T µ3ν3( ~k3)T µ4ν4( ~k2 + ~k3) >
− 2 < T µ2ν2( ~k3 + ~k4)T µ3ν3( ~k3)T µ4ν4( ~k4) > −2 < T µ2ν2( ~k2)T µ3ν3( ~k2 + ~k4)T µ4ν4( ~k4) > . (10.44)
Tracing the last two equations with respect to the remaining two and three couples of indices respectively
we get the constraints
< T ( ~k1)T ( ~k2)T ( ~k3) > = 0 ,
< T ( ~k1)T ( ~k2)T ( ~k3)T ( ~k4) > = 0 (10.45)
178 Three and four point functions of stress energy tensors in D = 3
valid in the conformal case.
10.6 Computation of TTT
We begin this section recalling the results for the two-point function TT in D = 3, which takes the form
〈T µν(~k)Tαβ(−~k)〉 = A(k)Πµναβ(~k) +B(k)πµν (~k)παβ(~k) , (10.46)
where πµν(~k) is a transverse projection tensor
πµν(~k) = δµν − k
µkν
k2
, (10.47)
while Πµναβ(~k) is transverse and traceless
Πµναβ(~k) =
1
2
[
πµα(~k)πνβ(~k) + πµβ(~k)πνα(~k)− πµν(~k)παβ(~k)
]
. (10.48)
The coefficients A(k) and B(k) for the minimal scalar case (MS), the conformally coupled scalar (CS),
the gauge field (GF) and for the chiral fermion case (CF) are given by
AMS(k) = ACS(k) = AGF (k) =
k3
256
, ACF (k) =
k3
128
, (10.49)
BMS(k) = BGF (k) =
k3
256
, BCS(k) = BCF (k) = 0 . (10.50)
At this point we proceed with the computation of the TTT correlator. The contributions introduced
in Eq. (10.31) are built out of the vertices listed in the Appendix B.5 and computed in terms of the
usual tensor-to-scalar reductions of the loop integrals in D = 3. The computations are finite at any stage
and require only a removal of the massless tadpoles. Given the complex structure of the tensor result for
the 3-T case, here we prefer to give its helicity projections instead of presenting it in an expansion on a
tensor basis. We follow the same approach presented in [47].
We define the helicity tensors as usual as
ǫ(s)µν (
~k) = ǫ(s)µ (
~k) ǫ(s)ν (
~k) with s = ±1 (10.51)
where ǫ
(s)
µ is the polarization vector for a spin 1 in D = 3. They satisfy the standard orthonormality,
traceless and transverse conditions
ǫ(s)µν (
~k)ǫ(s
′) µν ∗(~k) = δss
′
, δµνǫ(s)µν (
~k) = 0 , kµǫ(s)µν (
~k) = 0 . (10.52)
We consider a particular realization of the helicity basis choosing, without loss of generality, the three
incoming momenta ~k1, ~k2 and ~k3 to lie in (x − z) plane
kµi = ki(sin θi, 0, cos θi) , (10.53)
with the angles completely determined from the kinematical invariants as
cos θ1 = 1 , cos θ2 =
1
2k1k2
(k23 − k21 − k22) , cos θ3 =
1
2k1k3
(k22 − k21 − k23) ,
sin θ1 = 0 , sin θ2 =
λ(k1, k2, k3)
2k1k2
, sin θ3 = −λ(k1, k2, k3)
2k1k3
(10.54)
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and where
λ2(q1, q2, q3) = (−q1 + q2 + q3)(q1 − q2 + q3)(q1 + q2 − q3)(q1 + q2 + q3) . (10.55)
Then the helicity tensors are explicitly given by
ǫ(s)µν (
~k) =
1
2

cos2 θi is cos θi − sin θi cos θi
is cos θi −1 −is sin θi
− sin θi cos θi −is sin θi sin2 θi
 . (10.56)
Notice that ǫ
(s) ∗
µν (~k) = ǫ
(s)
µν (−~k), which turns useful in comparing our results with those of [47]. Notice
also the different normalization of the polarization tensor ǫ
(s)
µν (~k) used by us respect to [47], by a factor of
1√
2
, which should be kept into account when comparing the results of each ± helicity projection. We are
now ready to present in the following sections the TTT correlator for the minimal and the conformally
coupled scalar, the gauge field and the chiral fermion. All the other missing helicity amplitudes can be
obtained from those given here by parity transformations or momentum permutations.
10.6.1 Minimally coupled scalar
We list the results for the TTT correlator with a minimal scalar running in the loop. They correspond
to two of the three fundamental topologies appearing in the Fig. 10.1. The different contributions in Eq.
(10.31) can be contracted with polarization tensors in order to extract the ± helicity amplitudes and the
trace parts (T ≡ T µµ ).
The ordinary 3-point amplitudes are expressed only in terms of the Euclidean length of the external
vectors and no relative angles. They are given by
〈T ( ~k1)T ( ~k2)T ( ~k3)〉MS = − 1
128
{
k31 + (k2 + k3) k
2
1 + (k2 − k3)2 k1 + (k2 + k3)
(
k22 + k
2
3
)}
,
〈T ( ~k1)T ( ~k2)T (+)( ~k3)〉MS = 1
1024k23(k1 + k2 + k3)
(k1 − k2 − k3)(k1 + k2 − k3)(k1 − k2 + k3)
{
3k31
+ (5k2 + 6k3) k
2
1 +
(
5k22 + 4k3k2 + 3k
2
3
)
k1 + 3k2 (k2 + k3)
2
}
,
〈T ( ~k1)T (+)( ~k2)T (−)( ~k3)〉MS = − (k1 + k2 − k3)
2 (k1 − k2 + k3)2
4096k22k
2
3
{
5k31 −
(
k22 + 4k3k2 + k
2
3
)
k1
+ k32 + k
3
3
}
〈T ( ~k1)T (+)( ~k2)T (+)( ~k3)〉MS = − (−k1 + k2 + k3)
2
4096k22k
2
3 (k1 + k2 + k3)
2
{
k73 + (3k1 + 4k2) k
6
3 + 2
(
k21 + 6k2k1
+3k22
)
k53 +
(
3k31 + 16k2k
2
1 + 21k
2
2k1 + 5k
3
2
)
k43 +
(
17k41 + 36k2k
3
1 + 38k
2
2k
2
1 − 8k32k1 + 5k42
)
k33
+(k1 + k2)
2
(
29k31 14k2k
2
1 + 9k
2
2k1 + 6k
3
2
)
k23 + 4 (k1 + k2)
3
(
5k31 + k2k
2
1 + k
3
2
)
k3
+(k1 + k2)
4 (5k31 − k22k1 + k32)
}
,
〈T (+)( ~k1)T (+)( ~k2)T (+)( ~k3)〉MS = − (k1 + k2 − k3) (k1 − k2 + k3) (−k1 + k2 + k3)
16384k21k
2
2k
2
3 (k1 + k2 + k3)
3
{
3 (k1 + k2 + k3)
9
−7 (k2k3 + k1 (k2 + k3)) (k1 + k2 + k3)7 + 5k1k2k3 (k1 + k2 + k3)6 − 64k31k32k33
}
,
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〈T (+)( ~k1)T (+)( ~k2)T (−)( ~k3)〉MS = (k1 − k2 − k3) (k1 + k2 − k3)
3 (k1 − k2 + k3)
16384k21k
2
2k
2
3 (k1 + k2 + k3)
{
3k53 + 4 (k1 + k2) k
4
3
+
(
k21 + k
2
2
)
k33 +
(
k31 + k
3
2
)
k23 + 4 (k1 + k2)
2 (k21 − k2k1 + k22) k3
+ (k1 + k2)
3 (3k21 − k2k1 + 3k22)
}
. (10.57)
The helicity projections of the contact terms are
〈T ( ~k1)[S ]µ2µ3µ2µ3( ~k2, ~k3)〉MS =
k31
256
,
〈T (s1)( ~k1)[S ]µ2µ3µ2µ3( ~k2, ~k3)〉MS = 0 ,
〈T ( ~k1)[S ]µ2 (s3)µ2 ( ~k2, ~k3)〉MS = −
k1 λ
2(k1, k2, k3)
4096 k23
,
〈T ( ~k1)[S ](s2) (s3)( ~k2, ~k3)〉MS = −k1 λ
2(k1, k2, k3)
4096 k22 k
2
3
{
− k21 + k22 + k23 + 2s2s3 k2k3
}
,
〈T (s1)( ~k1)[S ]µ2 (s3)µ2 ( ~k2, ~k3)〉MS =
k1
16384 k23
{
k41 + k
4
2 + k
4
3 − 2k21k22 − 2k22k23 + 6k21k23
+4s1s3 k1k3(k
2
1 − k22 + k23)
}
〈T (s1)( ~k1)[S ](s2) (s3)( ~k2, ~k3)〉MS = −k1 λ
2(k1, k2, k3)
16384 k22k
2
3
{
k21 + k
2
2 + k
2
3 + 2s1s2 k1k2 + 2s1s3 k1k3
+2s2s3 k2k3
}
. (10.58)
10.6.2 Conformally coupled scalar
In the case of a conformally coupled scalar the helicity amplitudes of the 3-point correlators are
〈T ( ~k1)T ( ~k2)T ( ~k3)〉CS = 0 ,
〈T ( ~k1)T ( ~k2)T (+)( ~k3)〉CS = 0 ,
〈T ( ~k1)T (s2)( ~k2)T (s3)( ~k3)〉CS = 1
4
〈T ( ~k1)T (s2)( ~k2)T (s3)( ~k3)〉CF ,
〈T (s1)( ~k1)T (s2)( ~k2)T (s3)( ~k3)〉CS = 〈T (s1)( ~k1)T (s2)( ~k2)T (s3)( ~k3)〉MS , (10.59)
while the expressions of the contact terms take the form
〈T ( ~k1)[S ]µ2µ3µ2µ3( ~k2, ~k3)〉CS = 0 ,
〈T ( ~k1)[S ]µ2µ3µ2µ3( ~k2, ~k3)〉CS = 0 ,
〈T ( ~k1)[S ]µ2 (s3)µ2 ( ~k2, ~k3)〉CS = 0 ,
〈T ( ~k1)[S ](s2) (s3)( ~k2, ~k3)〉CS = 0 ,
〈T (s1)( ~k1)[S ]µ2 (s3)µ2 ( ~k2, ~k3)〉CS = 〈T (s1)( ~k1)[S ]µ2 (s3)µ2 ( ~k2, ~k3)〉MS ,
〈T (s1)( ~k1)[S ](s2) (s3)( ~k2, ~k3)〉CS = 〈T (s1)( ~k1)[S ](s2) (s3)( ~k2, ~k3)〉MS . (10.60)
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10.6.3 Gauge field
Moving to the gauge contributions, a computation of the ordinary 3-point functions gives
〈T ( ~k1)T ( ~k2)T ( ~k3)〉GF = − 1
128
{
− 3k31 + (k2 + k3) k21 + (k2 − k3)2 k1
− (k2 + k3)
(
3k22 − 4k3k2 + 3k23
)}
,
〈T ( ~k1)T ( ~k2)T (+)( ~k3)〉GF = 1
1024 k23 (k1 + k2 + k3)
(k1 − k2 − k3) (k1 + k2 − k3) (k1 − k2 + k3)
×
{
5k31 + (11k2 + 10k3) k
2
1 +
(
11k22 + 12k3k2 + 5k
2
3
)
k1 + 5k2 (k2 + k3)
2
}
,
〈T ( ~k1)T (+)( ~k2)T (−)( ~k3)〉GF =
(
k21 − (k2 − k3)2
)2
4096 k22k
2
3
{
7k31 −
(
3k22 + 4k3k2 + 3k
2
3
)
k1 + k
3
2 + k
3
3
}
,
〈T ( ~k1)T (+)( ~k2)T (+)( ~k3)〉GF = (−k1 + k2 + k3)
2
4096 k22k
2
3 (k1 + k2 + k3)
2
{
7k71 + 28 (k2 + k3) k
6
1
+
(
39k22 + 88k3k2 + 39k
2
3
)
k51 + (k2 + k3)
(
17k22 + 71k3k2 + 17k
2
3
)
k41
− (k2 + k3)2
(
7k22 − 34k3k2 + 7k23
)
k31 − 2 (k2 + k3)3
(
3k22 − 5k3k2 + 3k23
)
k21
+
(
k62 + 4k3k
5
2 + 7k
2
3k
4
2 + 40k
3
3k
3
2 + 7k
4
3k
2
2 + 4k
5
3k2 + k
6
3
)
k1
+(k2 + k3)
5
(
k22 − k3k2 + k23
)}
,
〈T (+)( ~k1)T (+)( ~k2)T (+)( ~k3)〉GF = − (k1 + k2 − k3) (k1 − k2 + k3) (−k1 + k2 + k3)
16384 k21k
2
2k
2
3 (k1 + k2 + k3)
3
{
3 (k1 + k2 + k3)
9
−7 (k2k3 + k1 (k2 + k3)) (k1 + k2 + k3)7 + 5k1k2k3 (k1 + k2 + k3)6
−64k31k32k33 − 4 (k1 + k2 + k3)6
(
k31 + k
3
2 + k
3
3
)}
,
〈T (+)( ~k1)T (+)( ~k2)T (−)( ~k3)〉GF = (k1 − k2 − k3) (k1 + k2 − k3)
3 (k1 − k2 + k3)
16384 k21k
2
2k
2
3 (k1 + k2 + k3)
{
3k53 + 4 (k1 + k2) k
4
3
+
(
k21 + k
2
2
)
k33 +
(
k31 + k
3
2
)
k23 + 4 (k1 + k2)
2
(
k21 − k2k1 + k22
)
k3
+(k1 + k2)
3 (3k21 − k2k1 + 3k22)− 4 (k1 + k2 + k3)2 (k31 + k32 + k33)
}
, (10.61)
while the helicity projections of the contact terms are
〈T ( ~k1)[S ]µ2µ3µ2µ3( ~k2, ~k3)〉GF =
3 k31
256
,
〈T (s1)( ~k1)[S ]µ2µ3µ2µ3( ~k2, ~k3)〉GF = 0 ,
〈T ( ~k1)[S ]µ2 (s3)µ2 ( ~k2, ~k3)〉GF = −
3 k1 λ
2(k1, k2, k3)
4096 k23
,
〈T ( ~k1)[S ](s2) (s3)( ~k2, ~k3)〉GF = k
3
1
2048 k22 k
2
3
{
k41 + k
4
2 + k
4
3 − 2k21k22 − 2k21k23 + 6k22k23
+ 4 k2k3s2s3
(
k22 + k
2
3 − k21
)}
,
〈T (s1)( ~k1)[S ]µ2 (s3)µ2 ( ~k2, ~k3)〉GF =
3 k1
16384 k23
{
k41 + k
4
2 + k
4
3 − 2k21k22 − 2k22k23 + 6k21k23
+4s1s3 k1k3(k
2
1 − k22 + k23)
}
,
〈T (s1)( ~k1)[S ](s2) (s3)( ~k2, ~k3)〉GF = 0 . (10.62)
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10.6.4 Chiral fermion
The analysis can be repeated in the fermion sector. In this case we obtain
〈T ( ~k1)T ( ~k2)T ( ~k3)〉CF = 0 ,
〈T ( ~k1)T ( ~k2)T (+)( ~k3)〉CF = 0 ,
〈T ( ~k1)T (+)( ~k2)T (−)( ~k3)〉CF = − k
3
2 + k
3
3
1024 k22k
2
3
{
k21 − (k2 − k3)2
}2
,
〈T ( ~k1)T (+)( ~k2)T (+)( ~k3)〉CF = − k
3
2 + k
3
3
1024 k22k
2
3
{
k21 − (k2 + k3)2
}2
,
〈T (+)( ~k1)T (+)( ~k2)T (+)( ~k3)〉CF = − (k1 + k2 − k3) (k1 − k2 + k3) (−k1 + k2 + k3)
4096 k21k
2
2k
2
3 (k1 + k2 + k3)
3
{
32k31k
3
2k
3
3
+(k1 + k2 + k3)
9 − 2 (k2k3 + k1 (k2 + k3)) (k1 + k2 + k3)7
+k1k2k3 (k1 + k2 + k3)
6
}
,
〈T (+)( ~k1)T (+)( ~k2)T (−)( ~k3)〉CF = (k1 − k2 − k3) (k1 + k2 − k3)
3 (k1 − k2 + k3)
4096 k21k
2
2k
2
3 (k1 + k2 + k3)
{
k53 + (k1 + k2) k
4
3
−k1k2k33 + (k1 + k2)2
(
k21 − k2k1 + k22
)
k3 + (k1 + k2)
3
(
k21 + k
2
2
)}
, (10.63)
for the 3-point functions, while the helicity projections of the contact terms are
〈T ( ~k1)[S ]µ2µ3µ2µ3( ~k2, ~k3)〉CF = 0 ,
〈T (s1)( ~k1)[S ]µ2µ3µ2µ3( ~k2, ~k3)〉CF = 0 ,
〈T ( ~k1)[S ]µ2 (s3)µ2 ( ~k2, ~k3)〉CF = 0 ,
〈T ( ~k1)[S ](s2) (s3)( ~k2, ~k3)〉CF = 0 ,
〈T (s1)( ~k1)[S ]µ2 (s3)µ2 ( ~k2, ~k3)〉CF = 0 ,
〈T (s1)( ~k1)[S ](s2) (s3)( ~k2, ~k3)〉CF = −3 k1 λ
2(k1, k2, k3)
32768 k22k
2
3
{
k21 + k
2
2 + k
2
3 + 2s1s2 k1k2
+2s1s3 k1k3 + 2s2s3 k2k3
}
. (10.64)
10.6.5 Multiplicites in the non-abelian case
As we have mentioned in the introduction, the expressions of the correlation functions in the small t’Hooft
limit in the dual theory can be obtained from the results presented in the previous sections, which are
computed for simple free field theories with gauge singlet fields, by introducting some appropriate overall
factors. The prescription is to introduce a factor (N2− 1) in front of each of our correlators (and contact
terms), with the addition of multiplicity factors nφ, n
′
φ, nA and nψ in each sector. These corresponds to the
multiplicites of the conformal scalars, minimally coupled scalars, gauge fields and fermions, respectively.
For instance, the scalar 〈TTT 〉 correlator is obtained with the replacements
〈TTT 〉 → (N2 − 1) (nψ〈TTT 〉CF + nφ〈TTT 〉CS + n′φ〈TTT 〉MS + nA〈TTT 〉GF) , (10.65)
and similarly for all the others. Notice that this results is an exact one. It reproduces, in leading order
in the gauge coupling, what one expects for these correlators in a non-abelian gauge theory. The large-N
limit, in this case, is performed by replacing the color factor N2 − 1 in front with N2.
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10.7 Mapping of our result to the holographic one
In holographic cosmology, as we have briefly pointed out in the previous sections, the gravitational
cosmological perturbations are expressed in terms of correlators of field theories living on its 3-D boundary,
which for a large-N and a small gauge coupling are approximated by free field theories. These theories are
dual to the 4-D domain wall gravitational background. The analogous mapping between the cosmological
background and the boundary theory requires an analytic continuation. This takes the form
ki → −iki N → −iN, (10.66)
in all the momenta of the 3-T correlators defined above, after the redefinition illustrated in (10.65), with
N denoting the rank of the gauge group in [47]. From now on, in this section, we assume that in all
the correlators computed in the previous sections we have done the replacement (10.65), followed by the
analytic continuation described by (10.66).
The final formula for the gravitational perturbations then relates the scalar and tensor fluctuations
of the metric to the imaginary parts of the redefined correlators2. The derivations of the holographic
expressions for each type of perturbations are quite involved, but in the case of scalar cosmological
perturbations, parameterized by the field ζ, they take a slightly simpler form
〈ζ(q1)ζ(q2)ζ(q3)〉 = − 1
256
(∏
i
Im[B(q¯i)]
)−1
× Im
[
〈T (q¯1)T (q¯2)T (q¯3) + 4
∑
i
B(q¯i)
− 2
(
〈T (q¯1)Υ(q¯2, q¯3)〉+ cyclic perms.
)]
. (10.67)
Similar formulas are given for the tensor and mixed scalar/tensor perturbations, which can be found in
[47]. In this expression we have omitted an overall factor of (2π3) times a delta function, for momentum
conservation. In [47] the authors use latin indices for the 3-D correlators and introduce the function
Υijkl(x1, x2) ≡ 〈δT
ij(x1)
δgkl(x2)
〉 (10.68)
which characterises the contact terms, being proportional to a delta function (∼ δ(x1−x2)). For the rest
their conventions are
T (q¯) = δijTij(q¯), Υ(q¯1, q¯2) = δijδklΥijkl(q¯1, q¯2) . (10.69)
The coefficients B(q¯i) are related to 2-point functions of the stress tensor. Υ stands for the trace of the
Υijkl tensor. Eq. (10.67) allows to map the computation of the bispectrum of the scalar perturbations
in ordinary cosmology to a computation of correlation functions in simple free field theories. In this case
the correlators on the right hand side are obtained by adding the scalar, fermion and gauge contributions.
They correspond to fully traced 3-T correlators and contact terms whose imaginary parts are generated
by the application of the replacements (10.66) on the diagrammatic results found in the previous sections.
2In the notation of [47] the euclidean momenta are denoted as q¯i, and correspond to our ki before the analystic continu-
ation. The authors set q¯i = −iqi to define the euclidean momenta of the cosmological correlators in 3-D space, with qi the
final momenta in this space
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Figure 10.2: Topologies appearing in the expansion of the 4 − T correlator BoxTop, TriTop, BubTop22
and BubTop13.
In order to compare our results, expressed in terms of functional derivatives of S with those of [47]
we define
Υµναβ(z, x) =
δT µν(z)
δgαβ(x)
∣∣∣∣
gµν=δµν
= −1
2
δαβδ(z − x)T µν(z)− 2 [S]µναβ(z, x) (10.70)
which is the analog of Υijkl(z, x) defined in Eq. (10.68). Because the operations of raising and lowering
indices do not commute with the metric functional derivatives, Υµναβ(z, x) and Υµναβ(z, x) (we use greek
indices) are not simply related by the contractions with metric tensors. A careful analysis shows that the
relation between the two quantities in the flat spacetime limit is
Υµναβ(z, x) =
δTµν(z)
δgαβ(x)
∣∣∣∣
gµν=δµν
= −1
2
δ(z − x)
[
δαµTβν + δβµTαν + δανTβµ + δβνTαµ
]
(z)
− δµρδνσδαγδβδΥρσγδ(z, x) , (10.71)
and taking in account Eq. (10.70) we can finally map our contact terms with the expressions of [47]
〈Υµναβ(z, x)Tρσ(y)〉 = −1
2
δ(z − x)
[
δαµ〈Tβν(z)Tρσ(y)〉+ δβµ〈Tαν(z)Tρσ(y)〉
+δαν〈Tβµ(z)Tρσ(y)〉+ δβν〈Tαµ(z)Tρσ(y)〉 − δαβ〈Tµν(z)Tρσ(y)〉
]
+ 2 〈[S]µναβ(z, x)Tρσ(y)〉.
(10.72)
This equation is sufficient in order to provide a complete mapping between our results and those of [47]
in the TTT case.
10.8 Computation of TTTT
The evaluation of the correlation function of 4 EMT’ s is very involved, due to its tensor structure, which
is of rank-8, but it becomes more manageable in the case of the scalar amplitude. This is obtained by
tracing all the indices pairwise, given by 〈TTTT 〉 and all the corresponding contact terms, which are
identified from the Feynman expansion of the related < TTTT >. The general structure of the 4-T
correlator has been defined in full generality in Eq. (10.33) and the scalar component of this relation can
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l
Figure 10.3: Tadpole topology for the TTTT correlator.
be trivially extracted from the same equation.
We present the results for the minimally coupled scalar, the gauge field, the conformal scalar and the
chiral fermion cases. The vertices with one, two and three EMT insertions used in the computation are
given in the Appendix B.5.
We start analyzing in detail the minimally coupled scalar focusing on the classification of the contributions
of different topologies.
10.8.1 TTTT for the minimally coupled scalar case
The first term on the right hand-side of Eq. (10.33), the ”ordinary” 〈TTTT 〉 correlator, is a four-point
function with three box-like contributions which can be obtained, in momentum space, from each other
with a suitable re-parameterization of the internal momenta circulating in the loop. For this reason we
compute just one box diagram BoxTopMS(~q1, ~q2, ~q3) with the internal momenta flowing in the loop as
depicted in Fig. 10.2, obtaining
〈T ( ~k1)T ( ~k2)T ( ~k3)T ( ~k4)〉MS = 16
(
BoxTopMS( ~k1, ~k1 + ~k2,− ~k4)
+BoxTopMS( ~k1, ~k1 + ~k2,− ~k3) + BoxTopMS( ~k1, ~k2 + ~k3,− ~k4)
)
. (10.73)
The triangle terms in Eq. (10.33) are contact terms with the insertion of two external legs on the
same vertex. There are six triangle diagrams of this type, characterized by the different couples of at-
tached external momenta ~k1, ~k2, ~k3, ~k4. Each of these contributions is obtained from the triangle diagram
TriTopMS(~q1, ~q2), illustrated in Fig. 10.2, with the following assignments of momenta
TriTopMS( ~k1,− ~k4), TriTopMS( ~k1,− ~k3), TriTopMS( ~k1, ~k1 + ~k2), (10.74)
TriTopMS( ~k1 + ~k2,− ~k4), TriTopMS( ~k1 + ~k3,− ~k4) TriTopMS( ~k1 + ~k4,− ~k3) .
Here we provide an example
〈[S]µ1 µ2µ1 µ2 ( ~k1, ~k2)T ( ~k3)T ( ~k4)〉MS = 4TriTopMS( ~k1 + ~k2,− ~k4) . (10.75)
There are also two classes of contact terms with bubble topologies, namely BubTopMS22 (~q1) and BubTop
MS
13 (~q1)
depicted in Fig. 10.2. The former is defined by two vertices with double T insertions, while the latter
is characterized by a three external leg insertion on the same point. In the first case there are three
contributions coming from the distinct rearrangements of the external momenta into two pairs, given by
BubTopMS22 (
~k1 + ~k2) BubTop
MS
22 (
~k1 + ~k3) BubTop
MS
22 (
~k1 + ~k4) , (10.76)
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while in the other topology class four terms appear which are given by
BubTopMS13 (
~k1) BubTop
MS
13 (
~k2) BubTop
MS
13 (
~k3) BubTop
MS
13 (
~k4) . (10.77)
From Eq. (10.33) we deduce that
〈[S]µ1 µ2µ1 µ2 ( ~k1, ~k2) [S]
µ3 µ4
µ3 µ4
( ~k3, ~k4)〉MS = BubTopMS22 ( ~k1 + ~k2) , (10.78)
〈[S]µ1 µ2 µ3µ1 µ2 µ3 ( ~k1, ~k2, ~k3)T ( ~k4)〉MS = −2BubTopMS13 ( ~k4) , (10.79)
and with similar expressions for the other contributions. Notice that there is also a massless tadpole in
Fig. 10.3 which is scheme-dependent and can be set to zero.
For bubble and triangular topologies, the results take a simple form
TriTopMS(~q1, ~q2) =
1
2048π3
{
− (q21 + q212 + q22) [q21 B0 (q21)+ q212 B0 (q212)+ q22 B0 (q22) ]
+ 2 q21 q
2
12 q
2
2 C0
(
q21 , q
2
12, q
2
2
)}
, (10.80)
BubTopMS22 (~q1) =
q41
1024π3
B0(q21) , (10.81)
BubTopMS13 (~q1) =
3 q41
1024π3
B0(q21) , (10.82)
where q2ij = (qi − qj)2.
The diagram with box topology, BoxTopMS , is more involved and it is expanded on a basis of scalar
integrals Ii with coefficients CMSi . The basis is built from 2-, 3- and 4- point massless scalar integrals
reported in Appendix B.3. The elements of this basis are not all independents from each other because
D0 can be removed using Eq. (B.30). Nevertheless we show the results in this form in order to simplify
their presentation.
The basis of scalar integrals is given by
I1(~q1, ~q2, ~q3) = D0
(
q21 , q
2
12, q
2
23, q
2
3 , q
2
2 , q
2
13
)
,
I2(~q1, ~q2, ~q3) = C0
(
q21 , q
2
12, q
2
2
)
,
I3(~q1, ~q2, ~q3) = C0
(
q21 , q
2
13, q
2
3
)
,
I4(~q1, ~q2, ~q3) = C0
(
q22 , q
2
23, q
2
3
)
,
I5(~q1, ~q2, ~q3) = C0
(
q212, q
2
23, q
2
13
)
,
I6(~q1, ~q2, ~q3) = B0
(
q21
)
,
I7(~q1, ~q2, ~q3) = B0
(
q22
)
,
I8(~q1, ~q2, ~q3) = B0
(
q23
)
,
I9(~q1, ~q2, ~q3) = B0
(
q212
)
,
I10(~q1, ~q2, ~q3) = B0
(
q213
)
,
I11(~q1, ~q2, ~q3) = B0
(
q223
)
, (10.83)
in terms of which the diagram with the box topology can be expressed as
BoxTopMS(~q1, ~q2, ~q3) =
11∑
i=1
CMSi (~q1, ~q2, ~q3) Ii(~q1, ~q2, ~q3). (10.84)
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The first few coefficients are given by
CMS1 (~q1, ~q2, ~q3) =
q21 q
2
12 q
2
23 q
2
3
2048π3
,
CMS2 (~q1, ~q2, ~q3) =
q21q
2
12
2048π3 λ2(q1, q12, q2)
[
q23q
4
1 −
((
2q23 + 2q
2
12 − q213 + q223
)
q22 + q
2
12
(
q23 + q
2
23
))
q21
+
(
q22 − q212
) (
q22
(
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)− q212q223)
]
,
CMS3 (~q1, ~q2, ~q3) =
q21q
2
3
2048π3 λ2(q1, q13, q3)
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q212q
4
1 −
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q212 + 2q
2
13 + q
2
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)
q23 + q
2
13
(−q22 + 2q212 + q223)) q21
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q23 − q213
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q22 − q212 − q223
)
q213 + q
2
3q
2
23
) ]
,
CMS4 (~q1, ~q2, ~q3) =
q23q
2
23
2048π3 λ2(q2, q23, q3)
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q21q
4
3 −
((
2q21 + q
2
12 − q213
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q22 +
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q21 + 2q
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2
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q223
)
q23
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(
q22 − q223
) (
q22
(
q21 + q
2
12 − q213
)− q212q223)
]
,
CMS5 (~q1, ~q2, ~q3) =
q212q
2
23
2048π3 λ2(q12, q23, q13)
[
q23q
4
23 −
((
q21 + q
2
3
)
q212 +
(
q21 − q22 + 2
(
q23 + q
2
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q213
)
q223
+
(
q212 − q213
) (
q21q
2
12 −
(
q21 − q22 + q23
)
q213
) ]
, (10.85)
the remaining ones, having lengthier forms, have been collected in Appendix B.4.
We remark, if not obvious, that being the TTTT correlator in D=3 dimensions finite and hence (trace)
anomaly free, the operation of tracing the indices of an energy-momentum tensor can be performed before
or after the evaluation of the integrals appearing in the loops, with no distinction. In D=4 the two
procedures are inequivalent, differing by the anomalous term.
For this reason we have computed the TTTT correlator in two distinct ways, obviously with the same
result. In the first case we have traced all the four pairs of indices before computing the loop integrals.
In this way we obtain directly the TTTT correlator. In the second case, which is much more involved, we
have calculated the T µνTTT correlation function with a pair of indices not contracted, we have evaluated
the tensor integrals and then we have contracted the result with δµν . This intermediate step is useful in
order to test our computation with the diffeomorphism Ward identity given in Eq. (10.42).
10.8.2 TTTT for the gauge field case
As discussed in the previous section also in the case of an abelian gauge field the scalar component of the
4-T correlator can be decomposed in the sum of three box diagrams as
〈T ( ~k1)T ( ~k2)T ( ~k3)T ( ~k4)〉GF = 16
(
BoxTopGF ( ~k1, ~k1 + ~k2,− ~k4) + BoxTopGF ( ~k1, ~k1 + ~k2,− ~k3)
+ BoxTopGF ( ~k1, ~k1 + ~k3,− ~k4)
)
, (10.86)
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where the box diagram contributions can be written in terms of a minimal scalar box term (MS) and of
extra terms as
BoxTopGF (~q1, ~q2, ~q3) = BoxTop
MS(~q1, ~q2, ~q3)
+
1
2048π3
{(
2q21 − q22 − q23 − q212 − q213
)
q21 B0
(
q21
)
+
(
2q223 − q22 − q23 − q212 − q213
)
q223 B0
(
q223
)
+
(
2q22 − q21 − q23 − q212 − q223
)
q22 B0
(
q22
)
+
(
2q23 − q21 − q22 − q213 − q223
)
q23 B0
(
q23
)
+
(
2q212 − q21 − q22 − q213 − q223
)
q212 B0
(
q212
)
+
(
2q213 − q21 − q23 − q212 − q223
)
q213 B0
(
q213
)
+ 2 q22q
2
12q
2
1 C0
(
q21 , q
2
12, q
2
2
)
+2q23q
2
13q
2
1 C0
(
q21 , q
2
13, q
2
3
)
+ 2q22q
2
3q
2
23 C0
(
q22 , q
2
23, q
2
3
)
+ 2q212q
2
13q
2
23 C0
(
q212, q
2
23, q
2
13
)}
.
(10.87)
The reconstruction of the < T (x1)T (x2)T (x3)T (x4) > amplitude can be obtained using the expression
above plus the contributions of triangle and bubble topology, corresponding to the relative contact terms.
In the case of the gauge field these are
〈[S]µ1 µ2µ1 µ2 ( ~k1, ~k2)T ( ~k3)T ( ~k4)〉GF = 4TriTopGF ( ~k1 + ~k2,− ~k4) , (10.88)
〈[S]µ1 µ2µ1 µ2 ( ~k1, ~k2) [S]
µ3 µ4
µ3 µ4
( ~k3, ~k4)〉GF = BubTopGF22 ( ~k1 + ~k2) , (10.89)
〈[S]µ1 µ2 µ3µ1 µ2 µ3 ( ~k1, ~k2, ~k3)T ( ~k4)〉GF = −2BubTopGF13 ( ~k4) , (10.90)
and with similar expressions for the other contributions, obtained by a suitable reparameterization of the
internal momenta. In this case the discussion is identical as in the minimally coupled scalar. The explicit
results for these three topologies are given by
TriTopGF (~q1, ~q2) =
1
2048π3
{
6 q21 q
2
12 q
2
2 C0
(
q21 , q
2
12, q
2
2
)− 3 q21(−3q21 + q212 + q22)B0(q21)
− 3 q212(q21 − 3q212 + q22)B0(q212)− 3 q22(q21 + q212 − 3q22)B0(q22)
}
, (10.91)
BubTopGF22 (~q1) =
9 q41
1024π3
B0(q21) , (10.92)
BubTopGF13 (~q1) =
15 q41
1024π3
B0(q21) . (10.93)
10.8.3 TTTT for the conformally coupled scalar case
As for the gauge fields, also for the conformally coupled scalar the totally traced component of the 4-T
correlator is given by
〈T ( ~k1)T ( ~k2)T ( ~k3)T ( ~k4)〉CS = 16
(
BoxTopCS( ~k1, ~k1 + ~k2,− ~k4)
+BoxTopCS( ~k1, ~k1 + ~k2,− ~k3) + BoxTopCS( ~k1, ~k1 + ~k3,− ~k4)
)
, (10.94)
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where the box diagram contributions can be written as
BoxTopCS(~q1, ~q2, ~q3) =
1
4096 π3
{
B0(q213)
(
3(~q1 · ~q3)2 + ~q1 · ~q3(2q22 − 3~q2 · ~q3)
+q21 (~q2 · ~q3 − q23) + ~q1 · ~q2(−3~q1 · ~q3 + q23)
)− B0(q22) (~q1 · ~q3 q22 + 2 q21(~q2 · ~q3 − q23)
+ ~q1 · ~q2 (−3 ~q2 · ~q3 + 2q23)
)}
. (10.95)
Concerning the contact terms, the triangle and bubble topology contributions are given by
〈[S]µ1 µ2µ1 µ2 ( ~k1, ~k2)T ( ~k3)T ( ~k4)〉CS =
1
256 π3
~k1 · ~k2 ~k3 · ~k4 B0
(
( ~k1 + ~k2)
2
)
, (10.96)
〈[S]µ1 µ2µ1 µ2 ( ~k1, ~k2) [S]
µ3 µ4
µ3 µ4
( ~k3, ~k4)〉CS = 1
1024 π3
~k1 · ~k2 ~k3 · ~k4 B0
(
( ~k1 + ~k2)
2
)
, (10.97)
〈[S]µ1 µ2 µ3µ1 µ2 µ3 ( ~k1, ~k2, ~k3)T ( ~k4)〉CS = 0 . (10.98)
10.8.4 TTTT for the chiral fermion case
In the case of the chiral fermion field the ordinary EMT’s correlation function is zero
〈T ( ~k1)T ( ~k2)T ( ~k3)T ( ~k4)〉CF = 16
(
BoxTopCF ( ~k1, ~k1 + ~k2,− ~k4)
+BoxTopCF ( ~k1, ~k1 + ~k2,− ~k3) + BoxTopCF ( ~k1, ~k1 + ~k3,− ~k4)
)
= 0 , (10.99)
despite the fact that the single box contribution is given by
BoxTopCF (~q1, ~q2, ~q3) =
1
128 π3
{
B0(q
2
2) (−q22 ~q1 · ~q3 + ~q1 · ~q2 ~q2 · ~q3)
+B0(q
2
31)
(−~q1 · ~q3(~q1 · ~q2 − ~q1 · ~q3 + ~q2 · ~q3) + q21(~q2 · ~q3 − q23) + q23 ~q1 · ~q2)} . (10.100)
All the other topologies are identically zero,
〈[S]µ1 µ2µ1 µ2 ( ~k1, ~k2)T ( ~k3)T ( ~k4)〉CF = 0 , (10.101)
〈[S]µ1 µ2µ1 µ2 ( ~k1, ~k2) [S]
µ3 µ4
µ3 µ4
( ~k3, ~k4)〉CF = 0 , (10.102)
〈[S]µ1 µ2 µ3µ1 µ2 µ3 ( ~k1, ~k2, ~k3)T ( ~k4)〉CF = 0 , (10.103)
with all the similar contributions obtained by exchanging the respective momenta.
10.8.5 Relations between contact terms in the 4-T case
As we have mentioned in the introduction, the extension of the holographic formula for scalar and
tensor perturbations remains to be worked out. This is expected to require a lengthy but straightforward
extension of the methods developed for the analysis of the bispectrum. For this reason here we reformulate
the structure of the contact terms, which are expected to be part of this extension, in a form similar to
those presented in the previous section. We recall that in our notations the contact terms are given as in
Eq. (10.33).
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For example, extending the previous notations, the contact term with the triangle topology in the
two formulations are related as
〈Υµναβ(z, x)Tρσ(y)Tλτ (t)〉 = −1
2
δ(z − x)
[
δαµ〈Tβν(z)Tρσ(y)Tλτ (t)〉 + δβµ〈Tαν(z)Tρσ(y)Tλτ (t)〉
+δαν〈Tβµ(z)Tρσ(y)Tλτ (t)〉+ δβν〈Tαµ(z)Tρσ(y)Tλτ (t)〉 − δαβ〈Tµν(z)Tρσ(y)Tλτ (t)〉
]
+2 〈[S]µναβ(z, x)Tρσ(y)Tλτ (t)〉. (10.104)
Similar relations hold for those contact terms of bubble topology
〈Υµναβ(z, x)Υρσλτ(y, t)〉 = 1
4
δ(z − x)δ(y − t)
[(
δαµδλρ〈Tβν(z)Tτσ(x)〉+ δαµδλσ〈Tβν(z)Tτρ(x)〉
+ δαµδτρ〈Tβν(z)Tλσ(x)〉+ δαµδτσ〈Tβν(z)Tλρ(x)〉+ (µ↔ ν)
)
+ (α↔ β)
]
−
{
δ(z − x)
[
1
4
δλτ δ(y − t)
(
δαµ〈Tβν(z)Tρσ(y)〉+ δαν〈Tβµ(z)Tρσ(y)〉+ (α↔ β)
)
+
(
δαµ〈Tβν(z) [S ]ρσλτ (y, t)〉+ δαν〈Tβµ(z) [S ]ρσλτ (y, t)〉+ (α↔ β)
)]
+ (µ, ν, z, α, β, x)↔ (ρ, σ, y, λ, τ, t)
}
+
(
1
4
δαβ δλτ δ(z − x) δ(y − t) 〈Tµν(z)Tρσ(y)〉+ δαβ δ(z − x) 〈Tµν(z) [S ]ρσλτ (y, t)〉
+ δλτ δ(y − t) 〈Tρσ(y) [S ]µναβ (z, x)〉+ 4 〈[S ]µναβ (z, x) [S ]ρσλτ (y, t)〉
)
. (10.105)
Finally, we expect, in a possible generalization of the holographic formula for scalar and tensor pertur-
bations at the trispectrum level, double functional derivatives of the EMT with respect to the metric
Υµναβρσ(z, x, y) =
δ2Tµν(z)
δgρσ(y)δgαβ(x)
∣∣∣∣
gµν=δµν
. (10.106)
After some work, the expression of this object in terms of multiple functional derivatives of the action
and of EMT’s is found to be
Υµναβρσ(z, x, y) =
1
2
δ(z − x)δ(z − y)
[
[gµβgακgνλ + gµαgβκgνλ + (µ↔ ν)− gαβgµλgνκ]ρσ
− 1
2
δρσ (δµβδακδνλ + δµαδβκδνλ + (µ↔ ν)− δαβδµλδνκ)
]
Tλκ(z)
− δ(z − x) [δµβδακδνλ + δµαδβκδνλ + (µ↔ ν)− δαβδµλδνκ] [S]λκρσ (z, y)
+ δ(z − y)
[
δρσ [S]µναβ (z, x)− 2 [gaαgbβgeµgfν ]ρσ [S]efab (z, x)
]
− 2 [S]µναβρσ (z, x, y) , (10.107)
where we refer to appendix B.5 for a list of the derivatives of metric tensors.
We conclude by presenting, along the same lines, the expression of the last contact term which will be
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present in the holographic extension. This is related to our contact terms by the formula
〈Υµναβρσ(z, x, y)Tτω(t)〉 = 1
2
δ(z − x)δ(z − y)
[
[gµβgακgνλ + gµαgβκgνλ + (µ↔ ν)− gαβgµλgνκ]ρσ
−1
2
δρσ (δµβδακδνλ + δµαδβκδνλ + (µ↔ ν)− δαβδµλδνκ)
]
〈Tλκ(z)Tτω(t)〉
−δ(z − x) [δµβδακδνλ + δµαδβκδνλ + (µ↔ ν)− δαβδµλδνκ] 〈[S ]λκρσ (z, y)Tτω(t)〉
+δ(z − y)
[
δρσ 〈[S ]µναβ (z, x)Tτω(t)〉 − 2 [gaαgbβgeµgfν ]ρσ 〈[S ]efab (z, x)Tτω(t)〉
]
−2 〈[S ]µναβρσ (z, x, y)Tτω(t)〉. (10.108)
10.9 Conclusions
The study of holographic cosmological models is probably at its beginning and there is little doubt
that the interest in these models will be growing in the near future. In these formulations, the metric
perturbations of a cosmological inflationary phase characterized by strong gravity can be expressed in
terms of correlation functions involving stress energy tensors in simple 3-D field theories. We have
presented an independent derivation of all the amplitudes which are part of the 3-T correlators and
extended the analysis to the fully traced component of the 4-T one. The analysis is rather involved and
is based on an extension of the approach developed in [9], which dealt with the 3-T case in D=4. In
D=3, the absence of anomalies simplifies considerably the treatment, but the perturbative expression of
the 4-T amplitude carries the same level of difficulty of the 4-D case.

Appendix A
Appendix
A.1 Appendix. Feynman rules for the QCD sector
The Feynman rules used in the computation of the TJJ correlator in QCD are collected here. The
direction of each momentum is shown on the corresponding line.
• Graviton - fermion - fermion vertex
fk2
տ
fk1ր
hµν
→
= −i κ
2
V ′µν(k1, k2)
= −i κ
2
{
1
4
[γµ(k1 + k2)ν + γν(k1 + k2)µ]
− 1
2
gµν [γ
λ(k1 + k2)λ − 2m]
}
(A.1)
• Graviton - gluon - gluon vertex
g bσk2
տ
g aρk1ւ
hµν→ = −i κ
2
δab V
Ggg
µνρσ(k1, k2)
= −i κ
2
δab
{
k1 · k2 Cµνρσ +Dµνρσ(k1, k2) + 1
ξ
Eµνρσ(k1, k2)
}
(A.2)
• Graviton - ghost - ghost vertex
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cak1
տ
c¯ bk2ր
hµν
= −i κ
2
δab Cµνρσ k1 ρ k2 σ
(A.3)
• Graviton - fermion - fermion - gluon vertex
f
f¯gaα
hµν
= ig
κ
2
T aW ′µνα = ig
κ
2
T a
{
−1
2
(γµ gνα + γν gµα) + gµν γα
}
(A.4)
• Graviton - gluon - gluon - gluon vertex
gcλ
k3
տ
gbσk2ւ
gaρ k1ց
hµν
= −g κ
2
fabcV Ggggµνρσλ(k1, k2, k3)
= −g κ
2
fabc {Cµνρσ(k1 − k2)λ + Cµνρλ(k3 − k1)σ
+ Cµνσλ(k2 − k3)ρ + Fµνρσλ(k1, k2, k3)}
(A.5)
• Graviton - ghost - ghost - gluon vertex
ca
c¯ bk2ր
gcρ
hµν
=
κ
2
g fabcCµνρσ k
σ
2
(A.6)
A.2 Appendix. Feynman Rules for the EW sector 195
Cµνρσ = gµρ gνσ + gµσ gνρ − gµν gρσ
Dµνρσ(k1, k2) = gµν k1σ k2 ρ −
[
gµσkν1k
ρ
2 + gµρ k1 σ k2 ν − gρσ k1µ k2 ν + (µ↔ ν)
]
Eµνρσ(k1, k2) = gµν (k1 ρ k1 σ + k2 ρ k2 σ + k1 ρ k2 σ)−
[
gνσ k1µ k1 ρ + gνρ k2µ k2 σ + (µ↔ ν)
]
Fµνρσλ(k1, k2, k3) = gµρ gσλ (k2 − k3)ν + gµσ gρλ (k3 − k1)ν + gµλ gρσ(k1 − k2)ν + (µ↔ ν)
(A.7)
A.2 Appendix. Feynman Rules for the EW sector
We collect here all the Feynman rules used in the computation of the TJJ in the electroweak theory. All
the momenta are incoming
• graviton - gauge boson - gauge boson vertex
hµν
V β
V α
k1
k2
= −iκ
2
{(
k1 · k2 +M2V
)
Cµναβ +Dµναβ(k1, k2) +
1
ξ
Eµναβ(k1, k2)
}
(A.8)
where V stands for the vector gauge bosons A,Z and W±.
• graviton - fermion - fermion vertex
hµν
ψ
ψ¯
k1
k2
= i
κ
8
{
γµ (k1 − k2)ν + γν (k1 − k2)µ − 2 ηµν (k/1 − k/2 + 2mf )
}
(A.9)
• graviton - ghost - ghost vertex
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hµν
η
η¯
k1
k2
= i
κ
2
{
k1 ρ k2 σ C
µνρσ −M2η ηµν
}
(A.10)
where η denotes the ghost fields η+, η− ed ηZ .
• graviton - scalar - scalar vertex
hµν
S
S
k1
k2
= i
κ
2
{
k1 ρ k2 σ C
µνρσ −M2S ηµν
}
= −i2χκ
2
{
(k1 + k2)
µ(k1 + k2)
ν − ηµν(k1 + k2)2
}
(A.11)
where S stands for the Higgs H and the Goldstones φ and φ±. The first expression is the contri-
bution coming from the minimal energy-momentum tensor while the second is due to the term of
improvement for a conformally coupled scalar.
• graviton - Higgs vertex
hµν H
k
= i
κ
2
2swMW
3e
{
kµkν − ηµνk2
}
(A.12)
This vertex is derived from the term of improvement of the energy-momentum tensor and it is a
feature of the electroweak symmetry breaking because it is proportional to the Higgs vev.
• graviton - three gauge boson vertex
hµν
V ρ
W+σ
W− τ
k2
k3
k1
= −i e CV κ
2
{
Cµνρσ (kτ3 − kτ1 ) + Cµνρτ (kσ1 − kσ2 )
+Cµνστ (kρ2 − kρ3) + Fµνρτσ(k1, k2, k3)
}
(A.13)
where CA = 1 and CZ = cwsw .
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• graviton - gauge boson - scalar - scalar vertex
hµν
V α
S1
S2
k2
k3
k1
= i e CV S1S2
κ
2
{
(k2 σ − k3 σ)Cµνασ
}
(A.14)
with CV S1S2 given by
CAφ+φ− = 1 CZφ+φ− = c
2
w − s2w
2sw cw
CZHφ = i
2sw cw
.
• graviton - gauge boson - ghost - ghost vertex
hµν
V α
η
η¯
k2
k3
k1
= i e CV η κ
2
κ2σ C
µνασ
(A.15)
where V denotes the A, Z gauge bosons and η the two ghosts η+ and η−. The coefficients C are
defined as
CAη+ = 1 CAη− = −1 CZη+ = cw
sw
CZη− = − cw
sw
.
• graviton - gauge boson - gauge boson - scalar vertex
hµν
V α1
S
V
β
2
k2
k3
k1
= e CV1V2S
κ
2
MW C
µναβ
(A.16)
where V stands for A, Z o W± and S for φ± and H . The coefficients are defined as
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CAW+φ− = 1 CAW−φ+ = −1 CZW+φ− = −swcw
CZW−φ+ = sw
cw
CZZH = − i
sw c2w
CW+W−H = − i
cw
.
• graviton - scalar - ghost - ghost vertex
hµν
S
η
η¯
k2
k3
k1
= −i e CSη κ
2
MW η
µν
(A.17)
where S = H and η denotes η+, η− and ηz. The vertex is defined with the coefficients
CHη+ = CHη− = 1
2sw
CHηz = 1
2sw cw
.
• graviton - three scalar vertex
hµν
S1
S3
S2
k2
k3
k1
= −i e CS1S2S3
κ
2
ηµν
(A.18)
with S denoting H , φ and φ±. We have defined the coefficients
CHφφ = CHφ+φ− = 1
2sw cw
M2H
MZ
CHHH = 3
2sw cw
M2H
MZ
.
• graviton - scalar - fermion - fermion vertex
hµν
S
ψ
ψ¯
k1
k2
k3
=
κ
2
(
CLSψ¯ψ PL + C
R
Sψ¯ψ PR
)
ηµν
(A.19)
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where the coefficients are defined as
CLhψ¯ψ = C
R
hψ¯ψ = −i
e
2sW
m
mW
, CLφψ¯ψ = −CRφψ¯ψ = i
e
2sW
m
mW
2I3 ,
CLφ+ψ¯ψ = i
e√
2sW
mψ¯
mW
Vψ¯ψ , C
R
φ+ψ¯ψ = −i
e√
2sW
mψ
mW
Vψ¯ψ ,
CLφ−ψ¯ψ = −i
e√
2sW
mψ¯
mW
V ∗¯ψψ , C
R
φ−ψ¯ψ = i
e√
2sW
mψ
mW
V ∗¯ψψ . (A.20)
• graviton - gauge boson - fermion - fermion vertex
hµν
V α
ψ
ψ¯
k1
k2
k3
= −κ
2
(
CLV ψ¯ψ PL + C
R
V ψ¯ψ PR
)
Cµναβγβ
(A.21)
with
CLgψ¯ψ = C
R
gψ¯ψ = igsT
a , CLγψ¯ψ = C
R
γψ¯ψ = ieQ ,
CLZψ¯ψ = i
e
2sW cW
(v + a) , CRZψ¯ψ = i
e
2sW cW
(v − a) ,
CLW+ψ¯ψ = i
e√
2sW
Vψ¯ψ , C
L
W−ψ¯ψ = i
e√
2sW
V ∗¯ψψ , C
R
W±ψ¯ψ = 0 , (A.22)
and v = I3 − 2s2WQ, a = I3.
W+σ
V
β
2
V α1
hµν
W− ρ
= i e2 CV1V2
κ
4
{
Gµναβσρ +Gµνβασρ +Gµναβρσ +Gµνβαρσ
}
(A.23)
where V1 e V2 denote A or Z. The coefficients C are defined as
CAA = 1 CAZ =
cw
sw
CZZ =
c2w
s2w
.
• graviton - gauge boson - gauge boson - scalar - scalar vertex
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S1
V
β
2
V α1
hµν
S2
= −i e2 CV1V2S1S2
κ
2
Cµναβ
(A.24)
where V1 and V2 denote the neutral gauge bosons A and Z, while the possible scalars are φ, φ
±
and H . The coefficients are
CAAφ+φ− = 2 CAZφ+φ− = c
2
w − s2w
sw cw
CZZφ+φ− =
(
c2w − s2w
)2
2s2w c
2
w
CZZφφ = CZZHH = 1
2s2w c
2
w
.
The tensor structures C, D, E and F which appear in the Feynman rules defined above are given in
Eq.(A.7).
A.3 Appendix. Scalar integrals for the QCD sector
We collect in this appendix all the scalar integrals involved in the computation of the TJJ vertex in
QCD. To set all our conventions, we start with the definition of the one-point function, or massive
tadpole A0(m2), the massive bubble B0(s,m2) and the massive three-point function C0(s, s1, s2,m2)
A0(m2) = 1
iπ2
∫
dnl
1
l2 −m2 = m
2
[
1
ǫ¯
+ 1− log
(
m2
µ2
)]
, (A.25)
B0(k2,m2) = 1
iπ2
∫
dnl
1
(l2 −m2) ((l − k)2 −m2)
=
1
ǫ¯
+ 2− log
(
m2
µ2
)
− a3 log
(
a3 + 1
a3 − 1
)
, (A.26)
C0(s, s1, s2,m2) = 1
iπ2
∫
dnl
1
(l2 −m2) ((l − q)2 −m2) ((l + p)2 −m2)
= − 1√
σ
3∑
i=1
[
Li2
bi − 1
ai + bi
− Li2−bi − 1
ai − bi + Li2
−bi + 1
ai − bi − Li2
bi + 1
ai + bi
]
,
(A.27)
with
ai =
√
1− 4m
2
si
bi =
−si + sj + sk√
σ
, (A.28)
where s3 = s and in the last equation i = 1, 2, 3 and j, k 6= i.
The one-point and two-point functions written before in n = 4 − 2 ǫ are divergent in dimensional regu-
larization with the singular parts given by
A0(m2)sing. → 1
ǫ¯
m2, B0(s,m2)sing. → 1
ǫ¯
, (A.29)
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with
1
ǫ¯
=
1
ǫ
− γ − lnπ (A.30)
We use two finite combinations of scalar functions given by
B0(s,m2)m2 −A0(m2) = m2
[
1− a3 log a3 + 1
a3 − 1
]
, (A.31)
Di ≡ Di(s, si,m2) = B0(s,m2)− B0(si,m2) =
[
ai log
ai + 1
ai − 1 − a3 log
a3 + 1
a3 − 1
]
i = 1, 2.
(A.32)
The scalar integrals C0(s, 0, 0,m2) and D(s, 0, 0,m2) are the {s1 → 0, s2 → 0} limits of the generic
functions C0(s, s1, s2,m2) and D1(s, s1,m2)
C0(s, 0, 0,m2) = 1
2s
log2
a3 + 1
a3 − 1 , (A.33)
D(s, 0, 0,m2) = D1(s, 0,m2) = D2(s, 0,m2) =
[
2− a3 log a3 + 1
a3 − 1
]
. (A.34)
The singularities in 1/ǫ¯ and the dependence on the renormalization scale µ cancel out when taking into
account the difference of two functions B0, so that the Di’s are well-defined; the three-point master
integral is convergent.
The renormalized scalar integrals in the modified minimal subtraction scheme named MS are defined
as
BMS0 (s, 0) = 2− Ls, (A.35)
BMS0 (0, 0) =
1
ω
, (A.36)
C0(s, 0, 0, 0) = 1
s
[
1
ω2
+
1
ω
Ls +
1
2
L2s −
π2
12
]
, (A.37)
where
Ls ≡ log
(
− s
µ2
)
s < 0. (A.38)
We have set the spacetime dimensions to n = 4 + 2ω with ω > 0. The 1/ω and 1/ω2 singularities in
Eqs. (A.35) and (A.37) are infrared divergencies due to the zero mass of the gluons.
A.4 Appendix. Scalar integrals for the EW sector
We collect in this appendix the definition of the scalar integrals appearing in the computation of the
correlators in the electroweak sector of the Standard Model. One-, two- and three-point functions are
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denoted, respectively as A0, B0 and C0, with
A0(m20) =
1
iπ2
∫
dnl
1
l2 −m20
,
B0(k2,m20,m21) =
1
iπ2
∫
dnl
1
(l2 −m20) ((l + k)2 −m21)
,
C0((p1 + p2)2, p21, p22,m20,m21,m22) =
1
iπ2
∫
dnl
1
(l2 −m20) ((l + p1)2 −m21) ((l − p2)2 −m22)
.
(A.39)
We have also used the finite combination of two-point scalar integrals
D0(p2, q2,m20,m21) = B0(p2,m20,m21)− B0(q2,m20,m21) . (A.40)
The explicit expressions of A0, B0 and C0 in the most general case can be found in [145].
In chapter 5, because the kinematic invariants on the external states of our computation are fixed,
q2 = (p1 − p2)2, p21 = p22 = m2, we have defined the shorter notation for the three-point scalar integrals
C0(m20,m21,m22) = C0(q2,m2,m2,m20,m21,m22) , (A.41)
with the first three variables omitted.
A.5 Appendix. Conventions for the Standard Model Lagrangian
We summarize here some of our conventions used in the computation of the various contributions to the
total EMT of the SM.
The definitions of the field strengths are
F aµν = ∂µG
a
ν − ∂νGaµ + gsfabcGbµGcν , (A.42)
FAµν = ∂µAν − ∂νAµ + g sin θWχµν , (A.43)
Zµν = ∂µZν − ∂νZµ + g cos θWχµν , (A.44)
W+µν = ∂µW
+
ν − ∂νW+µ − ig
[
cosθWZµW
+
ν + sin θWAµW
+
ν − (µ↔ ν)
]
, (A.45)
W−µν = ∂µW
−
ν − ∂νW−µ + ig
[
cosθWZµW
−
ν + sin θWAµW
−
ν − (µ↔ ν)
]
, (A.46)
with χµν given by χµν = i[W
−
µ W
+
ν − W+µ W−ν ]. As usual, we have denoted with fabc the structure
constants of SU(3)C , while e = g sin θW . The fermionic Lagrangian is
Lferm. = iψ¯νeγµ∂µψνe + iψ¯eγµ∂µψe + iψ¯uγµ∂µψu + iψ¯dγµ∂µψd +
e√
2 sin θW
(
ψ¯νeγ
µ 1− γ5
2
ψeW
+
µ
+ ψ¯eγ
µ 1− γ5
2
ψνe W
−
µ
)
+
e
sin 2θW
ψ¯νeγ
µ 1− γ5
2
ψνeZµ −
e
sin 2θW
ψ¯eγ
µ
(
1− γ5
2
− 2 sin2 θW
)
ψe Zµ +
e√
2 sin θW
(
ψ¯uγ
µ 1− γ5
2
ψdW
+
µ + ψ¯dγ
µ 1− γ5
2
ψuW
−
µ
)
+
e
sin 2θW
ψ¯uγ
µ
(
1− γ5
2
− 2 sin2 θW 2
3
)
ψu Zµ − e
sin 2θW
ψ¯dγ
µ
(
1− γ5
2
− 2 sin2 θW 1
3
)
ψd Zµ
]
+ eAµ
(
− ψ¯eγµψe + 2
3
ψ¯uγ
µψu − 1
3
ψ¯dγ
µψd
)
+ gsG
a
µ
(
ψ¯uγ
µtaψu + ψ¯dγ
µtaψd
)
. (A.47)
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The gauge-fixing Lagrangian is given by
Lg.fix. = − 1
2ξ
(FA)2 − 1
2ξ
(FZ)2 − 1
ξ
(F+)(F−)− 1
2ξ
(FG)2 , (A.48)
where the gauge-fixing functions in the Rξ gauge are defined by
FG,i = ∂σGiσ ,
FA = ∂σAσ ,
FZ = ∂σZσ − ξMZφ ,
F+ = ∂σW+σ −
1
2
ξgvφ+ ,
F− = ∂σW−σ −
1
2
ξgvφ− , (A.49)
and we have used for simplicity the same gauge-fixing parameter ξ for all the gauge fields. Finally we
give the ghost Lagrangian
Lghost = ∂µc¯a
(
∂µδ
ac + gsf
abcGbµ
)
cc + ∂µη¯Z∂µη
Z + ∂µη¯A∂µη
A + ∂µη¯+∂µη
+ + ∂µη¯−∂µη
−
+ ig
{
∂µη¯+
[
W+µ (cos θW η
Z + sin θW η
A)− (cos θWZµ + sin θWAµ)η+
]
+ ∂µη¯−
[
η−(cos θWZµ + sin θWAµ)− (cos θW ηZ + sin θW ηA)W−µ
]
+ ∂µ(cosθW η¯
Z + sin θW η¯
A)
[
W+µ η
− −W−µ η+
]}
− e ξ MW
sin 2θW
{
− iφ+
[
cos 2θW η¯
+ηZ
+ sin 2θW η¯
+ηA
]
+ iφ−
[
cos 2θW η¯
−ηZ + sin 2θW η¯
−ηA
]}
− eξ
2 sin θW
MW
[
(v + h+ iφ)η¯+η+
+ (v + h− iφ)η¯−η−
]
− i eξ
2 sin θW
MZ(−φ−η¯Zη+ + φ+η¯Zη−)− e ξMZ
sin 2θW
(v + h)η¯ZηZ . (A.50)
A.6 Appendix. Technical details of the derivation of the Ward
identities
For the derivation of the Ward identities, the transformations of the fields are given by (we have absorbed
a factor
√−g in their definitions)
V
′ a
µ (x) = V
a
µ (x)−
∫
d4y [δ(4)(x − y)∂νV aµ (x) + [∂µδ(4)(x − y)]V aν ]ǫν(y) ,
J ′(x) = J(x)−
∫
d4y ∂ν [δ
(4)(x− y)J(x)]ǫν(y) ,
χ′(x) = χ(x)−
∫
d4y ∂ν [δ
(4)(x− y)χ(x)]ǫν(y) . (A.51)
The term which appears in the first line in the integrand of Eq. (4.33) can be re-expressed in the following
form
−
∫
d4xVΘµa
[
− δ(4)(x− y)∂νV aµ (x)− [∂µδ(4)(x− y)]V aν
]
= −VΘµν ;µ + VΘµaV aµ ;ν
= −V
[
Θµν ;µ + VaρV
a
µ ;ν
Θµρ −Θρµ
2
]
, (A.52)
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where in the last expression we used the covariant conservation of the metric tensor expressed in terms
of the vierbein
gµν ;ρ = 0⇒ V aµ ;ρVaν = −V aµ Vaν ;ρ = −VaµV aν ;ρ. (A.53)
Other simplifications are obtained using the invariance of the action under local Lorentz transformations
[101], parameterized as
δV aµ = ω
a
bV
b
µ , δψ =
1
2
σabωabψ , δψ¯ = −1
2
ψ¯σabωab , (A.54)
that gives, using the antisymmetry of ωab
δS
δψ
σabψ − ψ¯σab δS
δψ¯
− δS
δV
b
µ
V aµ +
δS
δV
b
µ
V aµ = 0 . (A.55)
The previous equation can be reformulated in terms of the energy-momentum tensor Θµν
V (Θµρ −Θρµ) = ψ¯σµρ δS
δψ¯
− δS
δψ
σµρψ , (A.56)
which is useful to re-express Eq. (A.52) in terms of the symmetric energy-momentum tensor T µν and to
obtain finally, in the flat spacetime limit, Eq. (4.34).
A.7 Appendix. BRST transformations and Slavnov Taylor iden-
tities
Here we illustrate the derivation of some identities involving 2-point functions using the BRST invariance
of the generating functional
Z[J,F ] =
∫
DΦ eiS˜ , (A.57)
with
S˜ = SSM +
∫
d4x
[
Jµ(x)A
µ(x) + η¯A(x)ωA(x) + . . .
+ χA(x)FA(x) + χZ(x)FZ(x) + χ+(x)F+(x) + χ−(x)F−(x)
]
. (A.58)
For convenience we have summarised the BRST transformation of the fundamental fields of the SM
Lagrangian used in the derivations of the various STI’s in section 4.5
δAaµ = λD
ab
µ c
b, δca = −1
2
gλfabccbcc, δc¯a = −1
ξ
Fa λ = −1
ξ
(∂µAaµ)λ ,
δψ = igλcataψ, δψ¯ = −igψ¯taλca, (A.59)
for an unbroken non abelian gauge theory, and
δBµ = λ∂µηY δW
a
µ = λD
ab
µ η
b
L = λ(∂µη
a
L + ǫ
abcW bµη
c
L),
δη¯Y = −λ
ξ
F0, δη¯aL = −
λ
ξ
Fa, δηY = 0, δηaL =
λ
2
gǫabcηbLη
c
L,
δH = ig′Y HληY + igT aHληaL, δH
† = −ig′H†Y ληY − igH†T aληaL, (A.60)
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for the electroweak theory.
We require that δBRSTZ[J,F ] = 0 under a variation of all the fields and gauge-fixing functions. We
then differentiate the resulting equation with respect to the sources of the photon and of the antighost
to obtain
δ2
δJAµ(x)δωA(y)
δBRSTZ[J,F ] =
∫
DΦ eiS˜
{
η¯A(y)δAµ(x) + δη¯
A(y)Aµ(x)
}
= 0 . (A.61)
Introducing the explicit BRST variation of the antighost field η¯A(y) and of the gauge field Aµ(x) we
obtain
〈η¯A(y)DAµ ηA(x)〉 =
1
ξ
〈∂βAβ(y)Aµ(x)〉 . (A.62)
Similarly, in the case of the Z gauge boson, we take two functional derivatives of the condition of BRST
invariance of Z[J,F ], as in Eq. (A.61), but now respect to JZ µ(x) and to ωZ(y), to obtain the relation
〈η¯Z(y)DZρ ηZ(x)〉 =
1
ξ
〈FZ(y)Zρ(x)〉 . (A.63)
On the other hand, two functional derivatives of the same invariance condition, now with respect to
JAµ(x) and to ωZ(y), give
〈DAρ ηA(x)η¯Z(y)〉 =
1
ξ
〈FZ(y)Aρ(x)〉 . (A.64)
A.7.1 Identities from the ghost equations of motion
A second class of identities is based on the equations of motion of the ghosts. Differentiating δBRSTZ[J,F ]
respect to the source of the photon antighost ωA(x) and to the source of the corresponding gauge-fixing
function χA(y) gives
1
ξ
〈∂αAα(x)∂βAβ(y)〉 = 〈η¯A(x)EA(y)〉 . (A.65)
At this point we consider the functional average of the equation of motion of the ghost of the photon∫
DF eiS˜
{
− EA(y) + ωA(y)
}
= 0 (A.66)
and take a functional derivative of this expression respect to the source ωA(x) of the antighost η¯A(x),
obtaining the equation ∫
DF eiS˜
{
− iEA(y)η¯A(x) + δ(4)(x− y)
}
= 0 , (A.67)
or, in terms of Green’s functions
1
ξ
〈FA(x)FA(y)〉 = 1
ξ
〈∂αAα(x)∂βAβ(y)〉 = 〈η¯A(x)EA(y)〉 = −iδ(4)(x− y) , (A.68)
which involves the correlation function of the photon gauge-fixing function.
It is not hard to show, using the same method, the following identities
〈FZ(x)∂αAα(y)〉 = 0⇒ 〈FZ(x)Aα(y)〉 = 0 ,
〈FZ(x)FZ(y)〉 = −iξδ(4)(x− y) . (A.69)
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A.8 Appendix. Standard Model propagators at one loop
A.8.1 Boson self-energies
We report here the expressions of the self-energies appearing in Section 4.5. They refer to the case of
two vector bosons (V1, V2), one vector boson and a scalar (V S) and two scalars (SS). The self-energies
carrying Lorentz indices are decomposed as
ΣV1V2αβ (p) = −i
(
ηαβ − pαpβ
p2
)
ΣV1V1T (p
2)− ipαpβ
p2
ΣV1V1L (p
2) , (A.70)
ΣV Sα (p) = pαΣ
V S
L (p
2) . (A.71)
We denote with λ the infrared regulator of the photon mass. We denote with ml,i, mu,i and md,i the
masses of the lepton, u-type and d-type quarks of generation i respectively.
The self-energies are then given by
ΣAAT (p
2) = − α
4π
{
2
3
∑
f
NfC2Q
2
f
[
− (p2 + 2m2f )B0(p2,m2f ,m2f ) + 2m2fB0(0, m2f ,m2f ) + 13p
2
]
+
[
(3p2 + 4M2W )B0(p
2,M2W ,M
2
W )− 4M2WB0(0,M2W ,M2W )
]}
, (A.72)
ΣAAL (p
2) = 0 , (A.73)
ΣZZT (p
2) = − α
4π
{
2
3
∑
f
NfC
[
Cf 2V + C
f 2
A
2s2wc2w
[
− (p2 + 2m2f )B0(p2,m2f , m2f ) + 2m2fB0(0, m2f ,m2f ) + 1
3
p2
]
+
3
4s2wc2w
m2fB0(p
2,m2f ,m
2
f )
]
+
1
6s2wc2w
[(
(18c4w + 2c
2
w − 12)p
2 + (24c4w + 16c
2
w − 10)M2W
)
×B0(p2,M2W ,M2W )− (24c4w − 8c2w + 2)M2WB0(0,M2W ,M2W ) + (4c2w − 1)p
2
3
]
+
1
12s2wc2w
[
(2M2H − 10M2Z − p2)B0(p2,M2Z ,M2H)− 2M2ZB0(0,M2Z ,M2Z)− 2M2HB0(0,M2H ,M2H)
− (M
2
Z −M2H)2
p2
(
B0(p
2,M2Z ,M
2
H)−B0(0,M2Z ,M2H)
)− 2
3
p2
]}
, (A.74)
ΣZZL (p
2) = − α
2πs2wc2w
{∑
f
N2C C
f 2
A m
2
fB0(p
2,m2f ,m
2
f ) +M
2
W (c
4
w − s4w)B0(p2,M2W ,M2W )
− 1
4p2
[ (
(M2Z −M2H)2 − 4M2Zp2
)
B0(p
2,M2Z ,M
2
H) + (M
2
Z −M2H)
(
A0(M
2
H − A0(M2Z))
) ]}
, (A.75)
ΣAZT (p
2) =
α
4π sw cw
{
2
3
∑
f
NfC Qf C
f
V
[
(p2 + 2m2f )B0(p
2,m2f , m
2
f )− 2m2fB0(0, m2f ,m2f )− 1
3
p2
]
−1
3
[(
(9c2w +
1
2
)p2 + (12c2w + 4)M
2
W
)
B0(p
2,M2W ,M
2
W )− (12c2w − 2)M2WB0(0,M2W ,M2W ) + 13p
2
]}
,
(A.76)
ΣAZL (p
2) = − α
2π sw cw
M2W B0(p
2,M2W ,M
2
W ) , (A.77)
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ΣAφL (p
2) = − α
2π sw
M2W B0(p
2,M2W ,M
2
W ) , (A.78)
ΣZφL (p
2) = − α
2π s2w c2w
{
Cf 2A
m2f
MZ
B0(p
2,m2f ,m
2
f ) +
MW
4
cw(4c
2
w − 3)B0(p2,M2W ,M2W )
+
1
8MZ p2
[ (
(M2H −M2Z)2 − 3M2Zp2
)
B0(p
2,M2Z ,M
2
H) + (M
2
Z −M2H)
(
A0(M
2
H)
) ]}
, (A.79)
Σφφ(p2) = i
α
4π s2w c2wM
2
Z
{∑
f
NfC C
f
Am
2
f
[
p2B0(p
2,m2f ,m
2
f )− 2A0(m2f )
]
+
1
8
[ (
6M2W +M
2
H
)
A0(M2W )− 4M2W
(
p2B0(p
2,M2W ,M
2
W ) +M
2
W
) ]
+
1
16
[
2
(
(M2H −M2Z)2 − 2M2Zp2
)
B0(p
2,M2Z ,M
2
H)
+ (M2H + 2M
2
Z)A0(M
2
H) + (3M
2
H + 4M
2
Z)A0(M
2
Z)− 4M4Z
]}
, (A.80)
ΣHH(p
2) = − α
4π
{∑
f
NfC
m2f
2s2wM
2
W
[
2A0
(
m2f
)
+ (4m2f − p2)B0
(
p2,m2f ,m
2
f
) ]
− 1
2s2w
[(
6M2W − 2p2 + M
4
H
2M2W
)
B0
(
p2,M2W ,M
2
W
)
+
(
3 +
M2H
2M2W
)
A0
(
M2W
)− 6M2W
]
− 1
4s2w c2w
[(
6M2Z − 2p2 + M
4
H
2M2Z
)
B0
(
p2,M2Z ,M
2
Z
)
+
(
3 +
M2H
2M2Z
)
A0
(
M2Z
)− 6M2Z
]
− 3
8s2w
[
3
M4H
M2W
B0
(
p2,M2H ,M
2
H
)
+
M2H
M2W
A0
(
M2H
) ]}
, (A.81)
ΣWWT (p
2) = − α
4π
{
1
3s2w
∑
i
[(
m2l,i
2
− p2
)
B0
(
p2, 0, m2l,i
)
+
p2
3
+m2l,iB0
(
0, m2l,i,m
2
l,i
)
+
m4l,i
2p2
(B0 (p2, 0,m2l,i)− B0 (0, 0,m2l,i))
]
+
1
s2w
∑
i,j
|Vij |2
[(
m2u,i +m
2
d,j
2
− p2
)
×B0
(
p2,m2u,i, m
2
d,j
)
+
p2
3
+m2u,iB0
(
0, m2u,i, m
2
u,i
)
+m2d,jB0
(
0, m2d,j ,m
2
d,j
)
+
(m2u,i −m2d,j)2
2p2
(B0 (p2,m2u,i,m2d,j)− B0 (0,m2u,i,m2d,j) )
]
+
2
3
[
(2M2W + 5p
2)B0
(
p2,M2W , λ
2
)− 2M2WB0 (0,M2W ,M2W )
−M
4
W
p2
(B0 (p2,M2W , λ2)− B0 (0,M2W , λ2) )+ p2
3
]
+
1
12s2w
[(
(40c2w − 1)p2
+(16c2w + 54− 10c−2w )M2W
)B0 (p2,M2W ,M2Z)− (16c2w + 2)(M2WB0 (0,M2W ,M2W )
+M2ZB0
(
0,M2Z ,M
2
Z
) )
+ (4c2w − 1)2p
2
3
− (8c2w + 1)(M
2
W −M2Z)2
p2
(B0 (p2,M2W ,M2Z)
−B0
(
0,M2W ,M
2
Z
) )]
+
1
12s2w
[
(2M2H − 10M2W − p2)B0
(
p2,M2W ,M
2
H
)− 2M2WB0 (0,M2W ,M2W )
−2M2HB0
(
0,M2H ,M
2
H
)− (M2W −M2H)2
p2
(B0 (p2,M2W ,M2H)−B0 (0,M2W ,M2H) )− 2p2
3
]}
. (A.82)
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A.8.2 Fermion self-energies
The one-loop fermion two-point function, diagonal in the flavor space, is defined as
Γf¯f (p) = i
[
p/PL Σ
L(p2) + p/PR Σ
R(p2) +mΣS(p2)
]
(A.83)
where the three components ΣX(p2), with X = L,R, S, are eventually given by the gluon, the photon,
the Higgs, the Z and the W contributions
ΣX(p2) =
αs
4π
C2(N)Σ
X
g (p
2) +
α
4π
Q2ΣXγ (p
2) +
GF
16π2
√
2
[
m2ΣXh (p
2) + ΣXZ (p
2) + ΣXW (p
2)
]
. (A.84)
The ΣX(p2) coefficients of the fermion self-energies are explicitly given by
ΣLg (p
2) = ΣRg (p
2) = ΣLγ (p
2) = ΣRγ (p
2) = −2B1
(
p2,m2, 0
)− 1 ,
ΣSg (p
2) = ΣSγ (p
2) = −4B0
(
p2,m2, 0
)
+ 2 ,
ΣLh (p
2) = ΣRh (p
2) = −2B1
(
p2,m2,m2h
)
,
ΣSh(p
2) = 2B0
(
p2,m2,m2h
)
,
ΣLW (p
2) = −4
∑
f
V ∗ifVfi
[ (
m2f + 2m
2
W
)B1 (p2,m2f ,m2W )+m2W ] ,
ΣRW (p
2) = −4m2
∑
f
V ∗ifVfi B1
(
p2,m2f ,m
2
W
)
,
ΣSW (p
2) = −4
∑
f
V ∗ifVfi m
2
f B0
(
p2,m2f ,m
2
W
)
,
ΣLZ(p
2) = −2m2Z(v + a)2
[
2B1
(
p2,m2,m2Z
)
+ 1
]
− 2m2 B1
(
p2,m2,m2Z
)
,
ΣRZ (p
2) = −2m2Z(v − a)2
[
2B1
(
p2,m2,m2Z
)
+ 1
]
− 2m2 B1
(
p2,m2,m2Z
)
,
ΣSZ(p
2) = −2m2Z(v2 − a2)
[
4B0
(
p2,m2,m2Z
)− 2]− 2m2 B0 (p2,m2,m2Z) , (A.85)
where v and a are the vector and axial-vector Z-fermion couplings defined in Eq.(5.21) and
B1
(
p2,m20,m
2
1
)
=
m21 −m20
2p2
[
B0(p2,m20,m21)− B0(0,m20,m21)
]
− 1
2
B0(p2,m20,m21) . (A.86)
A.9 Appendix. Explicit results for the TJJ gravitational form
factors in the SM
We give here the remaining coefficients appearing in the form factors of the TAZ and TZZ correlators.
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A.9.1 Form factors for the TAZ vertex
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A.9.2 Form factors for the TZZ vertex in the fermionic sector
The coefficients of Eq. (4.162) are given by
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A.9.3 Form factors for the TZZ vertex in the W sector
The coefficients corresponding to Eq. (4.166) are given by
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A.9.4 Form factors for the TZZ vertex in the (Z,H) sector
The coefficients corresponding to Eq. (4.170) are given by
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A.9.5 The improvement contribution
The two form factors with the improvement contribution are given by
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A.9.6 Coefficients of the external leg corrections
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The one - loop graviton - Higgs mixing amplitude is given by
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A.10 Appendix. Explicit results for the flavor diagonal Tff¯
form factors in the SM
We collect in this appendix the expression of the form factors generated by the exchange of a W-boson
in the loop in the flavor diagonal Tff¯ vertex. They are given by
FW1 (q
2) =
q2y
(
2x2f (3xW (y (xW − 10) + 4) + 8y) + xfxW ((6y − 3)xW − 8y)− 8y x2W
)
6(4y − 1)x2fx2W
+
y (xf (3xW + 2) + xW )
3(1− 4y)xfxW
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A0
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m2W
)−A0 (m2f)
]
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6(1− 4y)2x3fx3W
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2x3f (xW (xW
× (9(2y − 1)yxW − 78y2 + 68y − 17)+ 42y(2y − 1))− 24y2)+ x2fxW (2(23
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]
× B0
(
q2,m2f ,m
2
f
)
+
q2y
3(1− 4y)2x3fx3W
[
x2fxW
(
16(y − 1)yxW + (4y(3y − 1) + 1)x2W
− 36y2)+ 4x3f (2(y − 1)xW − 3y) ((6y − 1)xW − 2y) + 12(1− 2y)yxfx3W + 12y2x3W
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− 6y)− 2yxfx3W (xf (xf (4yxf − 3y + 3)− 2y + 2) + y)− x4W ((2y − 1)xf − 2y)
× (xf (yxf − 2y + 1) + y)− 4y2x4f
]
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2
W ,m
2
W
)
+
q4y
(1− 4y)2x4fx4W
[
2y2x3fxW
× (9(2y − 1)xf + 10y)− yx2fx2W
(
(34y − 25)yxf + 6(y(9y − 8) + 2)x2f + 12y2
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FW6 (q
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6(1− 4y)x2fx2W
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]
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2
f
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[
− (xf − 1) x3W
(
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)
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2(1− 4y)2x2fx2W
[
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2yx3f
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× ((3y + 1)xf − 5y + 5) + y + 2) + y) + (xf − 1) x4W ((2y − 1)xf − 2y) (xf (yxf
− 2y + 1) + y)− 4y2x4f
]
C0
(
m2f ,m
2
W ,m
2
W
)− q2y
(1− 4y)2x4fx4W
[
2y2x3fxW ((14y − 9)xf
+ 10y)− yx2fx2W
(
(16y − 25)yxf + 3(y(12y − 13) + 4)x2f + 12y2
)− y (xf − 1)2 x4W
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2
f ,m
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form factors in the SM
We list the coefficients which appear in the expansion of the form factors F1, F3, F4, F7, F8, F11 for the
off-diagonal, in flavor space, Tff¯ . The remaining ones, as already mentioned, can be computed using
the Ward identities in Eq. (6.16).
C01 =
q2
12λ
{
3
(
x2D − x2S
)
+ 6(1− xS) (xf − 6xW ) + 16 (xf − xW ) (xf + 2xW )
}
,
C11 = −2xf − 3xS + 4xW + 3
6λ
,
C21 =
q2
8λ2 xD
{
x4D (6xf + xS − 16xW − 2) + x3D
(
xS (−10xf + 18xW + 3) + 12
(
xfxW + x
2
f
+ xf − 2x2W
)− 32xW − 3)− x2D (x2S (20xf − 46xW − 6) + xS (−28xfxW − 4xf (7xf + 4)
+ 56x2W + 54xW + 4
)
+ 24 (xf − xW ) (xf + 2xW ) + 6xf + x3S − 26xW − 1
)
+ xD
(
x2S (8xf + 6xW + 3) − 2xS
(
2xfxW + xf (2xf + 5) − 4x2W + xW
)− 8 (xf − xW )
× (xf + 2xW )− 3x3S + 10xW
)− (1− 2xS)2 (2xW (2xf + xS) + (xS − 2xf )2 − 8x2W )
}
,
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C31 =
q2
8λ2xD
{
x4D (− (6xf + xS − 16xW − 2)) + x3D
(
xS (−10xf + 18xW + 3) + 12
(
xfxW + x
2
f
+ xf − 2x2W
)− 32xW − 3)+ x2D (x2S (20xf − 46xW − 6) + xS (−28xfxW − 4xf (7xf + 4)
+ 56x2W + 54xW + 4
)
+ 24 (xf − xW ) (xf + 2xW ) + 6xf + x3S − 26xW − 1
)
+ xD
(
x2S (8xf + 6xW + 3)− 2xS
(
2xfxW + xf (2xf + 5) − 4x2W + xW
)− 8 (xf − xW )
× (xf + 2xW )− 3x3S + 10xW
)
+ (1− 2xS)2
(
2xW (2xf + xS) + (xS − 2xf )2 − 8x2W
)}
,
C41 =
q2
12λ2
{
x2D (3 (8xf − 3) xS − 2xf (16xf + 32xW + 11) + 10xW + 9) − 3x2S (8xf + 26xW + 3)
+ 4xS
(−7xfxW + xf (13xf + 5) + 42x2W + 34xW )+ 24 (6xf − 7) x2W + 92xfxW
− 2xf (2xf + 1) (12xf − 1) + 9x3S − 96x3W − 68xW
}
,
C51 =
q2
3λ2
{
xf
(
8xW
(
x2D + xS − 2
)− 2x2D + 3x2S − 2xS − 36x2W + 1)
+ 4xW
(
x2D (−3xS + 4xW + 5) + (xS − 3xW − 2) (3xS − 2xW − 1)
)− 12x2f (xS − 1) + 12x3f
}
,
C61 =
q4
2λ2
{
8x3W
(−2x2D + 5xf + 4xS − 2)− 4x2W (x2D (−2xf − 2xS + 3) + (xf + xS) (6xf + xS)
− 5xf − 2xS)− 2xW
(−4x2f (x2D + xS − 2)+ 3xf (x2D (2xS − 3) − (xS − 2) xS)+ 2 (x2D − x2S)
× (x2D − xS)+ 4x3f)+ xf (2xf − xS + 1) (−x2D + (xS − 2xf ) 2 + 4xf)− 16x4W
}
,
C71 =
q4
8λ2
{
2x2D
(
xS (xf (−4xf + 32xW + 7) − 8xW − 2) + (2− 6xf )x2S + 2 (3− 16xf )x2W
+ 4xf (4xf − 9) xW + xf (2xf − 1) (8xf + 5) + 8xW + 1) + x4D (4xf − 1) + 16x3W (10xf + 9xS
− 9)− 4x2W
(
34xfxS + 24x
2
f − 50xf + 3xS (9xS − 16) + 24
)
+ 8xW
(− (xf + 8) x2S + (4 (xf
− 1) xf + 6) xS + 6xf − 4x2f (xf + 2) + 4x3S − 2
)− (xS − 2xf )2 (2xf (xS − 1)− 8x2f + 3x2S
− 4xS + 2) − 64x4W
}
, (A.122)
C03 =
q2
6λ
{
− xS
(
3x2D + 32xf − 20xW + 3
)
+ 2xf
(
7x2D + 4xW + 9
)− 4xW (2x2D + 4xW + 3)
+ 8x2f + 6x
2
S
}
,
C13 =
1
3λ (x2S − x2D)
{
− x2D (xS (6xf + xS + 12xW + 4)− 4xf − 8xW − 3) + x4D
+ xS (4xS − 3) (2xf + xS + 4xW )
}
,
C23 =
q2
4λ2 (xD + xS)
{
x5D (−2xf + xS + 2xW + 2) + x4D
(
4xW (2xf + xS + 1)− 2xfxS + 8x2f
− 2xf − x2S + xS − 16x2W
)
+ x3D
(
2xW
(
2xf (xS + 3) + x
2
S + xS + 2
)
+ 4x2fxS + 2xfxS + 12x
2
f
− 2xf − 8 (xS + 3) x2W − x3S − 2x2S − 5xS + 2
)
+ x2D
(
2x2S (−2xf + xW − 4) + xS (2xf (2xW
+ 9) + 4x2f − 2xW (4xW + 9) + 5
)− 4xfxW − 2xf (2xf + 5) + x3S + 8x2W + 12xW − 1)
+ xD
(
x3S (−8xf + 4xW − 1) + 2x2S
(
xf (4xW + 6) + 4x
2
f − xW (8xW + 9) + 2
)
− 2xS
(
xf (10xW − 3) + 10x2f + (3− 20xW ) xW + 1
)
+ 2 (5− 2xf ) xW − 4xf (xf + 2) + 2x4S
+ 8x2W
)
+ x6D + x
3
S (−8xf + 4xW + 1)− 2xS
(
2xf (5xW + 2) + 10x
2
f − 5xW (4xW + 1)
)
+ x2S
(
8xf (xW + 2) + 8x
2
f − 2xW (8xW + 9) − 1
)
+ 4 (xf − xW ) (xf + 2xW ) + 2x4S
}
+ χ
2q2
λ
{
2 (xD + 1) xf − (xD − 1) (xD + xS)
}
,
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C33 = − q
2
4λ2 (xD − xS)
{
− x5D (−2xf + xS + 2xW + 2) + x4D
(
4xW (2xf + xS + 1) − 2xfxS + 8x2f
− 2xf − x2S + xS − 16x2W
)
+ x3D
(−2xW (2xf (xS + 3) + x2S + xS + 2)− 4x2fxS − 2xfxS − 12x2f
+ 2xf + 8 (xS + 3) x
2
W + x
3
S + 2x
2
S + 5xS − 2
)
+ x2D
(
2x2S (−2xf + xW − 4) + xS (2xf (2xW
+ 9) + 4x2f − 2xW (4xW + 9) + 5
)− 2xf (2xW + 5)− 4x2f + x3S + 4xW (2xW + 3)− 1)
+ xD
(
x3S (8xf − 4xW + 1)− 2x2S
(
xf (4xW + 6) + 4x
2
f − xW (8xW + 9) + 2
)
+ xS
(
xf (20xW − 6) + 20x2f − 40x2W + 6xW + 2
)
+ 4xf (xW + 2) + 4x
2
f − 2x4S − 2xW (4xW
+ 5)) + x6D + x
3
S (−8xf + 4xW + 1) − 2xS
(
2xf (5xW + 2) + 10x
2
f − 5xW (4xW + 1)
)
+ x2S
(
8xf (xW + 2) + 8x
2
f − 2xW (8xW + 9)− 1
)
+ 4 (xf − xW ) (xf + 2xW ) + 2x4S
}
− χ2q
2
λ
{
2 (xD − 1) xf + (xD + 1) (xD − xS)
}
,
C43 =
q2
6λ2
{
x2D
(−12xS (2xf + xW ) + 4xf (3− 8xW )− 28x2f + 3x2S + 4xW (3xW + 5) + 1)
+ x4D (8xf − 2) + xS
(
4xf (4xW − 7) + 44x2f + 4xW (9xW − 1)− 1
)
+ (22xf + 2) x
2
S
− 8 (−xfxW (9xW + 2) + 3x3f + 2x2f + 6x2W (xW + 1))+ 10xf − 3x3S − 4xW
}
,
C53 = − q
2
6λ2
{
− x2D
(
4 (xf − 10) xW + 2xf + 15xS (2xW + 1) + 44x2W − 7
)
+ x4D (8xW + 4)
+ x2S (−18xf + 28xW + 5) + xS
(
8xf (xW + 5) + 36x
2
f + 26xW (2xW − 3)− 4
)
− 4 (xf (−18x2W + xW + 5)+ 6x3f + 9x2f + 2xW (6x2W + xW − 4))+ 3x3S
}
+ χ
4q2
λ
(
x2D − 2xf − xS
)
,
C63 =
q4
4λ2
{
40x3W
(−x2D + 2xf + xS)− 4x2W (−x2D (8xf + 4xS + 5) + 2x4D + 4 (xf + 2) xS
+ 4
(
3x2f + xf − 1
)
+ 3x2S
)
+ 2xW
(
x2D − 2xf − xS
) (
5x2D − 4 (xf + 3) xS + 4xf (xf + 1) + x2S
+ 6) + 4x2DxS − x4D − 2x2D − 8xfx3S + 24x2fx2S + 24xfx2S − 32x3fxS − 48x2fxS − 24xfxS
+ 16x4f + 32x
3
f + 24x
2
f + 8xf + x
4
S − 4x3S + 2x2S − 32x4W
}
− χ2q
4
λ
{
x2D (2xW − 1)− 2xW (2xf + xS) + (xS − 2xf )2 + 4xf
}
,
C73 = − q
4
4λ2
{
− 2xW
(
x2D + 2xf + xS − 2
)
+ (−2xf + xS − 1)
(
x2D + 2xf − xS
)
+ 8x2W
}
×
{
x2D (4xf − 1)− 4xS (xf + xW ) + 4
(
(xf − xW )2 + xW
)
+ x2S
}
, (A.123)
C04 =
2
3λ2
{
xf
(
x2D − 7xS + 10xW + 6
)− xW (7x2D − 19xS + 20xW + 12)+ 10x2f
}
,
C14 =
2
3q2λ2 (x2D − x2S)
{
x2D
(
6xfxS − 10xf + 12xSxW − 2x2S + xS − 20xW − 3
)
+ 2x4D
− (xS − 3) xS (2xf + xS + 4xW )
}
,
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C24 =
1
λ3 (xD + xS)
{
x4D
(
xf (xS + 4xW + 2) + 4x
2
f + xW (−9xS − 8xW + 4)
)
+ x3D (xf (2 (xS
+ 6) xW + x
2
S − 2xS + 7
)
+ 2x2f (xS + 6) − xW
(
4 (xS + 6) xW + 7x
2
S − 10xS + 5
))
+ 2x2D
(
xf (2xS (−4xS + 5xW + 6) − 7xW − 4) + x2f (10xS − 7) + xW (5xS (3xS − 4xW − 4)
+ 14xW + 7)) + xD (−xf (xS (xS (12xS − 16xW − 15) + 22xW + 6) + 8xW + 3)
+ 2x2f (xS (8xS − 11) − 4) + xW (xS (xS (24xS − 32xW − 29) + 44xW + 2) + 16xW + 7)
)
− 2x5DxW + xW (2xf (2 (xS − 4) xS + 1) + xS (6 (xS − 2) xS + 7)) + xf (xS (4xf (xS − 4)
− 2x2S + 2xS − 3
)
+ 2xf
)− 4 (2 (xS − 4) xS + 1) x2W
}
,
C34 =
1
λ3 (xD − xS)
{
− x4D
(
xf (xS + 4xW + 2) + 4x
2
f + xW (−9xS − 8xW + 4)
)
+ x3D (xf (2 (xS
+ 6) xW + x
2
S − 2xS + 7
)
+ 2x2f (xS + 6) − xW
(
4 (xS + 6) xW + 7x
2
S − 10xS + 5
))
+ 2x2D
(
xf (2xS (4xS − 5xW − 6) + 7xW + 4) + x2f (7− 10xS) + xW (5xS (−3xS + 4xW + 4)
− 7 (2xW + 1))) + xD (−xf (xS (xS (12xS − 16xW − 15) + 22xW + 6) + 8xW + 3)
+ 2x2f (xS (8xS − 11) − 4) + xW (xS (xS (24xS − 32xW − 29) + 44xW + 2) + 16xW + 7)
)
− 2x5DxW − xW (2xf (2 (xS − 4) xS + 1) + xS (6 (xS − 2) xS + 7)) + xf (xS (2xS (−2xf
+ xS − 1) + 16xf + 3) − 2xf ) + 4 (2 (xS − 4) xS + 1) x2W
}
,
C44 =
1
6λ3
{
x2D
(
xS (36xf − 6xW − 9)− 2
(
2xfxW + 5xf (8xf + 3) + 6x
2
W
)
+ 6x2S + 40xW + 11
)
− 4x4D (2xf + 1) − x2S (10xf + 108xW + 5) + 2xS
(
2
(−58xfxW + 25x2f + xf + 81x2W )+ 77xW
− 1)− 4 (6 (13− 15xf ) x2W − 59xfxW + xf (5xf (6xf + 1)− 2) + 60x3W + 20xW )+ 3x3S
}
,
C54 =
1
6λ3
{
− x2D
(−3xS (8xf − 26xW + 3) + 50xf (2xW + 1) + 24x2f + 6x2S − 4xW (55xW + 4)
+ 11) + 4x4D (8xW + 1)− 20x2W (18xf + 13xS − 2) + 2 (2xS − 1) xW (50xf + 7xS + 8)
+ 42xfx
2
S − 132x2fxS − 56xfxS + 120x3f + 156x2f + 40xf − 3x3S + 5x2S + 2xS + 240x3W
}
,
C64 =
q2
4λ3
{
x4D
(
2xW (8xf − 4xS + 5) + 4xf − 2xS − 56x2W + 3
)
+ 2x2D
(
x2S (−6xf + 13xW − 2)
+ xS
(−5 (4xf + 5) xW + 12x2f + 16xf + 52x2W + 1)+ 2 (5 (12xf + 1) x2W + (5− 6xf ) xfxW
− xf (4xf (xf + 3) + 7) − 50x3W
)
+ x3S + 10xW − 1
)− 2x3S (8xf + 5xW + 1) + x2S (xf (28
− 44xW ) + 72x2f + 4 (6− 11xW ) xW + 2
)− 4xS (6x2f (5− 7xW ) + xf (60x2W − 26xW + 4)
+ 32x3f + xW (10 (1− 5xW )xW + 3)
)
+ 8
(
50xfx
3
W + 2
(
1− 15x2f
)
x2W − xf (2xf (5xf + 9)
+ 7) xW + xf (xf + 1) (2xf (5xf + 4) + 1)− 20x4W
)
+ x4S
}
,
C74 =
q2
4λ3
{
x4D (4xf (4xf − 2xW + 1) + 2xS − 2xW − 3)− 2x2D
(
x2S (6xf − 3xW − 2)
+ xS (10xf (2xf − 4xW − 1) + 17xW + 1) + 6 (4xf − 3) x2W + 2xf (6xf + 25) xW − 4xf
(
10x2f
+ xf − 2) + x3S + 4x3W − 16xW − 1
)
+ 8x3W (50xf + 37xS − 36) − 12x2W (8 (4xf − 3) xS
+ 4 (xf (5xf − 9) + 3) + 15x2S
)
+ 2xW
(
(26xf − 34) x2S + (28xf (3xf − 2) + 22) xS + 44xf
− 8x2f (5xf + 9) + 19x3S − 8
)− (xS − 2xf )2 (−20x2f + (xS − 2) xS + 2)− 160x4W
}
, (A.124)
C07 =
q2xD
6λ
{
3x2D + xS (4xf − 4xW − 6)− 8 (xf − xW ) (xf + 2xW )− 4xf + 4xW + 3
}
,
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C17 =
2xD
3λ (x2D − x2S)
{
x2D (− (xf + xS + 2xW − 1)) + xS (xS (−2xf + xS − 4xW − 1)
+ 6 (xf + 2xW ))− 3 (xf + 2xW )
}
,
C27 =
q2
4λ2 (xD + xS)
{
− x4D
(
xf (−2xS + 4xW + 2) + 4x2f + 2xW (6xS − 4xW + 1)− 1
)
+ x3D
(
3x2S (4xf − 4xW − 1) + xS
(
34xW − 6
(
4xfxW + 4x
2
f + xf − 8x2W
))
+ 16 (xf − xW )
× (xf + 2xW ) + 2xf − 18xW + 1) + x2D
(
x3S (8xf − 8xW − 2) + x2S
(−4xf (4xW + 1)− 16x2f
+ 4xW (8xW + 9) + 1)− 2xS (3xf + xW + 1) + 16 (xf − xW ) (xf + 2xW ) + 6xf − 10xW + 1)
+ xD
(
xS
(
xS (−24xf + 8xW − 7) + 8 (xf − xW ) (xf + 2xW ) + 22xf + 6x2S − 2xW + 2
)
− 2 (2xf + xW )) + x5D (−2xf − 8xW + 1) + (1− 2xS) 2 (−2xf + xS + 2xW ) (xS
− 2 (xf + 2xW ))
}
− χ2q
2
λ
{
2xf (xD + 2xS − 1)− xDxS + x2D + xD − 2x2S + xS
}
,
C37 =
q2
4λ2 (xD − xS)
{
− x4D
(
xf (−2xS + 4xW + 2) + 4x2f + 2xW (6xS − 4xW + 1)− 1
)
+ x3D
(
3x2S (−4xf + 4xW + 1) + xS
(
6
(
4xfxW + 4x
2
f + xf − 8x2W
)− 34xW )− 16 (xf − xW )
× (xf + 2xW )− 2xf + 18xW − 1) + x2D
(
x3S (8xf − 8xW − 2) + x2S
(−4xf (4xW + 1)− 16x2f
+ 4xW (8xW + 9) + 1)− 2xS (3xf + xW + 1) + 16 (xf − xW ) (xf + 2xW ) + 6xf − 10xW + 1)
+ xD
(
2 (2xf + xW )− xS
(
xS (−24xf + 8xW − 7) + 8 (xf − xW ) (xf + 2xW ) + 22xf + 6x2S
− 2xW + 2)) + x5D (2xf + 8xW − 1) + (1− 2xS)2 (−2xf + xS + 2xW ) (xS − 2 (xf + 2xW ))
}
+ χ
2q2
λ
{
xD (−2xf + xS − 1) + x2D − (2xS − 1) (xS − 2xf )
}
,
C47 = − q
2xD
6λ2
(−2xf + xS − 4xW − 1)
{
x2D (8xf − 2)− 2xS (2xf + 6xW + 1) + 12 (xf − xW )2
− 4xf + 3x2S + 12xW + 1
}
,
C57 =
q2xD
6λ2
{
− 48x3W + 4x2W
(−8x2D + 18xf + 7xS + 1)+ (−2xf + xS − 1) (x2D − 4 (3xf + 2) xS
+ 4 (3xf (xf + 1) + 1) + 3x
2
S
)
+ 2λ xW (−8xf + 4xS + 9)
}
+ χ
4q2xD
λ
(2xf − xS + 1) ,
C67 = − q
4xD
4λ2
{
2x2D
(−xS (xW (8xf + 4xW + 23)− 2) + xW (xf (8xW − 2) + 8x2f
+ 2 (7− 8xW ) xW + 9) + 2x2SxW − 1
)
+ x4D (12xW − 1)− 2x3S (4xf + 3xW + 2)
+ x2S
(
4
(
5xfxW + 6xf (xf + 1) + x
2
W
)
+ 42xW + 2
)− 4xS (2x2f (xW + 6) + xf (6− 4xW (xW
+ 1)) + 8x3f + xW (2 (5− 3xW ) xW + 7)
)
+ 8
(
(10xf + 1) x
3
W − 2 (xf + 1) (3xf − 1) x2W
− xf
(
2x2f + xf + 2
)
xW + xf (xf + 1) (2xf (xf + 1) + 1) − 4x4W
)
+ x4S + 4xW
}
+ χ
2q4xD
λ
{
− x2D + (xS − 2xf ) (−2xf + xS + 2xW ) + 4xf − 2xW
}
,
C77 =
q4xD
4λ2
(−2xf + xS − 4xW − 1) (2xf + xS − 2xW − 1)
{
x2D (4xf − 1)− 4xS (xf + xW )
+ 4
(
(xf − xW )2 + xW
)
+ x2S
}
, (A.125)
C08 =
10xD
3λ2
(xf − xW ) (−2xf + xS − 4xW − 1) ,
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C18 =
2xD
3q2λ2 (x2D − x2S)
{
x2D (4xf − 5xS + 8xW + 5) + xS (5xS (−2xf + xS − 4xW − 1)
+ 12 (xf + 2xW ))− 6 (xf + 2xW )
}
,
C28 =
xW − xf
λ3 (xD + xS)
{
x4D (4xf − xS + 8xW + 6) + x3D (9xS (2xf − xS + 4xW + 2) − 16xf − 32xW
− 7)− 2x2D
(−2x2S (3xf + 6xW + 2) + 9xf + 3x3S + xS + 18xW + 2)+ xD (xS (xS (24xf
− 12xS + 48xW + 17) − 10 (3xf + 6xW + 1)) + 4xf + 8xW + 1) + 2x5D
− (2xS − 1)3 (xS − 2 (xf + 2xW ))
}
,
C38 =
xf − xW
λ3 (xD − xS)
{
x4D (−4xf + xS − 8xW − 6) + x3D (9xS (2xf − xS + 4xW + 2) − 16xf − 32xW
− 7) + 2x2D
(−2x2S (3xf + 6xW + 2) + 9xf + 3x3S + xS + 18xW + 2)+ xD (xS (xS (24xf
− 12xS + 48xW + 17) − 10 (3xf + 6xW + 1)) + 4xf + 8xW + 1) + 2x5D
+ (2xS − 1)3 (xS − 2 (xf + 2xW ))
}
,
C48 =
xD
6λ3
{
x2D ((13− 16xf )xS + 32xf (xf + 2xW ) + 26xf − 34xW − 13) + x2S (2xf + 120xW + 19)
− 2xS
(−56xfxW + 2xf (xf + 2) + 150x2W + 86xW + 3)+ 2 (−2xf (90x2W + 44xW + 1)
+ 60x3f − 14x2f + xW (30xW (4xW + 5) + 43) + 1
)− 15x3S
}
,
C58 =
xD
6λ3
{
4x2W
(−16x2D + 90xf − 13xS + 29)+ (−2xf + xS − 1) (−13x2D − 4 (15xf + 1) xS
+ 60xf (xf + 1) + 15x
2
S + 2
)
+ 2λxW (−16xf + 8xS − 9)− 240x3W
}
,
C68 =
q2xD
4λ3
{
2x2D
(
xS
(
12
(
2xfxW − xf + x2W
)
+ 7xW − 4
)− 6 (4xf + 3) x2W − 6xf (4xf + 5) xW
+ 12xf (xf + 1) + x
2
S (3− 6xW ) + 48x3W − 5xW + 2
)
+ x4D (4xW − 1) + 2x3S (20xf + 7xW + 4)
− 2x2S
(
18xf (xW + 2) + 60x
2
f + (13− 6xW ) xW + 2
)
+ 4xS
(−6x2f (xW − 8) + 12xf (−3x2W
+ xW + 1) + 40x
3
f + xW (2 (xW − 3) xW + 5)
)
+ 4
(−2 (50xf + 13) x3W + 6 (2xf (5xf + 4)
+ 1) x2W +
(
2x2f (10xf + 9) − 1
)
xW − 4xf (xf + 1) (5xf (xf + 1) + 1) + 40x4W
)− 5x4S
}
,
C78 =
q2xD
4λ3
{
2x2D
(
xS (−2xf (18xW + 5) + 15xW + 4) + (6xf − 3) x2S + 6 (8xf − 3) x2W
− 3 (2xf (4xf − 9) + 5) xW − 24x3f + 8xf − 2
)
+ x4D (1− 4xf )− 2x3S (2xf + 25xW + 4)
+ 4xS
(
72 (xf − 1) x2W − 3 (2 (xf − 3) xf + 5) xW + 4x3f − 2xf − 70x3W
)
+ x2S (xf (8− 36xW )
+ 90xW (2xW + 1) + 4) + 8
(
5 (7− 10xf ) x3W + 6 (xf − 1) (5xf − 3) x2W
+ xf (2xf + 3) (5xf − 3) xW + 2 (2− 5xf ) x3f + 20x4W
)
+ 5x4S + 20xW
}
, (A.126)
C011 =
q2xW
6λ
{
2xf − 3xS + 28xW + 3
}
,
C111 =
xW
3λ (x2D − x2S)
{
x2S − x2D + 6 (1− xS) (xf + 2xW )
}
,
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C211 =
q2xW
4λ2xD (xD + xS)
{
x4D (−2xf + xS + 10xW + 2)− x3D (xS (6xf − 40xW − 5) + 8 (xf − xW )
× (xf + 2xW ) + x2S + 28xW + 2
)− x2D (2xW (2xf (xS + 4)− 15x2S + 11xS + 8)+ 4xfx2S
+ 4x2fxS − 8xfxS + 16x2f + 6xf − 8 (xS + 4) x2W + x3S + 1
)
+ xD
(
x2S (24xf − 2xW + 6)
− 2xS
(
10xfxW + xf (10xf + 11) − 20x2W + 4xW + 1
)
+ 4
(
xfxW + x
2
f + xf − 2x2W
)
− 7x3S − 2xW
)
+ x5D − (1− 2xS)2
(
2xW (2xf + xS) + (xS − 2xf )2 − 8x2W
)}
,
C311 = − q
2xW
4λ2xD (xD − xS)
{
− x4D (−2xf + xS + 10xW + 2)− x3D (xS (6xf − 40xW − 5)
+ 8 (xf − xW ) (xf + 2xW ) + x2S + 28xW + 2
)
+ x2D
(
2xW
(
2xf (xS + 4)− 15x2S + 11xS + 8
)
+ 4xfx
2
S + 4x
2
fxS − 8xfxS + 16x2f + 6xf − 8 (xS + 4) x2W + x3S + 1
)
+ xD
(
x2S (24xf − 2xW
+ 6)− 2xS
(
10xfxW + xf (10xf + 11) − 20x2W + 4xW + 1
)
+ 4
(
xfxW + x
2
f + xf − 2x2W
)
− 7x3S − 2xW
)
+ x5D + (1− 2xS)2
(
2xW (2xf + xS) + (xS − 2xf )2 − 8x2W
)}
,
C411 =
q2xW
6λ2
{
x2D (8xf − 2)− 2xS (2xf + 15xW + 1) + 12 (xf − 4xW ) (xf − xW )
− 4xf + 3x2S + 30xW + 1
}
,
C511 =
q2xW
3λ2
{
− 2x2D (8xW + 1) − 2xS (6xf − 4xW + 1) + 12
(
4xfxW + x
2
f + xf − 5x2W
)
+ 3x2S + 8xW + 1
}
,
C611 =
q4xW
2λ2
{
− 12x2W
(−2x2D + 6xf + xS + 1)− 2xW (x2D (4xf − 2xS + 3) + (4xf − 2) xS
− 4xf (3xf + 2) + x2S
)
+ (−2xf + xS − 1)
(
x2D − (xS − 2xf )2 − 4xf
)
+ 40x3W
}
,
C711 =
q4xW
4λ2
{
4xW
(
x2D (4xf − 1) + 4xf (3xf + xS)− 8xf + xS (3xS − 4) + 2
)− (2xf + xS − 1)
× (x2D (4xf − 1) + (xS − 2xf )2)− 36x2W (2xf + xS − 1) + 32x3W
}
. (A.127)
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Appendix
B.1 Appendix. Invariance under the momenta parameteriza-
tion
In this appendix we show, exploiting the invariance under rotations and dilatations, that the second of
Eq.(9.11) is independent of which momentum is eliminated. This implies that the two different parame-
terizations of the special conformal constraints
n−1∑
r=1
(
pr µ
∂2
∂pνr∂pr ν
− 2 pr ν ∂
2
∂pµr∂pr ν
+ 2(ηr − d) ∂
∂pµr
+ 2(Σµν)
ir
jr
∂
∂pr ν
)
×〈Oi11 (p1) . . .Ojrr (pr) . . .Oinn (pn)〉 = 0 , (B.1)
n∑
r=1
r 6=k
(
pr µ
∂2
∂pνr∂pr ν
− 2 pr ν ∂
2
∂pµr∂pr ν
+ 2(ηr − d) ∂
∂pµr
+ 2(Σµν)
ir
jr
∂
∂pr ν
)
×〈Oi11 (p1) . . .Ojrr (pr) . . .Oinn (pn)〉 = 0 , (B.2)
in which we have respectively removed the dependence on pn and pk in terms of the other momenta, are
indeed equivalent.
In order to simplify the presentation of the proof we introduce some convenient notations. We define
Gi1...in ≡ 〈Oi11 (p1) . . .Oinn (pn)〉 ,
Rµν(pr) ≡ pr ν ∂
∂pµr
− pr µ ∂
∂pνr
,
D(pr) ≡ −pr ν ∂
∂pr ν
− d ,
Kµ(pr, η) ≡ pr µ ∂
2
∂pνr∂pr ν
− 2 pr ν ∂
2
∂pµr∂pr ν
+ 2(η − d) ∂
∂pµr
(B.3)
and preliminarily derive two constraints, which will be used in the following, emerging from the invariance
under rotations and scale transformations respectively.
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Using the same procedure described in section 2, we find the constraint coming from rotational invariance
n−1∑
r=1
Rµν(pr)Gi1...in −
n∑
r=1
(Σµν)
ir
jr
Gi1...jr ...in = 0 , (B.4)
from which, differentiating with respect to pk ν , we obtain[ n−1∑
r=1 ,r 6=k
Rµν(pr) ∂
∂pk ν
+ Fµ(pk)
]
Gi1...in −
n∑
r=1
(Σµν)
ir
jr
∂
∂pk ν
Gi1...jr ...in = 0 , (B.5)
where Fµ(pk) is defined by
Fµ(pk) = (d− 1) ∂
∂pµk
+ pνk
∂2
∂pνk ∂p
µ
k
− pk µ ∂
2
∂pνk ∂pk ν
. (B.6)
Another useful relation can be obtained differentiating the dilatation constraint in the first of Eq.(9.11)
with respect to pk µ[ n−1∑
r=1 ,r 6=k
(D(pr) + ηr) ∂
∂pµk
+ (ηk + ηn − d− 1) ∂
∂pµk
− pνk
∂2
∂pµk∂p
ν
k
]
Gi1...in = 0 . (B.7)
Having derived all the necessary relations, we can proceed with the proof of equivalence between Eqs.(B.1)
and (B.2). We remove from Eq.(B.1) the k − th term containing the spin matrix (Σµν)ikjk using Eq.(B.5)[ n−1∑
r=1
Kµ(pr, ηr) + 2
n−1∑
r=1 ,r 6=k
Rµν(pr) ∂
∂pk ν
+ 2Fµ(pk)
]
Gi1...in
+2
n−1∑
r=1 ,r 6=k
(Σµν)
ir
jr
(
∂
∂pr ν
− ∂
∂pk ν
)
Gi1...jr ...in − 2 (Σµν)injn
∂
∂pk ν
Gi1...jn = 0 , (B.8)
and then we combine the k − th operator Kµ(pk, ηk) with the Fµ(pk) contribution as
Kµ(pk, ηk) + 2Fµ(pk) = −pk µ ∂
2
∂pk ν∂pνk
+ 2(ηk − 1) ∂
∂pµk
. (B.9)
Using Eq.(B.7) we rewrite the previous equation as
Kµ(pk, ηk) + 2Fµ(pk) = −Kµ(pk, ηn)− 2
n−1∑
r=1 ,r 6=k
(D(pr) + ηr) ∂
∂pµk
(B.10)
so that Eq.(B.8) can be recast in the following form{ n−1∑
r=1 ,r 6=k
[
Kµ(pr, ηr) + 2Rµν(pr) ∂
∂pk ν
− 2 (D(pr) + ηr) ∂
∂pk µ
]
−Kµ(pk, ηn)
}
Gi1...in
+2
n−1∑
r=1 ,r 6=k
(Σµν)
ir
jr
(
∂
∂pr ν
− ∂
∂pk ν
)
Gi1...jr ...in − 2 (Σµν)injn
∂
∂pk ν
Gi1...jn = 0 . (B.11)
In order to show the equivalence of Eq.(B.11) with Eq.(B.2) it is necessary to perform a change of variables
from the independent set of momenta (p1, . . . pn−1) to the new independent one (p1 . . . pk−1, pk+1, . . . pn)
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from which pk has been removed using momentum conservation pk = −
∑n
r=1 ,r 6=k pr. In this respect all
the derivatives appearing in Eq.(B.11) must be replaced according to
∂
∂pr µ
→ ∂
∂pr µ
− ∂
∂pnµ
for r = 1, . . . n− 1 with r 6= k ,
∂
∂pk µ
→ − ∂
∂pnµ
for r = k . (B.12)
It is just matter of tedious algebraic manipulations to show that the operators in curly brackets in
Eq.(B.11) simplify, after the change of variables, to give
∑n
r=1 ,r 6=kKµ(pr, ηr), while the two spin matrices
sum up together and we are left with
n∑
r=1 ,r 6=k
Kµ(pr, ηr)Gi1,...in + 2
n∑
r=1 ,r 6=k
(Σµν)
ir
jr
∂
∂pr ν
Gi1...jr...in = 0 (B.13)
which is exactly Eq.(B.2), where, now, Gi1,...in is understood to be a function of the independent momenta
(p1 . . . pk−1, pk+1, . . . pn). This completes our derivation proving the independence of the special conformal
constraints on which momentum is removed using the momentum conservation equation.
B.2 Appendix. Conformal constraints on two-point functions
In this appendix we provide some details on the solutions of the conformal constraints for the two-point
functions with conserved vector and tensor operators.
In the first case the tensor structure of the two-point function is uniquely fixed by the transversality
condition ∂µVµ as
GαβV (p) = f(p
2)tαβ(p) , with tαβ(p) = p2ηαβ − pαpβ . (B.14)
For the sake of simplicity, we have employed in the previous equation a slightly different notation with
respect to Eq.(9.17), which, anyway, can be recovered with the identification f(p2) = fV (p
2)/p2.
In order to exploit the invariance under scale and special conformal transformations it is useful to compute
first and second order derivatives of the tαβ tensor structure. In particular we have
tαβ,µ1 (p) ≡
∂
∂pµ
tαβ(p) = 2 pµηαβ − pαηµβ − pβηµα ,
tαβ,µν2 (p) ≡
∂2
∂pµ ∂pν
tαβ(p) = 2 ηµνηαβ − ηναηµβ − ηνβηµα , (B.15)
with the properties
pµt
αβ,µ
1 (p) = 2 t
αβ(p) , tαβ,α1 (p) = −(d− 1)pβ ,
pµt
αβ,µν
2 (p) = t
αβ,ν
1 (p) , t
αβ,µµ
2 (p) = 2(d− 1)ηαβ . (B.16)
As we have already mentioned, the invariance under scale transformations implies
f(p2) = (p2)λ with λ =
η1 + η2 − d
2
− 1 , (B.17)
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which can be easily derived from the first order differential equation in (9.12) using Eq.(B.15). Having
determined the structure of the scalar function f(p2), one can compute the derivatives appearing in the
second of Eq.(9.12), namely the constraint following from the invariance under the special conformal
transformations
∂
∂pµ
GαβV (p) = (p
2)λ−1
[
2λ pµtαβ(p) + p2 tαβ,µ1 (p)
]
,
∂2
∂pµ ∂pν
GαβV (p) = (p
2)λ−2
[
4λ(λ− 1)pµpνtαβ(p) + 2λp2ηµνtαβ(p) + 2λp2pµtαβ,ν1 (p)
+ 2λp2pνtαβ,µ1 (p) + (p
2)2tαβ,µν2 (p)
]
, (B.18)
where the definitions in Eq.(B.15) have been used. Concerning the spin dependent part in Eq.(9.12), we
use the spin matrix for the vector field, which, in our conventions, reads as
(Σ(V )µν )
α
β = δ
α
µ ηνβ − δαν ηµβ , (B.19)
and obtain
2(Σ(V )µν )
α
ρ
∂
∂pν
GρβV (p) = −(p2)λ−1
[
2λ pαtµ
β(p) + (d− 1)p2pβδαµ + p2t1µβ,α(p)
]
. (B.20)
Employing the results derived in Eq.(B.18) and Eq.(B.20), we have fully determined the special conformal
constraint on the two-point vector function. Then we can project the second of Eq.(9.12) onto the three
independent tensor structures pµηαβ , pαηµβ , pβηαµ, and setting λ to the value given in Eq.(B.17), we
finally obtain three equations for the scale dimensions ηi of the vector operators
(η1 − η2)(η1 + η2 − d) = 0 ,
η1 − d+ 1 = 0 ,
η2 − d+ 1 = 0 .
(B.21)
The previous system of equations can be consistently solved only for η1 = η2 = d − 1, as expected.
This completes our derivation of the vector two-point function which, up to an arbitrary multiplicative
constant, can be written as in Eq.(9.18).
The characterization of the two-point function with a symmetric, traceless and conserved rank-2 tensor
follows the same lines of reasoning already explained in the vector case. These conditions (see Eq.(9.19))
fix completely the tensor structure of the two-point function as
GαβµνT (p) = g(p
2)Tαβµν(p) (B.22)
with
Tαβµν(p) =
1
2
[
tαµ(p)tβν(p) + tαν(p)tβµ(p)
]
− 1
d− 1 t
αβ(p)tµν(p) . (B.23)
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In order to recover the convention used in section 9.3, notice that g(p2) = fT (p
2)/(p2)2.
As in the previous case, we give the first and second order derivatives of the Tαβµν(p) tensor structure
Tαβµν,ρ1 (p) ≡
∂
∂pρ
Tαβµν(p) =
1
2
[
tαµ,ρ1 (p)t
βν(p) + tαµ(p)tβν,ρ1 (p) + (µ↔ ν)
]
− 1
d− 1
[
tαβ,ρ1 (p)t
µν(p) + tαβ(p)tµν,ρ1 (p)
]
,
Tαβµν,ρσ2 (p) ≡
∂
∂pρ ∂pσ
Tαβµν(p) =
1
2
[
tαµ,ρσ2 (p)t
βν(p) + tαµ,ρ1 (p)t
βν,σ
1 (p) + t
αµ,σ
1 (p)t
βν,ρ
1 (p)
+ tαµ(p)tβν,ρσ2 (p) + (µ↔ ν)
]
− 1
d− 1
[
tαβ,ρσ2 (p)t
µν(p) + tαβ,ρ1 (p)t
µν,σ
1 (p) + (µν)↔ (αβ)
]
, (B.24)
together with some of their properties
pρT
αβµν,ρ
1 (p) = 4T
αβµν(p) , pρT
αβµν,ρσ
2 (p) = 3T
αβµν,σ
1 (p) . (B.25)
As we have already stressed, the first of Eq.(9.12) defines the scaling behavior of the two-point function,
providing, therefore, the functional form of g(p2) which is given by
g(p2) = (p2)λ with λ =
η1 + η2 − d
2
− 2 . (B.26)
On the other hand, the second of Eq.(9.12), namely the constraint from the special conformal transfor-
mations, fixes the scaling dimensions of the tensor operators. In this case the spin connection is given
by
(Σ(T )µν )
αβ
ρσ =
(
δαµ ηνρ − δαν ηµρ
)
δβσ +
(
δβµ ηνσ − δβν ηµσ
)
δαρ . (B.27)
The algebra is straightforward but rather cumbersome due to the proliferation of indices. Here we give
only the final result, which can be obtained projecting Eq.(9.12), making use of Eq.(B.24), onto the
different independent tensor structures

(η1 − η2)(η1 + η2 − d) = 0 ,
η1 − d = 0 ,
η2 − d = 0 ,
(B.28)
which implies the solution η1 = η2 = d, as described in Eq.(9.21).
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B.3 Appendix. Scalar integrals in D = 3 dimensions
We give the expressions of the two, three and four point scalar integrals with internal masses set to zero
in D = 3. They are defined as
B0(q21) =
∫
d3l
1
l2 (l + q1)2
=
π3
q1
,
C0(q21 , q212, q22) =
∫
d3l
1
l2 (l + q1)2 (l + q2)2
=
π3
q1 q12 q2
,
D0
(
q21 , q
2
12, q
2
23, q
2
3 , q
2
2 , q
2
13
)
=
∫
d3l
1
l2 (l + q1)2 (l + q2)2 (l + q3)2
(B.29)
where q2ij = (qi − qj)2.
The box integral in D = 3 in not independent from the 2- and 3- scalar point functions, indeed it is
possible to show the following relation
D0
(
q21 , q
2
12, q
2
23, q
2
3 , q
2
2 , q
2
13
)
=
1
q41q
4
23 − 2q21 (q23q212 + q22q213) q223 + (q23q212 − q22q213)2
×
{
[
q22q
4
13 −
((
q22 + q
2
3 − 2q223
)
q212 + q
2
2q
2
23
)
q213 − q21q223
(
q212 + q
2
13 − q223
)− q23q212 (q223 − q212)
]
C0
(
q212, q
2
23, q
2
13
)
+
[
q22q
4
13 −
((
q22 − 2q23 + q223
)
q21 + q
2
3
(
q22 + q
2
12
))
q213 +
(
q21 − q23
) (
q21q
2
23 − q23q212
) ]C0 (q21 , q23 , q213)
+
[ (
2q22q
2
23 − q212
(
q22 − q23 + q223
))
q23 + q
2
1q
2
23
(−q22 − q23 + q223)− q22q213 (−q22 + q23 + q223)
]
C0
(
q223, q
2
3 , q
2
2
)
+
[
q223q
4
1 −
((
q213 + q
2
23
)
q22 + q
2
12
(−2q22 + q23 + q223)) q21 + (q212 − q22) (q23q212 − q22q213)
]
C0
(
q21 , q
2
12, q
2
2
)}
.
(B.30)
B.4 Appendix. The TTTT for the minimal scalar case
We give here the expressions of the remaining coefficients CMSi of Eq. (10.84). They are given by
CMS6 (~q1, ~q2, ~q3) =
1
2048π3
{
4
λ2(q1, q12, q2)
[
− q41
(
~q1 · ~q2
(
q22 + ~q1 · ~q3 + 2~q2 · ~q3
)− q22 (q22 + ~q1 · ~q3)
+~q1 · ~q22
)
+ q21 ~q1 · ~q2
(
~q1 · ~q2
(
~q1 · ~q3 + ~q2 · ~q3 − q22
)− 2q22 ~q1 · ~q3 + ~q1 · ~q22)+ q61 (q22 + ~q2 · ~q3)
+~q1 · ~q23 ~q1 · ~q3
]
+
4~q1 · ~q32
λ2(q1, q13, q3)
(
q21 ~q2 · ~q3 − ~q1 · ~q2 ~q1 · ~q3
)
+ q21q
2
3
}
,
CMS7 (~q1, ~q2, ~q3) =
1
512π3λ2(q1, q12, q2)
{
q41q
2
2 ~q1 · ~q3 − ~q2 · ~q3
(
q21
(
q42 − 3~q1 · ~q22
)− q22 ~q1 · ~q22
+q41
(
q22 + ~q1 · ~q2
))}− q43
512π3λ2(q2, q23, q3)
(
~q1 · ~q2
(
q22 + ~q2 · ~q3
)− q22 ~q1 · ~q3)+
(
q21 + q
2
2
) (
q22 + q
2
3
)
2048π3
+
1
256π3λ2(q1, q12, q2)λ2(q2, q23, q3)
{
3~q1 · ~q23 ~q2 · ~q32
(
~q2 · ~q3 − 2q23
)
−q22 ~q1 · ~q2 ~q2 · ~q3
(
~q1 · ~q22
(
q23 + 2~q2 · ~q3
)
+ ~q1 · ~q2 ~q1 · ~q3
(
~q2 · ~q3 − 4q23
)
+ q21 ~q2 · ~q3(−6q23
− 4~q1 · ~q3 + ~q2 · ~q3))− q42
(
q23
(
~q1 · ~q3
(
4q21(~q1 · ~q2 + ~q2 · ~q3) + ~q1 · ~q22
)
+ q21 ~q1 · ~q2 ~q2 · ~q3 − 2~q1 · ~q23
)
+ q21 ~q2 · ~q32(~q1 · ~q3 − 2~q1 · ~q2)
)
+ q21q
2
3q
6
2(3~q1 · ~q3 − 2~q1 · ~q2)
}
,
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CMS8 (~q1, ~q2, ~q3) =
q23
128π3λ2(q1, q13, q3)λ2(q2, q23, q3)
{
~q1 · ~q2 ~q1 · ~q32
(
q23
(
q22 + 2~q2 · ~q3
)− q43 − 2~q2 · ~q32)
+q21q
2
3 ~q1 · ~q2
(
~q2 · ~q3 − q23
)2
+ ~q1 · ~q33
(
q22 − ~q2 · ~q3
) (
~q2 · ~q3 − q23
)
+ q21 ~q1 · ~q3
(
q43
(
q22 − ~q2 · ~q3
)
+ q23 ~q2 · ~q3
(
~q2 · ~q3 − 2q22
)
+ ~q2 · ~q33
)}
+
q23
2048π3
(
q21 + q
2
2 + q
2
3 − ~q2 · ~q3
)
,
CMS9 (~q1, ~q2, ~q3) =
q212
4096π3λ2(q1, q12, q2)λ2(q12, q23, q13)
{((
q212 − q213
)2 − q423 − 4q212q223) q61 + (−q623
+
(
3q22 + 3q
2
13 + 2
(
q23 + q
2
12
))
q423 +
(
9q412 + 8q
2
2q
2
12 − 3q413 − 2
(
2q23 + q
2
12
)
q213
)
q223 −
(
q212 − q213
) 2 (3q22
−2q23 + 2q212 − q213
))
q41 +
(−4q212q623 + (−3q42 − 2 (2q23 + q212) q22 + 9q412 + 8q212q213) q423 − 4 (2q612
+ 2
(
q23 − 2q22
)
q412 + q
4
2q
2
12 + q
4
13q
2
12 − 2
(
2q412 + q
2
2
(
q23 + 2q
2
12
))
q213
)
q223 −
(−3q42 + (4q23 + 6q212) q22
+ q412
) (
q212 − q213
) 2) q21 + (q22 − q212) 2 (q623 + (q22 + 2q23 − 2q212 − 3q213) q423 − (q412 − 3q413
+ 2
(
2q23 + 3q
2
12
)
q213
)
q223 −
(
q212 − q213
) 2 (q22 + q213 − 2 (q23 + q212)))
}
,
CMS10 (~q1, ~q2, ~q3) =
1
16384π2λ2(q1, q13, q3)λ2(q12, q23, q13)
{(
3q612 +
(
3q223 − 5q213
)
q412 +
(
q413 − 18q223q213
−7q423
)
q212 +
(
q213 − q223
)2 (
q213 + q
2
23
))
q61 +
(− (7q23 + q213) q623 + (3q413 + (2q22 + 5 (q23 + q212)) q213
+41q23q
2
12
)
q423 +
(−3q613 + (−4q22 + 11q23 + 34q212) q413 + q212 (12q22 + 34q23 − 15q212) q213 − 37q23q412) q223
+
(
q212 − q213
)2 (
q413 +
(
2q22 − 9q23 − 5q212
)
q213 + 3q
2
3q
2
12
))
q41 +
((−7q43 − 18q213q23 + q413) q612 + (−7q613
+
(−4q22 + 34q23 + 21q223) q413 + q23 (12q22 + 5q23 + 34q223) q213 + 41q43q223) q412 + (11q813 + 2 (4q22 − 7 (q23
+ q223
))
q613 +
(
11q43 + 92q
2
23q
2
3 + 11q
4
23 − 24q22
(
q23 + q
2
23
))
q413 + 2q
2
3q
2
23
(
17
(
q23 + q
2
23
)− 28q22) q213
− 37q43q423
)
q212 −
(
q213 − q223
)2 (
5q613 +
(
4q22 + 2q
2
3 + q
2
23
)
q413 + 3q
2
3
(−4q22 + 3q23 + 6q223) q213
− 3q43q223
))
q21 +
(
q23 − q213
)
2
((
q23 + q
2
13
)
q612 +
(
q413 +
(
2q22 − q23 − 9q223
)
q213 − 7q23q223
)
q412 −
(
5q613
+
(
4q22 + q
2
3 + 2q
2
23
)
q413 + 3q
2
23
(−4q22 + 6q23 + 3q223) q213 − 3q23q423) q212 + (q213 − q223) 2 (3q413
+
(
2q22 + q
2
3 + q
2
23
)
q213 + 3q
2
3q
2
23
))}
,
CMS11 (~q1, ~q2, ~q3) =
q223
4096π3λ2(q2, q23, q3)λ2(q12, q23, q13)
{(
−q43 − 4q223q23 +
(
q22 − q223
)2)
q612 +
(−q63
+
(
2q223 + 3
(
q22 + q
2
13
))
q43 −
(
3q42 − 9q423 + 2
(
q22 − 4q213
)
q223
)
q23 +
(
q22 − 3q213 − 2q223
) (
q22 − q223
)2)
q412
+
(−4q223q63 + (−3q413 + 9q423 − 2 (q213 − 4q22) q223) q43 − 4q223 (q42 − 4q223q22 + q413 + 2q423
− 4q213
(
q22 + q
2
23
))
q23 −
(
q22 − q223
) 2 (−3q413 + 6q223q213 + q423)) q212 − (q213 − q223)2 (−q63 + (3q22
− q213 + 2q223
)
q43 +
(−3q42 + 6q223q22 + q423) q23 + (q22 + q213 − 2q223) (q22 − q223) 2)+ 2q21 ((q42
− 2 (q23 + q223) q22 + q43 + q423) q412 − 2 (2q23q423 + q213 (q42 − 2 (q23 + q223) q22 + q43 + q423)) q212
+
(
q213 − q223
)2 (
q42 − 2
(
q23 + q
2
23
)
q22 + q
4
3 + q
4
23
))}
. (B.31)
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The computation of the vertices can be done by taking at most three functional derivatives of the action
with respect to the metric, since the vacuum expectation values of the fourth order derivatives correspond
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to massless tadpoles, which are set to zero, as explained in the previous sections. We keep the notation
with square brackets to indicate the flat limit of the functional derivatives in momentum space, showing
explicitly the dependence on the momenta when this occurs (which is not always the case, as for the
metric tensors). We have
[
√
g]
µ2ν2 = [V ]
µ2ν2 =
1
2
δµ2ν2 ,
[
√
g]
µ2ν2µ3ν3 = [V ]µ2ν2µ3ν3 =
1
2
(
1
2
δµ2ν2 δµ3ν3 + [gµ2ν2 ]µ3ν3
)
,
[
√
g]
µ2ν2µ3ν3µ4ν4 = [V ]µ2ν2µ3ν3µ4ν4 = [
√
g]
µ4ν4 [
√
g]
µ2ν2µ3ν3
+
1
2
(
1
2
[gµ2ν2 gµ3ν3 ]
µ4ν4 + [gµ2ν2 ]
µ3ν3µ4ν4
)
,
[gαβ ]
µ2ν2 =
1
2
(
δµ2α δ
ν2
β + δ
ν2
α δ
µ2
β
)
,[
gαβ
]µ2ν2
= −1
2
(
δαµ2δβν2 + δαν2δβµ2
)
,[
gαβ
]µ2ν2µ3ν3
= −1
2
[
[gαµ2 ]
µ3ν3 δβν2 + δαµ2
[
gβν2
]µ3ν3
+ [gαν2 ]
µ3ν3 δβµ2 +
[
gβµ2
]µ3ν3
δαν2
]
,
[Vaλ]
µ2ν2 = −
[
Va
λ
]µ2ν2
=
1
4
(Va
µ2 δλ
ν2 + Va
ν2 δλ
µ2) ,
[Vaλ]
µ2ν2µ3ν3 = −
[
Va
λ
]µ2ν2µ3ν3
=
1
4
([Va
µ2 ]
µ3ν3 δλ
ν2 + [Va
ν2 ]
µ3ν3 δλ
µ2) ,
[Vaλ]
µ2ν2µ3ν3µ4ν4 = −
[
Va
λ
]µ2ν2µ3ν3µν4
=
1
4
([Va
µ2 ]µ3ν3µ4ν4 δλ
ν2 + [Va
ν2 ]µ3ν3µ4ν4 δλ
µ2) . (B.32)
For the Christoffel symbols, defined as
Γαβγ(z) =
1
2
gακ(z) [−∂κgβγ(z) + ∂βgκγ(z) + ∂γgκβ(z)] ,
Γα,βγ(z) =
1
2
[−∂αgβγ(z) + ∂βgαγ(z) + ∂γgαβ(z)] , (B.33)
we obtain
[
Γαβγ
]µ2ν2
( ~k2) =
i
2
δαλ (− [gβγ ]µ2ν2 k2λ + [gβλ]µ2ν2 k2 γ + [gλγ ]µ2ν2 k2β) ,[
Γαβγ
]µ2ν2µ3ν3
( ~k2, ~k3) =
[
gαλ
]µ2ν2
[Γλ,βγ ]
µ3ν3 ( ~k3)
[
gαλ
]µ3ν3
[Γλ,βγ ]
µ2ν2 ( ~k2) ,[
Γαβγ
]µ2ν2µ3ν3µ4ν4
( ~k2, ~k3, ~k4) =
[
gαλ
]µ2ν2
[Γλ,βγ ]
µ3ν3µ4ν4 ( ~k3, ~k4)
+
[
gαλ
]µ3ν3
[Γλ,βγ ]
µ2ν2µ4ν4 ( ~k2, ~k4) +
[
gαλ
]µ4ν4
[Γλ,βγ ]
µ2ν2µ3ν3 ( ~k2, ~k3) . (B.34)
It is straightforward, starting from these definitions, to derive the derivatives of the Ricci tensor [Rµν ]
ρσ
(~l)
and [Rµν ]
ρσχω
(~l1, ~l2), defined as Rµν(z) = R
λ
µλν(z). We recall that in our conventions the Riemann
tensor is defined as
Rλµκν(z) = ∂νΓ
λ
µκ(z)− ∂κΓλµν(z) + Γλνη(z)Γηµκ(z)− Γλκη(z)Γηµν(z) . (B.35)
Next we list the interaction vertices for the dual theories.
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• Scalar
V µνSφφ(~p, ~q) =
1
2
(
δµαδνβ − 1
2
δµνδαβ
)
(pαqβ + pβqα) ,
+ χ
(
δµνδαβ − δµαδνβ
)
(pαpβ + pαqβ + qαpβ + qαqβ)
V µνρσSSφφ(~p, ~q,
~l) =
1
2
(
[
√
g]ρσ
(
δµαδνβ − 1
2
δµνδαβ
)
+
[
gµαgνβ − 1
2
gµνgαβ
]ρσ )
(pαqβ + pβqα) ,
+χ
{(
[
√
g]ρσ
(
δµνδαβ − δµαδνβ
)
+
[
gµνgαβ − gµαgνβ
]ρσ )
(pαpβ + pαqβ + pβqα + qαqβ)
+
(
δµνδαβ − δµαδνβ
) [
Γλαβ
]ρσ
(~l) i (pλ + qλ)−
(
1
2
δµνδαβ − δµαδνβ
)
[Rαβ ]
ρσ (~l)
}
,
V µνρσχωSSSφφ (~p, ~q,
~l1, ~l2) =
1
2
{
[
√
g]ρσχω
(
δµαδνβ − 1
2
δµνδαβ
)
+ [
√
g]ρσ
[
gµαgνβ − 1
2
gµνgαβ
]χω
+ [
√
g]χω
[
gµαgνβ − 1
2
gµνgαβ
]ρσ
+
[
gµαgνβ − 1
2
gµνgαβ
]ρσχω }
(pαqβ + pβqα) .
+χ
{
[
√
g]ρσχω
(
δµνδαβ − δµαδνβ
)
+ [
√
g]ρσ
[
gµνgαβ − gµαgνβ
]χω
+ [
√
g]χω
[
gµνgαβ − gµαgνβ
]ρσ
+
[
gµνgαβ − gµαgνβ
]ρσχω }
(pαpβ + pαqβ + qαpβ + qαqβ)
+χ
{(
[
√
g]χω
[
δµνδαβ − δµαδνβ
]
+
[
gµνgαβ − gµαgνβ
]χω) [
Γλαβ
]ρσ
(~l1)
+ (ρ, σ, l1)↔ (τ, ω, l2) +
(
δµνδαβ − δµαδνβ
) [
Γλαβ
]ρσχω
(~l1, ~l2)
}
i (pλ + qλ)
+χ
{(
[
√
g]χω
(
δµαδνβ − 1
2
δµνδαβ
)
+
[
gµαgνβ − 1
2
gµνgαβ
]χω)
[Rαβ ]
ρσ (~l1)
+ (ρ, σ, l1)↔ (τ, ω, l2) +
(
δµαδνβ − 1
2
δµνδαβ
)
[Rαβ ]
ρσχω (~l1, ~l2)
}
(B.36)
• Fermion
V µν
Sψ¯ψ
(~p, ~q) =
1
2
(
[V ]µν δa
λ +
[
Va
λ
]µν)
γa (pλ − qλ) ,
V µνρσ
SSψ¯ψ
(~p, ~q, ~l1) =
1
2
(
[V ]µνρσ δa
λ + [V ]µν
[
Va
λ
]ρσ
+ [V ]ρσ
[
Va
λ
]µν
+
[
Va
λ
]µνρσ )
γa (pλ − qλ)
+
1
16
(
[V ]µν δa
λ +
[
Va
λ
]µν ) {
γa,
[
γb, γc
]}
[Ωbc,λ]
ρσ (~l1) ,
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V µνρσχω
SSSψ¯ψ
(~p, ~q, ~l1, ~l2) =
1
2
(
[V ]µνρσχω δa
λ + [V ]µνρσ
[
Va
λ
]χω
+ [V ]µνχω
[
Va
λ
]ρσ
+ [V ]ρσχω
[
Va
λ
]µν
+ [V ]µν
[
Va
λ
]ρσχω
+ [V ]ρσ
[
Va
λ
]µνχω
+ [V ]χω
[
Va
λ
]µνρσ
+
[
Va
λ
]µνρσχω )
γa (pλ − qλ)
+
1
16
{γa, [γb, γc]}
{(
[V ]µνρσ δa
λ + [V ]µν
[
Va
λ
]ρσ
+ [V ]ρσ
[
Va
λ
]µν
+
[
Va
λ
]µνρσ )
[Ωbc,λ]
χω (~l2)
+
(
[V ]µν δa
λ +
[
Va
λ
]µν )
[Ωbc,λ]
ρσχω (~l1, ~l2)
}
, (B.37)
where the spin connection was defined in (10.8).
• Gauge field
V µν τϑSAA (~p, ~q) =
1
2
(
δµλδακδνβ +
1
4
δµνδαλδβκ
)
[FαβFλκ]
τϑ (~p, ~q)
V µνρσ τϑSSAA (~p, ~q) =
1
2
{
[
√
g]ρσ
(
δµλδακδνβ +
1
4
δµνδαλδβκ
)
+
[
gµρgασgνβ +
1
4
gµνgαβgρσ
]ρσ}
[FαβFλκ]
τϑ (~p, ~q)
V µνρσχω τϑSSSAA (~p, ~q) =
1
2
{
[
√
g]ρσχω
(
δµλδακδνβ +
1
4
δµνδαλδβκ
)
+ [
√
g]ρσ
[
gµλgακgνβ +
1
4
gµνgαλgβκ
]χω
+ [
√
g]χω
[
gµλgακgνβ +
1
4
gµνgαλgβκ
]ρσ
+
[
gµλgακgνβ +
1
4
gµνgαλgβκ
]ρσχω}
[FαβFλκ]
τϑ (~p, ~q) (B.38)
where we have introduced
[FαβFλκ]
τϑ (~p, ~q) =
∫
d4xd4y e−i p·x−i q·y
δ2 (Fαβ(0)Fλκ(0))
δAτ (x)δAϑ(y)
= −
(
δτλ δ
ϑ
α pκ qβ − δτλ δϑβ pκ qα − δτκ δϑαpλ qβ + δτκ δϑβ pλ qα + (τ, ~p)↔ (ϑ, ~q)
)
.
(B.39)
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